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PREFACE. 


This volume contains tlie first Six Books of Euclid's 
Elements, together with Appendices giving the most im- 
portant elementary developments of Euclidean Geometry. 

The text has been carefully revised, and special atten- 
tion given to those points which experience has shewn to 
present difficulties to beginners 

In the course of this revision the Enunciations have 
been altered as little as possible; and, except in Book V., 
very few departures have been made from Euclid’s proofs* 
in each case changes have been adopted only where the old 
text has been generally found a cause of difficulty; and 
such changes are for the most part in favour of well-recog- 
nised alternatives 

Eor example, the ambiguity has been removed from the 
Enunciations of Propositions 18 and 19 of Book I : the 
fact that Propositions 8 and 26 establish the complete 
identical equality of the two triangles considered has been 
strongly urged, and thus the redundant step has been 
removed from Proposition 34. In Book II Simson’s ar- 
rangement of Proposition 13 has been abandoned for a 
well-known alternative proof. In Book III Proposition 
25 is not given at length, and its place is taken by a 
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simple equivalent Propositions 35 and 36 have been 
treated generally, and it has not been thought necessary 
to do more than, call attention in a note to the special 
cases Finally, in Book VI we have adopted an alterna- 
te proof of Proposition 7, a theorem which has been too 
much neglected, owing to the cumbrous form in which it 
has been usually given 

These are the chief deviations from the ordinary text 
as regards method and arrangement of proof they are 
pomts familiar as difficulties to most teachers, and to name 
them indicates sufficiently, without further enumeration, 
the general principles which have guided our revision 

A few alternative proofs of difficult propositions are 
given for the convenience of those teachers who care to 
use them 

With regard to Book V we have established the princi- 
pal propositions, both from the algebraical and geometrical 
definitions of ratio and proportion, and we have endeavoured 
tobnngout clearly the distinction between these two modes 
of treatment 

In compiling the geometrical section of Book V we 
have followed the system first advocated by the late Pro- 
fessor De Morgan, and hero we derived very material 
assistance from the exposition of the subject given m the 
text-book of the Association for the Improvement of Geo- 
metrical Teaching To this source we are indebted for the 
improved and more precise wording of definitions (as given 
on pages 286, 288 to 291), as well as for the order and 
substance of most of the propositions which appear between 
pages 297 and 306 But as we have not (except m the 
pomts above mentioned) adhered verbally to the text of 
the Association, we are anxious, while expressing in the 
fullest manner our obligation to their work, to exempt the 
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Association from all responsibility for our treatment of the 
subject. 

One purpose of the book is to gradually familiarise the 
student -with the use of legitimate symbols and abbrevia- 
tions, for a geometrical argument may thus be thrown into 
a form which is not only more readily seized by an advanced 
reader, but is useful as a guide to the way m which Euclid’s 
propositions may be handled in written work On the 
other hand, we think it very desirable to defer the intro- 
duction of symbols until the beginner has learnt that they 
can only be properly used in Pure Geometry as abbrevia- 
tions for verbal argument* and we hope thus to prevent 
the slovenly and inaccurate habits which are very apt to 
arise from their employment before this principle is fully 
recognised. 

Accordingly in Book I we have used no contractions 
or symbols of any kind, though we have introduced veibal 
■alterations into the text wherever it appeared that con- 
ciseness or clearness would be gained 

In Book IL abbreviated forms of constantly recurring 
words are used, and the phrases therefore and is equal to 
are replaced by the usual symbols. 

In the Third and following Books, and in additional 
matter throughout the whole, we have employed all such 
signs and abbreviations as we believe to add to the dear- 
ness of the reasoning, care being taken that the symbols 
chosen are compatible with a rigorous geometrical method, 
and are recognised by the majority of teachers 

It must be understood that our use of symbols, and the 
removal of unnecessary verbiage and repetition, by no 
means implies a desire to secure brevity at all hazards. 
•On the contrary, nothing appears to us more mischievous 
than an abridgement which is attained by omitting 
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steps, or condensing two or more steps into one Such 
uses spring from the pressure of examinations, but an 
examination is not, or ought not to be, a mere race, and 
while we wish to indicate generally in the later books how 
a geometrical argument may be abbreviated for the pur- 
poses of written work, we have not thought well to reduce 
the propositions to the bare skeleton so often presented to 
an Examiner Indeed it does not follow that the form most 
suitable for the page of a text-book is also best adapted 
to examinat ion purposes, for the object to be attained 
in each case is entirely different The text-book should 
present the argument in the clearest possible manner to the 
mind of a reader to whom it is new the written proposition 
need only convey to the Examiner the assurance that the 
proposition has been thoroughly giasped and remembered 
by the pupil. 

From first to last we have kept in mind the undoubted 
fact that a very small proportion of those who study Ele- 
mentary Geometry, and study it with profit, are destined 
to become mathematicians in any real sense; and that to 
a large majority of students, Euclid is intended to serve 
not so much as a first lesson m mathematical reaso ning , 
as the first, and sometimes the only, model of formal and 
ngid argument presented in an elementary education 

This consideration has determined not only the full 
treatment of the earlier Books, but the retention of the 
formal, if somewhat cumbrous, methods of Euclid in many 
places where proofs of greater brevity and mathematical 
elegance are available 

Wo hope that the additional matter introduced into 
the book will provide sufficient exercise for pupils whose 
study of Euclid is preliminary to a mathematical edu- 
cation 
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The questions distributed through the text follow very 
easily from the propositions to which they are attached, 
and we think that teachers are likely to find in them 
all that is needed for an average pupil reading the subject 
for the first time 

The Theorems and Examples at the end of each Book 
contain questions of a slightly more difficult type they 
have been very carefully classified and arranged, and brought 
into close connection with typical examples worked out 
either partially or in full , and it is hoped that this section 
of the book, on which much thought has been expended, 
will do something towards removing that extreme want of 
freedom in solving deductions that is so commonly found 
even among students who have a good knowledge of the 
text of Euclid. 

In the course of our work we have made ourselves 
acquainted with most modem English books on Euclidean 
Geometry* among these we have already expressed our 
special indebtedness to the text-book recently published by 
the Association for the Improvement of Geometrical Teach- 
ing, and we must also mention the Edition of Euclid's Ele- 
ments prepared by Mr J S Mackay, whose historical notes 
and frequent references to original authorities have been of 
the utmost service to us. 

Our treatment of Maxima and Minima on page 239 is 
based upon suggestions derived from a discussion of the 
subject which took place at the annual meeting of the 
Geometrical Association in January 1887. 

Of the Riders and Deductions some are original, but 
the greater part have been drawn from that large store of 
floating material which has furnished Examination Papers 
for the last 30 years, and must necessarily form the basis 
of any elementary collection. Proofs which have been 
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BOOK I 

'Definitions 


1 A point is that ■which has position, but no mag- 
nitude 

2 A line is that which has length without breadth 

The extremities of a line are points, and the intersection of two 
lines is a point 

3 A straight line is that which lies evenly between 
its extreme points 

Any portion cut off from a straight hne is called a segment of it 

& A surface is that which has length and breadth, 
but no thickness 

The boundaries of a surface are lines 

5 A plane surface is one in which any two points 
being taken, the straight line between them lies wholly in 
that surface 

A plane surface is frequently referred to simply as a plane 

Note Euchd regards a point merely as a mark of position, and 
he therefore attaches to it no idea of size and shape 

Similarly he considers that the properties of a line arise only from 
its length and position, without reference to that minute breadth which 
every hne must really have if actually drawn, even though the most 
perfect instruments are used 

The definition of a surface is to he understood in a similar way. 

HE 1 
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f 6 A plane angle is the inclination of two straight 
fines to one another, which meet together, but are not in. 
the same straight line 

The point at -which the straight lines meet is called the vertex of 
the angle, and the straight hues themselves the arms of the angle 

When several angles are nt one point O, anj one 
of them is expressed by three letters, of which the 
letter that refers to the vertex is put between the 
other two Thus if the straight lines OA, OB, OC 
meet at the point O, the angle contained by the 
straight lines OA, OB is named the angle AOB or 
BOA ; and the angle contained by OA, OC is named 
the angle AOC or COA Similarly the angle con- 
tamed b> OB, OC is referred to as the angle BOO 
or COB Bnt if there be only one angle at a point, 
it may be expressed by a single letter, as the angle 
at O 

Of the two straight lines OB, OC shewn m the 
adjoining figure, we recognize that OC is more in- 
clined than OB to the straight line OA tins we 
express by saying that the angle AOC is greater 
than the angle AOB Thus an snglo must be 
regarded as having magnitude 

It should be observed that the angle AOC is tho sum of the 
angles AOB and BOO , and that AOB is the difference of the angles 
AOC and BOC 

The beginner ib cautioned against supposing that the size of an 
angle is altered either by increasing or diminishing the length of its 
arms 

[Another view of an angle is recognized m many branches of 
mathematics , and though not employed by Euolid, it is here given 
because it furnishes more clearly than nnj other a conception of what 
is meant by the magnitude of an angle 

Suppose that the straight line OP in the figure 
is capable of resolution about the point O, like the 
hand of a watch, hut m the opposite direction, and 
suppose that m this way it has passed successnely 
from the position OA to tho positions occupied by 
OB and OC 

Snch a line must haie undergone more turning ® A 

in passing from OA to OC, than in passing from OA to OB and 
consequently the angle AOC is said to be greater than theangleAOB J 
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7. Wien a straight line standing on 
another straight line makes the adjacent 
angles equal to one another, each of the an- 
gles is called a right angle ; and the straight 
line which stands on the other is called a 
perpendicular to it - 

8 An obtuse angle is an angle which 

is greater than one nght angle, but less 

than two right angles 

9. An acute angle is an angle winch is 
less than a right angle. 


[In the adjoining figure the straight line 
OB may be supposed to have arrived at 
its present position, from the position occu- 
pied by OA, by revolution about the point O 
in either of the two directions indicated by 
the arrows * thus two straight hnes drawn 
from a point may be considered as forming 
tico angles, (marked (i) and (u) in the figure) 
of which the greater (n) is said to be reflex. 

If the arms OA, OB are in the same 
straight line, the angle formed by them BOA 
on either side is called a straight angle ] 

10 Any portion of a plane surface bounded by one 
or more hnes, straight or curved, is called a plane figure 

The sum of the bounding lines is called the perimeter of the fignre 

Two figures are said to be equal in area, when they enclose equal 
portions of a plane surface 

11 A circle is a plane figure contained 
by one lme, which is called the circum- 
ference, and is such that all straight lines 
drawn from a certain point within the 
figure to the circumfeience are equal to one 
another : this point is called the centre of 
the circle 

A radius of a circle is a straight line drawn from the 
centre to the circumference 
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12 A diame ter of a circle is a straight line drawn 
through the centre, and terminated both ways by the 
circumference 

13 A semicircle is the figure bounded by a diameter 
of a circle and the part of the circumference cut off by the 
diameter 

5 14 A segment of a circle is the figure bounded by 
a straight lme and the part of the circumference which it 
cuts off 

jfl5 Kectilineal figures are those which are bounded 
by straight lines 

16 A triangle is a plane figure bounded by three 
straight lines 

I* Any one of the angular points of a triangle may be regarded as its 
vertex, and the opposite side is then called the base 

17 A quadrilateral is a plane figure bounded by 
four straight lines 

The etraight line -which joins opposite angular points in a quadri- 
lateral is called a diagonal 

18 A polygon is a plane figure bounded by more 
than foui straight lines 

19 An equilateral tnangle is a triangle 
whose three sides are equal 



20 An isosceles tnangle is a tnangle two 
of whose sides are equal 



21 A scalene tnangle is a tnangle which 
has three unequal sides 
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22 A right-angled triangle is a triangle 
■which has a right angle 

The side opposite to the right angle in a nght-angled triangle is 
called the hypotenuse 

23 An obtnse-angled triangle is a 
tnangle which has an obtuse angle 

24 An acute-angled tnangle is a tnangle 
which has three acute angles. 

pt will be seen hereafter (Book I Proposition 17) that every 
tnangle must have at least two acute angles ] 

25 Parallel straight lines are such as, being m the 
same plane, do not meet, however far they aie produced in 
either direction 

26 A Parallelogram is a four-sided 
'figure which has its opposite sides pa- 
rallel 

Jf27 A rectangle is a parallelogram which 
has one of its angles a right angle 

28 A square is a four-sided figuie which 
has all its sides equal and all its angles nght 
angles 

pt may easily be shewn that if a quadrilateral 
lias all its sides equal and one angle a right angle, 
then alt its angles will be nght angles ] 

29 A rhombus is a four-sided figure 
which has all its sides equal, but its 
angles are not right angles 


T 30 A trapezium is a four-sided figure 
which has two of its sides parallel 
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ON THE POSTULATES 

In order to effect the constructions necessary to the study of 
geometry, it must be supposed that certain instruments are 
available, but it has always been held that such instruments 
should be as few m number, and as simple m character as 
possible 

For the purposes of the first Sis Books a straight ruler and 
a pair of compasses are all that are needed , and m the follow- 
ing Postulates, or requests, Euclid demands the use of such 
instruments, and assumes that they suffice, theoretically as well 
as practically, to cany out the processes mentioned below 


Postulates 


Let it he granted, 

1 That a straight line may be drawn fiom any one 
pomt to any other point 

When we draw a straight lme from the point A to the pomt B, we 
ore said to join AB 

2 That a finite, that is to say, a terminated straight 
line may be produced to any length m that straight lme 

3 That a circle may be described from any centre, at 
, any distance from that centre, that is, with a radius equal 

to any finite straight line drawn, from the centre 

It is important to notice that the Postulates include no means of 
direct measurement hence the straight ruler is not supposed to bo 
graduated , and the compasses, in accordance with Euclid’s use, are 
not to he employed for transferring distances from one part of a figure 
to another 


ON Till AXIOMS 

The science of Geomctn is based upon certain simple state- 
ments, tlic truth of which is assumed at the outset to he self- 
evident. 

These self-evident trntbs, called by Euclid Common Notions, 
are now known as the Axioms 


GENERAL AXIOMS. 


The necesbarj characteristics of an Axiom are 

(i) That it should be self -a idcnt; that is, that its truth 
should be immediately accepted without proof 

( 11 ) That it should be fundamental; that is, that its truth 
should not be derivable from an}* other truth more simple than 
itself. 

(m) That it should supply a basis for the establishment of 
further truths 

These characteristics may lie summed up m the following 
definition. 

Definition Am Axiom is a self-evident truth, which neither 
requires nor is capable of proof, but winch senes as a founda- 
tion for future reasoning 

Axioms are of two kinds, general and geometrical 
J~ General Axioms apply to magnitudes of all hnds Geometri- 
cal Axioms refer exclusively to geometrical magnitudes, such as 
have been already indicated m the definitions 

General Axioms. 

1. Things which aie equal to the same thing are equal 
to one another 

2 If equals be added to equals, the wdioles v are equal. 

3 If equals be taken from equals, the remainders are 
equal. 

4. If equals be added to unequals, the wholes are un- 
equal, the greater sum being that which includes the greater 
of the unequals 

5 If equals be taken from unequals, the remainders 
are unequal, the greater remainder being that which is left 
from the greater of the unequals 

6 Things which are double of the same thing, or 
of equal tilings, are equal to one another. 

7 Things which are halves of the same tiling, or of 
equal things, aie equal to one another 

9 * The whole is greater than its part 

* To preserve the classification of general and geometrical axioms, 
we have placpd Euclid’s ninth axiom before the einhlh 
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Geometrical Axioms 

8 Magnitudes which can be made to coincide with one 
another, are equal 

This axiom affords tho ultimate test of the equality of two geome 
tncal magnitudes It implies that any line, angle, or figure, may bo 
supposed to he taken np from its position, and without change in 
size or form, laid down npon a second line, angle, or figure, for the 
purpose of comparison 

This process is called superposition, and the first magnitude is 
said to be applied to the other 

10 Two straight lines cannot enclose a space 

11 All nglit angles aie equal 

[The statement that all right angles are equal, admits of proof, 
and is therefore perhaps out of place as an Axiom ] 

12 If a straight line meet two straight lines so as to 
make the interior angles on one side of it together less 
than two right angles, these straight lines will meet if con- 
tinually produced on the side on which are the angles ■which 
are together less than two right angles 

J That is to Bay, if the two straight 
lines AB and CD are met by the straight 
line EH at F and G, m such a way that 
the angles BFG, DGF are together less 
than two right angles, it is asserted that 
AB and CD will meet if continually pro- 
duced in the direction of B and D 


[Axiom 12 has been objected to on the double ground that it cannot 
be considered self evident, and that its truth ma> be deduced from 
simpler principles It is employed for the first time in the 29th Pro- 
position of Book L, where a short discussion of the difficulty will bo 
found J 

The converse of this Axiom is proved in Book I Pi oposition 17 ] 
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INTRODUCTORY 


Plane Geometry deals with the properties of all lines and 
figures that may he drawn upon a plane surface 

Euclid in his first Six Books confines himself to the properties 
of straight hues, rectilineal figures, and circles 

The Definitions indicate the subject-matter of these books* 
the Postulates and Axioms lay down the fundamental principles 
which regulate all investigation and argument relating to tins 
subject-matter. 

vT Euclid’s method of exposition divides the subject into a 
number of separate discussions, called propositions, each pio- 
position, though in one sense complete in itself, is derived from 
results preuously obtained, and itself leads up to subsequent 
propositions 

Propositions are of two kinds, Problems and Theorems 

A Problem proposes to effect some geometrical construction, 
such as to draw some particulai line, or to construct some ic- 
quired figure 

A Theorem proposes to demonstrate some geometrical truth 

A Proposition consists of the following parts 

The Geneial Enunciation, the Particular Enunciation, the 
Construction, and the Demonstration or Proof 

(1) The General Enunciation is a preliminary statement, 
describing m general terms the purpose of the proposition 

In a pioblem the Enunciation states the construction which 
it is proposed to effect it theiofore names first the Data, or 
things given, secondly the Quaesita, or things required 

In a theorem the Enunciation states the property which it 
is proposed to demonstiate* it names first, the Hypothesis, or 
the conditions assumed , secondly, the Conclusion, or the asser- 
tion to be proved 
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(n) The Particular Enunciation repeats in special terms 
tho statement already made, and refers it to a diagram, ■winch 
enables the reader to follow tho reasoning moro easily 

(in) Tho Construction then directs the drawing of such 
straight lines and circles ns may ho required to effect tho purpose 
of a problem, or to provo tho truth of a theorem 

(iv) Lastly, tho Demonstration proves that tho object pio- 
posccl m a problem has been accomplished, 01 that the property 

stated m a theorem is true 
* 

Euclid’s reasoning is said to ho Deductive, because by a con- 
nected chain of argument it deduces new truths from truths 
already proicd or admitted 

Tho initial letters Q E F , placed nt tho end of a problem, 
stand for Quod erat Faciendum, which was to be done 

The letters q E D aie appended to a theorem, and stand for 
Quod erat Demonstrandum, which was to be proud 

A Corollary is a statement the truth of which follows readily 
from an established proposition, it is thorcfoio appended to the 
proposition as an inference or deduction, which usually requires 
no further proof 


The following symbols and abbreviations may lie employed 
m wnting out tho propositions of Book I , though their uso is not 
lecommended to beginners 


for therefore, 

= „ is, or aie, equal to, 

L ,, angle, 


par* (or ||) for parallel, 
par® „ parallelogram, 

sq „ square, 

reotil „ rectilineal, 

st line „ straight hue, 

pt „ point, 

and all obvious contractions of words, such as opp , adj , diag, 
Ac , for opposite, adjacent, diagonal, &c 


rt u „ right angle, 
a „ triangle, 
perp „ perpendicular, 



book i rnop. 1 


11 


SECTION L 


Proposition 1 

To describe an equilateral 
straight line 


Problem 

triangle on a given finite 



Let AB be tlie given straight line 
It is required to describe an equilateral triangle on AB 
Construction From centre A, with radius AB, describe 
the circle BCD. Post 3 

From centre B, w ith radius BA describe the circle ACE 

Post 3 

From the point C at which the circles cut one anotliei, 
draw the straight lines CA and CB to the points A and B 

Post 1 

Then shall ABC be an equilateral triangle 

Proof. Because A is the centre o£ the circle BCD, 

therefore AC is equal to AB Dtf. 11. 

And because B is the centre of the circle ACE, 

therefore BC is equal to BA Drf 1 1 

But it has been shewn that AC is equal to AB , 
therefore AC and BC are each equal to AB 
But things which are equal to the same tiling are equal 
to one another Ax 1. 

Therefore AC is equal to BC 
Therefore CA, AB, BC aie equal to one another. 
Therefoie the tnangle ABC is equilateral; 
and it is described on the given straight line AB Q E.r 



12 


EUCLID’S ELEMENTS 


Proposition 2 Problem 

From a given point to draw a straight line equal to a 
given straight line 



Let A be tlie given point, and BC the given straight line 
It is lequired to draw from the point A a straight line 
equal to BC 

Construction JoinAB, Post 1 

and on AB describe an equilateral triangle DAB I 1 
Prom centre B, -with radius BC, describe the circle CGH 

Post 3 

Produce DB to meet the circle CGH at G Post 2 
From centre D, -with radius DG, describe the circle GKF 
Produce DA to meet the circle GKF at F Post 2 
Then AF shall be equal to BC 

Proof Because B is the centre of the circle CGH, 

therefore BC is equal to BG Def 11 

And because D is the centre of the circle GKF, 

therefore DF is equal to DG , Def 11 
and DA, DB, parts of them are equal, Def 19 
therefoie the lemainder AF is equal to the remainder BG 

Ax 3 

And it has been shewn that BC is equal to BG , 
therefore AF and BC are each equal to BG 
But things which are equal to the same thing aie equal 
to one another Ax 1 

Therefore AF is equal to BC , 
and it has been drawn from the gi\en point A q e P 

[This Proposition is rendered necessary by the restnohon, tacitly 
imposed by Euclid, that compasses shall not be used to transfer 
distances ] 
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Proposition 3 Problem 

From the greater of ixoo given straight lines to cut off a 
part equal to the less 

C 


Let AB and C be the two given straight lines, of winch 
AB is the greater 

It is required to cut off from AB a part equal to C 

Construction Prom the point A draw the straight line 
AD equal to C ; I 2 

and from centre A, with radius AD, describe the circle DEF, 
meeting AB at E. Post 3 

Then AE shall be equal to C 

Proof Because A is the centre of the circle DEF, 

theiefoie AE is equal to AD Def 11. 

But C is equal to AD Conslr. 

Therefore AE and C are each equal to AD 
Therefore AE is equal to C , 
and it has been cut off fiom the given straight line AB 

q e f 



EXERCISES 

1 On a given straight Imo desfcribe an isosceles triangle having 
each of the equal sides equal to a given straight line. 

J 2 On a given base describe an isosceles triangle having each of 
the equal sides double of the base 

3. In the figure of r 2, if AB is equal to BC, shew that D, the 
vertex of the equilateral triangle, will fall on the circumference of the 
circle CGH 
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foclid’s elements 


Obs Every triangle has six parts, namely its three sides 
and three angles 

Two triangles are said to bo equal m all respects, when 
they can bo made to coincide with one anothei by superposition 
(see note on Axiom 8), and m this case each part of the one is 
equal to a corresponding part of the other 


Proposition 4 Theorem 

IJ two Inangles have two sides of the one equal to two 
sides of the other , each to each , and have also the angles 
contained by those sides equal, then shall their bases or third 
sides be equal , and the tnanc/les shall be equal m area , and 
thevr remaining angles shall be equal, each to each, namely 
those to which the equal sides are opposite that is to say, the 
triangles shall be equal in all respects 



Let ABC, DEF he two triangles, which have the side AB 
equal to the side DE, the side AC equal to the side DF, and 
the contained angle BAC equal to the contained angle EDF 
Then shall the base BC be equal to the base EF, and the 
triangle ABC shall be equal to the triangle DEF in aiea, 
and the remaining angles shall he equal, each to each, to 
which the equal sides aie opposite, 

namely the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 

For if the triangle ABC be applied to the triangle DEF, 
so that the point A may be on the point D, 
and the straight line AB along the straight line DE, 

then because AB is equal to DE, Hyp 

therefore the point B must coincide with the point E. 
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And because AB falls along DE, 
and the angle BAC is equal to tlie angle EDF, Hyp 
therefore AC must fall along DF. 

And because AC is equal to DF, Hyp 

therefore the point C must coincide with tho point F. 
Then B coinciding with E, and C with F, 
tho base BC must coincide with the base EF, 
for if not, two straight lines would enclose a space , which 
is impossible. ' Ax 10 

Thus the base BC coincides with the base EF, and is 
therefore equal to it Ax 8 

And the tnangle ABC coincides with the triangle DEF, 
and is therefore equal to it in area f Ax 8 

And the remaining angles of the one coincide with the re- 
maining angles of the othei, and aie therefore equal to them, 
namely, the angle ABC to the angle DEF, 
and the angle ACB to tho angle DFE 
That is, the triangles are equal m all respects qed 

Note It follow b lliat two triangles which are equal in thoir 
general parts are equal also m area, but it should he obsened that 
equality of area m two triangles does not necessarily imply equality m 
their several parts that is to say, triangles may be equal m area, 
without being of the same shape. 

Two triangles which are equal in all respects have identity of form 
and magnitude, and are therefore said to bo identically equal, or 
congruent 

The following application of Proposition 4 anticipates 
the chief difficulty of Proposition 5 

In the equal sides AB, AC of an isosceles trianglo 
ABC, the points X and Y arc tahen, so that AX 
is equal to AY , and BY and CX arc joined 
Shew that BY is equal to CX 

In the two triangles XAC, YAB, 

XA is equal to YA, and AC is equal to AB , Hyp. 
that is, the two sides XA, AC arc equal to the two 
sides YA, AB, each to each, 
and tho angle at A, which is contained by theso 
Bides, is common to both triangles 
therefore tho triangles arc equal m all respects, 
so that XC is equal to YB 


A 



B C 

i.4 

QED 
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Because 


Then in the two triangles BFC, CGB, 

BF is equal to CG, Proved 

and FC is equal to GB, Proved 

jalso the contained angle BFC is equal to the 
contained angle CGB, Proved 

therefore the triangles BFC, CGB are equal in all respects; 
so that the angle FBC is equal to the angle GCB, 

and the angle BCF to the angle CBG x. 4. 

]STow it has been shewn that the whole angle ABG is equal 
to the whole angle ACF, 

and that parts of these, namely the angles CBG, BCF, are 
also equal , 

therefore the remaining angle ABC is equal to the remain- 
ing angle ACB , 

and these are the angles at the base of the triangle ABC 
Also it has been shewn that the angle FBC is equal to the 
angle .GCB; 

and these are the angles on the other side of the base qed 

Corollary Hence if a triangle is equilateral it is 
also equiangular 


Defesttiok Each of two Theorems is said to be the Con- 
verse of the other, when the hypothesis of each is the conclusion 
of the other. 

It will "be Eeen, on comparing the hypotheses and conclusions of 
Props 5 and 6, that each proposition is the converse of the other 

Now' Proposition 6 furnishes the first instance of an indirect 
method of proof, frequently nsed by Euclid. It consists in shewing 
that an absurdity must result from supposing the theorem to be 
otherwise than true. This form of demonstration is known as the 
Reductio ad Absurdum, and is most commonly employed in establish- 
ing the converse of some foregoing theorem 

•S' It must not be supposed that the converse of a true theorem is 
itself necessarily true for instance, it will be seen from Prop 8, Cor 
that if two triangles have their sides equal, each to each, then their 
angles will also be equal, each to each ; but it may easily be shewn by 
means of a figure that the converse of this theorem is not necessarily 
true , 


1 


E. 


2 
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HJCMD’B FLFMENTS 


Proposition 6 Theorem 

If two angles of a inanglc be equal to one another, then 
the sides also which subtend, or are opposite to, the equal 
angles, shall be equal to one anothe)' 



Let ABC be a triangle, lmvmg the angle ABC equal to 
the angle ACB 

then shall the side AC he equal to the side AB 

Construction For if AC be not equal to AB, 
one of them must be greater than the other 
If possible, let AB be the greater , 
and from it out off BD equal to AC I 3 

Join DC 

Proof Then m the tnangles DBC ACB, 

1 DB is equal to AC, ‘ Conslr 

and BC is common to both, 
also the contained angle DBC is equal to the 
contained angle ACB , Hyp 

therefore the triangle DBC is equal in area to the triangle 
ACB, I 4 

the part equal to the ■whole , which is absurd. Ax. 9 

Therefore AB is not unequal to AC , 

that is, AB is equal to AC. q e.d 

J Corollary Hence if a triangle is equiangular it % 
also equilateral. 

{ 
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Proposition 7 Theorem 

On the same base, and on the same side of it, there 
cannot be two triangles having their sides which are termi- 
nated at one exit ennity of the base equal to one another, and 
likewise those which are terminated at the other extremity 
equal to one another 



If it be possible, on the same base AB, and on the same 
side of it, let there be two triangles ACB, ADB, having their 
sides AC, AD, which are terminated at A, equal to one 
another, and likewise their sides BC, BD, which are termi- 
nated at B, equal to one another 

Case I When the vertex of each triangle is without 
the other triangle 

Construction Join CD Post. 1 

Proof Then m the triangle ACD, 

, because AC is equal to AD, Hyp 

therefore the angle ACD is equal to the angle ADC I 5 

But the v hole angle 'ACD is greater than its part, the 
angle BCD, 

therefore also the angle ADC is greater than the angle BCD; 
still more then is the angle BDC greater than the angle 
BCD. 

Again, in the triangle BCD, 
because BC is equal to BD, Hyp 

therefore the angle BDC is equal to the angle BCD I 5. 
but it was shewn to be greater , winch is impossible 


2—2 
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FUCIiId’s elements 


Casf XI When one o£ the vertices, as D, is within 
the other triangle ACB 



Construction As before, jom CD, Post 1 

and produce AC, AD to E and F Post 2 

Then in the triangle ACD, because AC is equal to AD, Hyp 
therefore the angles ECD, FDC, on the other side of the 
base, are equal to one another I 5 

But the angle ECD is greater than its part, the angle BCD, 
therefore the angle FDC is also greater than the angle 
BCD 

still more then is the angle BDC greater than the angle 
BCD 

Again, in the triangle BCD, 
because BC is equal to BD, Hyp 

therefore the angle BDC is equal to the angle BCD I 5 
but it has been shewn to be greater , which is impossible 
The case in which the vertex of one triangle is on a 
side of the other needs no demonstration 

Therefore AC cannot be equal to AD, and at the same 
time, BC equal to BD Q E D 

Note The sides AC, AD are called conterminous sides , similarly 
the sides BC, BD are conterminous 

Proposition 8 Theorem 

If tuo triangles haie two sides of the one equal to two 
sides of the other, each to each, and have likewise then bases 
equal, then the angle which is contained by the two sides of 
the one shall be equal to the angle which is contained by 
the txco sides of the other . 
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Let ABC, DEF be two triangles, having the two sides 
BA, AC equal to the two sides ED, DF, each to each, namely 
BA to ED, and AC to DF, and also the base BC equal to the 
base EF 

then shall the angle BAC be equal to the angle EDF 

Proof Foi if the triangle ABC be applied to the 
triangle DEF, so that the point B may be on E, and the 
straight line BC along EF , 

then because BC is equal to EF, Hyp 

therefore the point C must coincide with the point F 
Then, BC coinciding with EF, 
it follows that BA and AC must coincide with ED and DF 
for if not, they would have a different situation, as EG, GF 
then, on the same base and on the same side of it there 
would be two triangles having then contei imnous sides 
equal 

But this is impossible i 7 

Therefore the sides BA, AC coincide with the sides ED, DF 
That is, the angle BAC coincides with the angle EDF, and is 
therefore equal to it Ax 8 

QED 

Nots In this Proposition the three sides of one triangle are 
given equal respectively to the three sides of the other, and from 
this it is shown that the two triangles may be made to coincide with 
one anothet . 

Hence we are led to the following important Corollary 

~T Corollary Jf m two triangles the three sides of the 
one aie equal to the three sides of the othet , each to each, 
then the triangles at e equal m all respects. 
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eucltd’s elements 


The following proof of Prop 8 is worthy of attention as it is inde- 
pendent of Prop 7, which frequently presents difficulty to a beginner 


Proposition 8 Alternative Proof 
a 


c 


Let ABC and DEF be two triangles, ■which have the sides BA, AC 
equal respectively to the sides ED, DF, and the base BC equal to the 
base EF 

then shall the angle BAG be equal to the angle EDF 

For apply the triangle ABC to the triangle DEF, so that B may 
fall on E, and BC along EF, and so that the point A may be on the 
side of EF remote from D, 

then C must fell on F, since BC is equal to EF 

Let A'EF be the new position of the triangle ABC 

If neither DF, FA’ nor DE, EA' are m one straight line, 
join DA' 

Casf I When DA' intersects EF 

Then because ED is equal to EA', 
therefore the angle EDA' is equal to the angle EA'D x 5 
Again because FD is equal to FA', 
therefore the angle FDA' is equal to the angle FA'D r 5 

Hence the uliole angle EDF is equal to the whole angle EA'F, 
that is, the angle EDF is equal to the angle BAG 

Two oases remain winch may he dealt with in a similar manner 
namely, 

Case II When DA' meets EF produced 

Cast HI When one pair of sides, as DF, FA’, are in one straight 
line 
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Proposition 9 Problem 


To bisect a given angle , that is, to divide it into two equal 
parts 

A 



Let BAC be the given angle* 
it is required to bisect it 


Construction. In AB take any point D, 

and from AG cut off AE equal to AD i 3 

Join DE, 

and on DE, on the side remote from A, describe an equi- 
lateral triangle DEF I 1 

Join AF. 

Then shall the straight line AF bisect the angle BAC. 


Because 4 


Proof For in the two triangles DAF, EAF, 

( DA is equal to EA, Gonstr. 

and AF is common to both, 
land the third side DF is equal to the tlmd side 
l EF, Def 19 

therefore the angle DAF is equal to the angle EAF i 8 
Therefore the given angle BAC is bisected by the straight 
line AF Q E p 


EXERCISES 

1. If in the above figure the equilateral triangle DFE were de- 
scribed on the same side of DE as A, what different cases would arise 9 
And under what circumstances would the construction fail? 

2 In the same figure, shew that AF also bisects the angle DFE 

3 Divide an angle into four equal parts 
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Proposition 10 Problem 


To bisect a given finite straight line , that is, to divide it 
into two equal parts 



Let AB be the gi\ en straight line 
it is lequired to divide it into two equal pmts 

Constr On AB describe an equilateial tuangle ABC, I 1 
and bisect the angle ACB by the straight line CD, meeting 
AB at D I 9 

Then shall AB be bisected at the point D 


Because 


Proof For m the triangles ACD, BCD, 

AC is equal to BC, Def 19 

and CD is common to both, 
also the contained angle ACD is equal to the con- 
„ tamed angle BCD, Constr 

Therefore the tnangles are equal m all respects 
so that the base AD is equal to the base BD i 4 
Therefore the straight line AB is bisected at the point D 

Q E F 


LVEHCISES 


1 Shew that the straight lme -vvhioh bisects the vertical angle of 
an isosceles triangle, also bisects the base 

2 On a given baso describe an isosceles triangle such that the 
sum of its equal sides may be equal to a given straight line 
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Proposition 11 Problem 

To draw a straight line at right angles to a given straight 
line, from a given point in the same 


F 



AD C E B 


Let AB be the given straight line, ancl C the given 
point in it 

It is required to draw from the point C a straight line 
at right angles to AB 

Construction In AC take any point D, 

and from CB cut off CE equal to CD i 3 

On DE describe the equilateral triangle DFE I 1 
Join CF 

Then shall the straight line CF be at right angles to AB 

Proof For in the triangles DCF, ECF, 

DC is equal to EC, Conslr 

p and CF is common to both , 

CaUSe and the third side DF is equal to the third side 
EF Def 19 

Therefore the angle DCF is equal to the angle ECF l S 
and these are adjacent angles 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of these angles is called a right angle, Def 7 

therefore each of the angles DCF, ECF is a right angle 
Therefoie CF is at right angles to AB, 
and has been drawn fiom a point C in it qef 

exercise 

In the figure of the above proposition, shew that any point m 
FC, or FC produced, is equidistant from D and E 
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Proposition 12 Problem. 

To draw a straight line perpendicular to a given straight 
line of unlimited length, fiom a given point without it 

C 



Let AB be the given straight line, which may be pro- 
duced in either direction, and let C be the given point with- 
out it 

It is required to draw from the point C a straight line 
perpendicular to AB 

Construction On the side of AB remote from C take 
any point D, 

and from centre C, with ladius CD, describe the circle FDG, 
meeting AB at F and G Post 3 

Bisect FG at H , i 10 

and join CH 

Then shall the straight line CH be perpendicular to AB 
Join CF and CG 

Proof Then m the triangles FHC, GHC, 

FH is equal to GH, Constr 

Because and HC is common to both, 

and the third side CF is equal to the third side 
. CG, being radii of the circle FDG , Def 11 
therefore the angle CHF is equal to the angle CHG, i 8 
and these are adjacent angles 
But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one ancffcher, each 
of these angles is called a light angle, and the straight line 
which stands on the other is called a perpendicular to it 
Therefore CH is a perpendicular drawn to the given 
straight line AB from the given point C without it Q e F 

Note The given straight lino AB must he of unlimited length, 
that is, it must be capable of production to on inde finit e length m 
either direction, to ensure its being intersected in two points bj the 
circle FDG 
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EXERCISES ON PROPOSITIONS 1 TO 12. 

1. Shew that the straight line which joins the vertex of an 
isosceles triangle to the middle pomt of the base is perpendicular 
to the base. 

2. Shew that the straight lines which join the extremities of tho 
base of an isosceles triangle to the middle points of the opposite sides, 
are equal to one another 

8 Two given points in the base of an isosceles triangle are equi- 
distant from the extremities of the base * shew’ that they are also equi- 
distant from the vertex 

4 If the opposite sides of a quadrilateral are equal, shew that the 
opposite angles are also equal 

5. Any two isosceles triangles XAB, YAB stand on the same base 
AB shew that the angle XAY is equal to the angle XBY, and that 
the angle AXY is equal to the angle BXY. 

6. Shew that the opposite angles of a rhombus are bisected by the 
diagonal which joms them 

7 Shew that the straight lrnes which bisect the base angles of an 
isosceles triangle form with the base a triangle which is also isosceles 

8 ABC is an isosceles triangle having AB equal to AC , and the 
angles at B and C are bisected by straight lines which meet at O 
shew that OA bisects the angle BAC. 

9. Shew that the triangle formed by joining the middle points of 
the sides of an equilateral triangle is also equilateral. 

10 The equal sides BA, CA of an isosceles triangle BAC are pro- 
duced beyond the iortex A to the points E and F, so that AE is equal 
to AF, and FB, EC are joined, shew that FB is equal to EC 

11 Shew that the diagonals of a rhombus bisect one another at 

right angles * 

12 In the equal sides AB, AC of an isosceles triangle ABC two 
points X and Y are taken, so that AX is equal to AY, and CX and BY 
are drawn intersecting in O shew that 

(i) the triangle BOC is isosceles , 

(u) AO bisects the \ertical angle BAC, 

\m) AO, if produced, bisects BC at right angles 

13 Describe an isosceles triangle, having given the base and the 
length of the perpendicular drawn fiom the lertex to the base. 

14 In a gnen straight line find a point that is equidistant from 
two gnen points 

In what case is this impossible ? 
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Euclid’s elements. 


Proposition 13 Theorfm 

If one straight line stand upon another straight hue, 
then the adjacent angles shall he either two right angles , or 
together equal to two right angles 
A 


D B C 

Let the straight line AB stand upon the straight line DC 
then the adjacent angles DBA, ABC shall be either two nght 
angles, or together equal to two right angles 

Case L For if the angle DBA is equal to the angle ABC, 
each of them is a nght angle Bef 7 

Case II But if the angle DBA is not equal to the 
angle ABC, 

from B draw BE at nght angles to CD i 11 
Proof Ifow the angle DBA is made up of the two 
angles DBE, EBA, 

to each of these equals add the angle ABC, 
then the two angles DBA, ABC are together equal to the 
three angles DBE, EBA, ABC Ax. 2 

Again, the angle EBC is made up of the two angles EBA, 
ABC, 

to each of these equals add the angle DBE 
Then the two angles DBE, EBC are together equal to the 
three angles DBE, EBA, ABC Ax. 2 

But the two angles DBA, ABC ha\e been shewn to he equal 
to the same three angles , 

therefore the angles DBA, ABC are together equal to the 
angles DBE, EBC Ax. 1 

But the angles DBE, EBC are two nght angles, Conslr 
therefore the angles DBA, ABC are together equal to two 
nght angles q e.d 
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Definitions 

(i) The complement of an acute angle is its defect from 
a light angle, that is, the angle by which it falls short of a light 
angle 

Thus two angles are complementary, "when their sum is a 
right angle 

( 11 ) The supplement of an angle lslts defect from, two nght 
angles, that is, the angle by which it falls short of two nght 
angles __ 

Thus two angles are supplementary, when their sum is two 
light angles 

Corollary Angles which are complementary or supple- 
mentary to the sarnie angle are equal to one another 


EXERCISES 

1 If the two extenor angles formed, by producing a side of a tri- 
angle both ways are equal, shew that the tnangle is isosceles 

2 The bisector's of the adjacent angles which one straight line 
males with another contain a nght angle 

Note In the adjoining figuie AOB 
is a given angle, and one of its prms AO 
is produced to C the adjacent angles 
AOB, BOO are bisected by OX, OY 

Then OX and OY are called respect- 
ively the internal and external bisectors 
of the angle AOB 

Hence Exercise 2 may be thus enunciated 

The internal and external bisectors of an angle arc at nght angles 
to one another 

3 Shew that the angles AOX and COY are complementary 

4 Shew that the angles BOX and COX are supplementary, and 
also that the angles AOY and BOY are supplementary 
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Proposition 14 Theorem 

If at a point in a straight line , Uco other st might lines , 
on opposite sides of it, male the adjacent angles together 
equal to two right angles, then these two straight lines shall 
be in one and ihe same straight line 



At the point B m the straight line AB, let the two 
straight lines BC, BO, on the opposite sides of AB, make 
the adjacent angles ABC, ABD together equal to two nght 
angles 

then BD shall he m the same straight line -with BC 
Proof Tor if BD he not in the same straight line with BC, 
if possible, let BE be m the same straight line with BC 
Then because AB meets the straight line CBE, 
therefore the adjacent angles CBA, ABE are together equal 
to two nght angles I 13 

But the angles CBA, ABD are also together equal to two 
right angles Hyp 

Therefore the angles CBA, ABE are together equal to the 
angles CBA, ABD Ax. 11 

From each of these equals take the common angle CBA, 
then the remaining angle ABE is equal to the remaining angle 
ABD, the part equal to the whole, which is impossible 
Therefore BE is not in the same straight line with BC 
And in the same way it may be shewn that no other 
line but BD can be in the same straight line with BC 
Therefore BD is m the same straight line with BC q e.d 

exercise 

ABCD is a rhombus, and the diagonal AC is bisected at O If O 
is joined to the angular points B and D; shew that OB and OD are 
m one straight hne 
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Ohs "When two straight lines intersect at n point, four 
angles arc formed; and any two of these angles vhidi cnc not 
adjacent, arc said to bo vertically opposite to one another 


Proposition' 15 Theorem 

Jf two straight lines intersect one another, then the vci tically 
opposite angles shall be equal 



Let the two straight lines AB, CD cut one another at 
the point E 

then shall the angle AEC be equal to the angle DEB, 
and the angle CEB to the angle AED 
Proof, Because AE makes with CD the adjacent angles 
CEA, AED, 

therefore these angles are together equal to two light 
angles I 13 

Again, because DE makes with AB the adjacent angles AED, 
DEB, 

therefore these also are together equal to two right angles 
Therefore the angles CEA, AED arc togethei equal to the 
angles AED, DEB 

From each of these equals take the common angle AED , 
then the remaining angle CEA is equal to the lemaming 
angle DEB Ax 3. 

In a similar way it may bo shewn that the angle CEB 
is equal to the angle AED. Q B i> 

Corollary 1 From this it is manifest that , if two 
straight lines cut one another, the angles which they mate 
at the point where they cut, are together equal to four right 
angles 

Corollary 2 Consequently, when any number of straight 
lines meet at a point, the sum of the angles made by con- 
secutive lines is equal to four right angles 
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Pisoposition 1G Thforem 

If one, sn.de of a triangle be produced, then the extenor angle 
shall be greater than either of the interior opposite angles 



Lot ABC be a tnangle, and let one side BC be produced 
to D then shall the exterior angle ACD bo greater than 
either of the interior opposite angles CBA, BAC 

Construction Bisect AC at E I 10 

Join BE, and produce it to F, making EF equal to BE I 3 

Join FC 


Proof Then m the triangles AEB, CEF, 

AE is equal to CE, Constr 

Because • and EB t0 EF ’ Gomtl 

also the angle AEB is equal to the vertically 

opposite angle CEF , I 15 

therefore the tnangle AEB is equal to the tnangle CEF m 

all respects I 4 

so that the angle BAE is equal to the angle ECF 

But the angle ECD is greater than its part, the angle ECF, 

therefore the angle ECD is greater than the angle BAE, 

that is, the angle ACD is greater than the angle BAC 

In a similar -way, if BC be bisected, and the side AC 

produced to G, it may be shewn that the angle BCG is 

greater than the angle ABC 

But the angle BCG is equal to the angle ACD i 15 

therefore also the angle ACD is greater than the angle ABC 

Q E D. 
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Proposition 17 TncoRcar 

Any two angles of a inangle are together less than two 
right angles 


D 

Let ABC be a triangle: then shall any two of its angles, as 
ABC, ACB, be together less than two right angles 
Construction Produce the side BC to D. 

Proof. Then because ACD is an extenoi angle of the 
triangle ABC, , 

therefore it is greater than the interior opposite angle 
ABC I 16. 

To each of these add the angle ACB • 
then the angles ACD, ACB are together greater than the 
angles ABC, ACB. Ax 4 

But the adjacent angles ACD, ACB are together equal to 
two nglit angles. I 13 

Therefore the angles ABC, ACB are together less than two 
right angles 

Similarly it may be shewn that the angles BAC, A.CB, as 
also the angles CAB, ABC, are together less than two right 
angles. Q E.D 

Note. It follows from this Proposition that every triangle must 
have at least two acute angles for if one angle is obtuse, or a nght 
angle, each of the other angles must be less than a nght angle 

t r 

EXERCISES 

1. Enunciate this Proposition so as to shew that it is the converse 
of Axiom 12 

2. If any side of a triangle is produced both ways, the exterior 
angles so formed are together greater than two nght angles 

_ 3. Shew how a proof of Proposition 17 may he obtained by 
joining each vertex in turn to any point in the opposite side. 
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Proposition 18 Theorem 

If one side of a triangle be greater than another , then 
the angle opposite to the greater side shall be greater than 
the angle opposite to the less 



Let ABC be a triangle, in winch the side AC is greater 
than the side AB 

then shall the angle ABC he greater than the angle ACB 
Construction From AC, the gi eater, cut off a part AD equal 
to AB i 3 

Join BD 

Proof Then in the triangle ABD, 

because AB is equal to AD, 

therefore the angle ABD is equal to the angle ADB I 5 

But the exterior angle ADB of the triangle BDC is 
greater than the interior opposite angle DCB, that is, 
greater than the angle ACB i 16 

Theiefore also the angle ABD is greater than the angle ACB, 
stall more then is the angle ABC greater than the angle 
ACB Q fi D 


Euclid enunciated Proposition 18 as follows* 

The greater side of every triangle has the greater angle 
opposite to x l 

[This form of enunciation is found to ho a common sonree of diffi- 
culty with beginners, who fail to distinguish what is aseumed in it and 
what is to lie proved ] 


[For Exorcises see page H8 ] 
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Proposition 19. Theorem. 

If one angle of a triangle be gi eater than another, then 
the side opposite to the gi eater angle shall be gi eater than 
the side opposite to the less. 


A 



Let ABC be a triangle in winch the angle ABC is greater 
than the angle ACB • 

then shall the side AC he greater than the side AB 
Proof For if AC be not greater than AB, 

it must be either equal to, oi less than AB 
But AC is not equal to AB, 

for then the angle ABC would be equal to the angle ACB , i 5 

but it is not Hyp 

Neither is AC less than AB, 

foi then the angleuABC would be less than the angle ACB, 1 18 

but it is not Hyp 

Therefore AC is neither equal to, nor less than AB. 
v That is, AC is greater than AB qed, 

Note The mode of demonstration used in tins Proposition is 
Icnown as the Proof by Exhaustion It is applicable to cases in which 
one of certain mutually exclusive suppositions must necessarily bo 
true, and it consists in shewing the falsity of each of these supposi- 
tions m turn with one exception, hence the truth of the remaining 
supposition is inferred 

Euclid enunciated Proposition 19 as follows 

t 1 

The gi eaiei angle of every triangle is subtended by the 
greater side, or, has the greater side opposite to it 

[For Etercises see page 38 ] 
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Proposition 20 Thiorem 

Any two sides of a Inangle are together greater than the 
tint d side 



third side 

namely, BA, AC, shall be greatei than CB , 

AC, CB greater than BA, 
and CB, BA greater than AC 

Construction Pioduce BA to the point D, making AD equal 
to AC , i 3 

Join DC 

Proof Then in the tnanglo ADC, 

because AD is equal to AC, Comtr. 

therefore the angle ACD is equal to the angle ADC. I 5. 
But the angle BCD is greater than the angle ACD , Ax. 9. 
therefore also the angle BCD is greater than the angle ADC, 
that is, than the angle BDC 

And m the triangle BCD, 

because the angle BCD is greater than the angle BDC, Pr 
therefore the side BD is greater than the side CB i 19 

But BA and AC are together equal to BD , 
therefore BA and AC are together greater than CB 

Similarly it may be shewn ’ 

that AC, CB are together greater than BA, 
and CB, BA are together greater than AC qkd 


[For Exercises see page 38 ] 
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Proposition 21. Theorem 

If from the ends of a side of a triangle , theie be di awn 
two straight hues to a point within the ti tangle , then these 
straight lines shall be less than the other two sides of the 
triangle, but shall contain a greater angle 


A 



Let ABC be a triangle, and from B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to 
a point D within the triangle . 

then (l) BD and DC shall be together less than BA and AC , 
(n) the angle BDC shall be greater than the angle BAC 

Construction, Produce BD to meet AC in E. 

Proof, (l) In the triangle BAE, the two sides BA, AE are 
together greater than the third side BE : I. 20. 

to, each of these add EC; 

then BA, AC are together greater than BE, EC Ax 4. 

Again, in the triangle DEC, the two sides DE, EC are to- 
gether greater than DC I 20. 

to each of these add BD , 
then BE, EC are together greater than BD, DC. 

But it has been shewn that BA, AC are together greater 
than BE, EC . 

still more then are BA, AC greater than BD, DC. 

(n) Again, the exterior angle BDC of the triangle DEC is 
greater than the interior opposite angle DEC, I 16 
and the extenor angle DEC of the tnangle BAE is greater 
than the intenor opposite angle BAE, that is, than the 
angle BAC, I 16 

still more then is the angle BDC greater than the angle BAC 

QED 
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L\EBCXSES 

ov Paorosmoss 18 asp 19 

1 The hypotenuse js tho greatest side of ft right angled triangle 

2 If t wo nngles of a tnanglo are equal to one another, the aides 
also, which subtend tho equal nngles, are equal to one another. Prop 0, 
Prove this indirectly by using the result of Prop 18 

3 BC, tho baso of an isosceles tnanglo ABC, is produced to any 
point D , shew that AD is greater than either of the equal sides 

4 If m n quadnlatcml tho greatest and least sides are opposite to 
one another, then each of the angles adjacent to the least side is 
greater than its opposito angle 

5 In a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through tlio vertex A and terminated by the 
base BC, ib less than AB 

6 ABC is a tnanglo, m which OB, OC bisect tho angles ABC, 
ACB respectively shew that, if AB is greater than AC, then OB is 
greater than OC 


on PnorosirioN 20 

7 Tho difference of any two sides of n triangle is less than 
the third side 

8. In a quadrilateral, if two opposite sides which are not parallel 
are produced to meet one anothci , shew that tho penmoter of the 
greater of tho two triangles so formed is greater than the perimeter of 
the quadnlateml. 

9 Tho snm of tho distances of any point from tho three angular 
points of a tnanglo is greater than half its ponmeter, 

10 Tho penmoter of a quadrilateral is greater than the sum of its 
diagonals. 

11 Obtain a proof of Proposition 20 by bisecting an angle by a 
straight line winch meets tho opposite sida 


on Pnorosmoa 21 

12 In Proposition 21 shew that tho angle BDC is greater than 
the angle BAC by joining AD, and producing it towards the baso 

13 The sum of the distances of any point within a tnanglo from 
its angular points is less than tho perimeter of the tnanglo 
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Proposition 22 Problem 

To describe a triangle having its sides equal to three 
given straight lines , any iico of winch are together greater 
than the third. 



Let A, B, C be the three given straight lines, of which 
any two are together greater than the thud 

It is required to describe a triangle of which the sides 
shall be equal to A, B, C 

Construction Take a straight line DE terminated at the 
point D, but unlimited towards E 
Make DF equal to A, FG equal to B, and GH equal to C I 3 
Prom centre F, with radius FD, describe the circle DLK 
Piom centre G with radius GH, describe the circle MHK, 
cutting the former ciicle at K 

Join FK, GK 

Then shall the triangle KFG have its sides equal to the 
three straight lines A, B, C 

- Proof Because F is the centie of the circle DLK, 


therefoie FK is equal to FD Pef. 11 

but FD is equal to A , Constr. 

therefore also FK is equal to A Ax 1. 

Again, because G is the centre of the circle MHK, 

therefore GK is equal to GH JDef 11 

r ' but GH is equal to C, Constr 

therefore also GK is equal to C Ax 1 

And FG is equal to B Constr 

Therefore the triangle KFG has its sides KF, FG, GK equal 
respectively to the three given lmes A, B, C qep 
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EXERCISE 

On a given base describe a tnanglo, whoso remaining sides shall bo 
equal to two given straight lines Point out how tlio construction 
fails, if any one of the three gi\cn lines is greater than the sum of 
the other two 


Proposition 23 Problem 

At a given point m a given straight line, to make an 
angle equal to a given angle 



Let AB be tlie given straight Ime, and A tlio given point 
in it , and let DCE be the given angle 

It is required to draw from A a straight line making 
with AB an angle equal to tlio given angle DCE 

Construction In CD, CE take any points D and E, 
and join DE 

From AB cut off AF equal to CD I 3 

On AF describe the triangle FAG, having the remaining 
sides AG, GF equal respectively to CE, ED. I 22 

Then shall the angle FAG be equal to'tlie angle DCE 

Proof For in the triangles FAG, DCE, 

( FA is equal to DC, Conslr 

and AG is equal to CE , Conslr 

and the base FG is equal to the base DE Conslr 
theiefore the angle FAG is equal to the angle DCE. I 8 
That is, AG makes with A B, at the given point A, an angle 
equal to the given angle DCE. q e.f 
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Pboposition 24 

If two triangles have two sides of the one equal to tivo 
s ides of ike other , each to each , hut the angle contained by 
\he two sides of one greater than the angle contained by 
the corresponding sides of the other p then the base of that 
vihich has the greater angle shall be greater than the base of the 
other 



F 


Let ABC, DEF be two triangles, in which the two sides 
BA, AC are equal to the two sides ED, DF, each to each, 
but the angle BAC greater than the angle EDF : 

then shall the base BC be greater than the base EF 

* Of the two sides DE, DF, let DE be that which is not 
greater than DF 

Construction At the point D, in the straight line ED, 
and on the same side of it as DF, make the angle EDG 
equal to the angle BAC I 23. 

Make DG equal to DF or AC; I 3 

and join EG, GF. 

Proof Then in the triangles BAC, EDG, 

BA is equal to ED, Hyp- 

Because and AC is equal to DG, Constr. 

also the contained angle BAC is equal to the 
contained angle EDG ; Constr. 

Therefore the triangle BAC is equal to the triangle EDG in 
all respects • I 4 

so that the base BC is equal to the base EG 

v * See note on the nest page 
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Again, in the triangle FDG, 
because DG is equal to DF, 

therefore the angle DFG is equal to the angle DGF, I 6 
but the angle DGF is greater than the angle EGF , 
therefore also the angle DFG is greater than the angle EGF, 
still more then is the angle EFG greater than the angle EGF 

And m the triangle EFG, 

because the angle EFG is greater than the angle EGF, 
therefore the side EG is greater than the side EF , I 19 
but EG was shewn to be equal to BC , 

therefore BC is greater than EF QED 

\ * This condition was inserted by Simson to ensure that, in the 

complete construction, the point F should fall below EG "Without 
this condition it would be necessary to consider three cases for F 
might fall above, or upon, or below EG , and each figure would require 
separate proof 

We arc however scarcely at liberty to employ Simeon's condition 
without proving that it fulfils tlio object for which it was introduced 

Tins may bo done as follows 

Let EG, DF, produced if necessary, intersect at K 
Then, since DE is not greater than DF, 
that is, since DE is not greater than DG, 
therefore tlio angle DGE is not greater than the angle DEG i 18 
But the extenor anglo DKG is greater than the angle DEK i 16 
therefore the anglo DKG is greater than tlio anglo DGK 

Henco DG is greater than DK i 10. 

But DG is equal to DF , 
therefore DF is greater tlinn DK 
Bo that tho point F must fall below EG 
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Or the following method may be adopted 


Proposition 24. [Alternative Proof.] 


In the triangles ABC, DEF, 
let BA be equal to ED, 
and AC equal to DF, 
nit let the angle BAC be greater than 
the angle EDF: 

hen shall the base BC be greater than 
the base EF. 

For apply the triangle DEF to the 
riangle ABC, so that D naaj fall on A, 
md DE along AB- 

then because DE is equal to AB, 
therefore E must fall on B 



And because the angle EDF is less than the angle BAC, Hyp 
therefore DF must fall between AB and AC * 


Let DF occupy the position AG 


- Case L If G falls on BC* 

Then G must be between B and C 
therefore BC is greater than BG. 

But BG is equal to EF 
therefore BC is greater than EF 



Cask IL If G does not fall on BC A 

Bisect the angle CAG by the straight line AK A 
•which meets BC m K i 9 / vV 

Join GK / V\ 

Then in the triangles GAK, CAK, / v\ 

) GA is equal to CA, Hyp J \\ \ 

and AK is common to both; / \ \ \ 

and the angle GAK is equal to the < \ ; ' y . 

angle CAK; - Comtr B 

therefore GK is equal to CK i. 4 
But in the triangle BKG, 

the two sides BK, KG are together greater than the third side BG, i 20 
that is, BK, KC are together greater than BG , 

therefore BC is greater than BG, or EF. qeb 
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Phoposition 25. Theorem 

If two triangles have two sides of the one equal to two 
sides of the other , each to each, but the base of one greater 
than the base of the other , then the angle contained by the 
sides of that which has the greater base, shall be greater than 
the angle contained by the corresponding sides of the other. 



Let ABC, DEF be two triangles winch have the two sides 
BA, AC equal to the two sides ED, DF, each to each, hut the 
base BC greater than the base EF : 
then shall the angle BAC he greater than the angle EDF. 

Proof For if the angle BAC he not greater than the 
angle EDF, it must he either equal to, or less than tho 
angle EDF 

But the angle BAC is not equal to the angle EDF, 
for then the base BC would he equal to the base EF , I. 4 
hut it is not Hyp. 

Neither is the angle BAC less than the angle EDF, 
for then the base BC would he less than the base EF , I 24 
but it is not Hyp 

Therefore the angle BAC is neither equal to, nor less than 
the angle EDF , 

that is, the angle BAC is greater than the angle EDF qeb 

EXERCISE. 

In a triangle ABC, the vertex A is joined to X, the middle 
point of the base BC, shew that the angle AXB is obtuse or acute, 
according as AB is greater or less than AC 
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Proposition 26 Theorem 

If two triangles hate two angles of the one equal to two 
angles of the other , each to each , and a side of one equal 
to a side of the other , these sides being either adjacent to the 
equal angles, or opposite to equal angles m each ; then shall 
the, triangles be equal in all respects 

Case I When the equal sides are adjacent to the equal 
angles in the two triangles. 


A D 



Let ABC, DEF be two triangles, which have the angles 
ABC, ACB, equal to the t\\ o angles DEF, DFE, each to each , 
and the side BC equal to the side EF . 

then shall the triangle ABC be equal to the triangle DEF 
m all respects ; 

that is, AB shall be equal to DE, and AC to DF, 
and the angle BAC shall be equal to the angle EDF. 

For if AB be not equal to DE, one must be greater than 
the other. If possible, let AB be greater than DE 
Construction. From BA cut off BG equal to ED, i. 3. 

and join GC. 


hoof Then in the two triangles GBC, DEF, 

GB is equal to DE, Constr. 

Because and BC EF ’ 2I VP 

also the contained angle GBC is equal to the 

5 contained angle DEF j Hyp. 

therefore the triangles are equal in all respects ; i. 4 

so that the angle GCB is equal to the angle DFE 

But the angle ACB is equal to the angle DFE j Hyp 

therefore also the angle GCB is equal to the angle ACB , Ax 1 . 

the part equal to the whole, which is impossible 







. „ n0 oun,\ to DE, 
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-'For if BC be not equal to EF, one must be greater than 
the other. If possible, let BC be greater than EF 

Construction From BC cut off BH equal to EF, I 3 
and join AH 

Proof. Then in the triangles ABH, DEF, 

AB is equal to DE, Hyp 

and BH to EF, Constr. 

also the contained angle ABH is equal to the 


Because 


contained angle DEF , 


Hyp 


therefore the triangles are equal in all respects, i 4 
so that the angle AHB is equal to the angle DFE 
But the angle DFE is equal to the angle ACB ; Hyp 
therefore the angle AHB is equal to the angle ACB , Ax. 1 
that is, an exterior angle of the triangle ACH is equal to 
an interior opposite angle , which is impossible I 16 
' Therefore BC is not unequal to EF, 

that is, BC is equal to EF. 

Hence in the tnangles ABC, DEF, 

AB is equal to DE, Hyp 

Because and BC is e< l ual to EF > Proved 

j also the contained angle ABC is equal to the 

, contained angle DEF ; 'Hyp. 

therefore the tnangles are equal in all respects , I 4 
so that the side AC is equal to the side DF, 
and the angle BAC to the angle EDF 

Q ED 

_ v 

\ Corollary, In both cases of this Proposition it is seen 
that the tnangles may be>made to coincide with one anothei , 
and they are therefore equal m .area 



4S 


ettchd’s eeemekts 


OS THE IDENTICAL EQCAXITV OF TRIASGLES. 

At the close of the first section of Book I , it is worth while 
to call special attention to those Propositions (viz. Props. 4, 8,26) 
which deal with the identical equality of two triangles. 

The results of these Propositions may he summarized thus 

Two triangles are equal to one another in all respects, when 
the following parts in each are equal, each to each. 

1. Two sides, and the included angle. ^ Prop. 4. 

2 The three sides Prop 8, Cor. 

3. (a) Two angles, and the adjacent side. j 

(6) Two angles, and the side opposite one of YProp 26 
them J 

From this the beginner will perhaps surmise that two tri- 
angles may be shewn to be equal in all respects, when they have 
three parts equal, each to each , hut to this statement two obvious 
exceptions must be made. 

(l) When m two triangles the three angles of one are equal 
to the three angles of the other, each to each, it does not 
necessarily follow that the triangles are equal m all respects. 

(n) When in two triangles two sides of the one are equal 
to two sides of the other, each to each, and one angle equal to 
one angle, these not being the angles included by the equal sides ; 
the triangles are not necessarily equal in all respects. 

In these cases a further condition must be added to the 
hypothesis, before we can assert the identical equality of the 
two triangles. 

(Bee Theorems and Exercises on Book I , Ex. 13, Page 92 } 

We observe that in each of the three cases already proved 
of identical equality in two triangles, namely m Propositions 4, 
8, 26, it is shewn that the triangles may he made to coincide 
vdth one another ; so that they are equal m area, as in all 
other respects. Euclid howeier restricted himself to the use of 
Prop. 4, when he required to deduce the equality m area of two 
triangles from, the equality of certain of their parts. 

This restriction has been abandoned m the present text-book. 
[Sec note to Prop 34 j 
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EXERCISES ON PROPOSITIONS 12 — 26 

1 If BX and CY, the bisectors of the angles at^the base BC of an 
isosceles. triangle ABC, meet the opposite sides in X’ and Y , shew that 
the triangles YBC, XCB are equal m all respects 

2 Shew that the perpendiculars drawn from the extremities of 
the base of an isosceles triangle to the opposite sides are equal, 

3 Any point on the bisector of an angle is equidistant fiom the 
arms of the angle 

* 

4 Through O, the middlo point of a straight hue AB, any straight 
line is drawn, and perpendiculars AX and BY are dropped upon it from 
A and B shew that AX is equal to BY 

5 If the bisector of the vertical angle of a triangle is at right 
angles to the base, the tnangle is isosceles 

6. The perpendicular is the shortest straight line that can he 
drawn from a given point to a given straight line , and of others, that 
which is nearer to the perpendicular is less than the more remote, and 
two, and only two equal straight lines can be drawn from the given 
point to the given straight line, one on each side of the perpendicular 

Ti From two given points on the same side of a given straight line, 
draw two straight lines, which shall meet in the given straight line 
and male equal angles with it 


Let AB be the given straight hne, 
and P, Q the given points 

It is required to draw from P and Q 
to a pomt m AB, two straight lines 
that shall be equally inclined to AB 
Construction From P draw PH 
perpendicular to AB produce PH to 
P', m akin g HP' equal to PH Draw QP’, meeting AB in K 
PK 



Join 


Then PK, QK shall be the required lines [Supply the proof ] 


8 In a given straight hne find a pomt i\Mch is equidistant from 
two given intersecting straight hues In what case is this impossible? 

9 Through a given pomt draw a straight lmc such that the per- 
pendiculars drawn to it from two given pomts may be equal 

In what case is this impossible ? 

H E. 


i 
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SECTION II 

PARALLEL STRAIGHT LINES AND PA11ALLELOGRAMS 
* 

Definition Parallel stiaiglit lines are sucli as, being 
in the same plane, do not meet how ever fai they are pro- 
duced in both directions 

When two straight linos AB, CD are met by a third btraight 
line EF, eight angles are formed, to which 
for the sake of distinction particular 
names are given 

Thus in the adjoining figure, 

1, 2, 7, 8 are called exterior angles, 

3, 4, 5, G are called intenor angles, 

4 and 6 are said to be alternate angles , 
so also the angles 3 and 5 are alternate to 

one another 

Of the angles 2 and 6, 2 is referred to as the extenor angle, 
and 6 as the interior opposite angle on the same side of EF 

2 and G are sometimes called corresponding angles 

So also, 1 and 6, 7 and 3, 8 and 4 are corresponding angles 

Euclid’s treatment of parallel straight lines is based upon his 
twelfth Axiom, which wo here repeat 

Axiom 12 If a straight line cut two straight lines so 
as to make the two intenor angles on the same side of 
it together less than two nglit angles, these straight lines, 
being continually produced, will at length meet on that 
side on which are the angles winch are together less than 
two nght angles 

Thus m the figure gn en above, if the two angles 3 and 6 are 
togethor less than two right angles, it is asserted that AB and 
CD will meet towards B and D 

This Axiom is used to establish I 29 some remarks upon it 
will be found in a note on that Proposition 
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Proposition 27 Theorem. 

/ 

If a straight line, falling on two other straight lines, make 
the alternate angles equal to one another, then the straight 
lines shall be parallel 



Let the straight line EF cut the two straight lines AB, 
CD at G and H, so as to make the alternate angles AGH, 
GHD equal to one another’ 

then shall AB and CD be parallel 

Proof For if AB and CD be not paiallel, 
they 'will meet, if pioduced, either towards B and D, or to- 
wards A and C 

If possible, let AB and CD, when produced, meet towards B 
and D, at the point K 

Then KG H is a triangle, of which one side KG is produced 
to A: 

theiefore the exterior angle AGH is greater than the interior 
opposite angle GHK I 16 

But the angle AGH is equal to the angle GHK Hyp 
hence the angles AGH and GHK are both equal and unequal, 
which is impossible 

Therefore AB and CD cannot meet when produced towaids 
B and D 

Similarly it may be shewn that they cannot meet towards 
A and C 

theiefore they are parallel. qed, 


4—2 
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Proposition 28 Tin orlm 

JJ a shall/ lit line, falling on two other straight lines, 
male an cHeuoi angle equal to the interior opposite angle 
on the same side of the line , or if it make the t ntenor 
angles on the same side togrthci equal to two right angles, 
then the two straight lines shall bcpaialld 



Let llie straight lme EF cut the two sti light lines AB, 
CD in G and H and 

First, let the exterior anglo EGB l>c cqu.il to the interior 
opposite angle GHD 

then shall AB and CD bo parallel 
Proof Because the anglo EGB is equal to the angle GHD, 
and because the angle EGB is also equal to the s optically op- 
posite angle AGH, I 15 

thoiefore the angle AGH is equal to the anglo GHD, 
but these are alternate angles, 
therefore AB and CD are parallel J 27 

Q) 1 

Secondly, let the two mtenor angles BGH, GHD be to- 
gether equal to two right angles 

then shall AB and CD be parallel 
Proof Because the angles BGH, GHD aie togethci equal 
to two right angles, Hyp 

and because the adjacent angles BGH, AGH are also together 
equal to two right angles , I 13 

therefore the angles BGH, AGH are together equal to the 
two angles BGH, GHD 

From these equals take the common angle BGH 
then the remaining angle AGH is equal to the lcmaimng 
angle GHD and these aie alternate angles, 

therefore AB and CD are parallel I 27 

<5 E D 
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Proposition 29 Theorem 

If a straight line fall on tioo parallel straight lines , then it 
shall make the alternate angles equal to one another , and the 
extenor angle equal to the interior opposite angle on the 
same side , and also the two interior angles on the same 
side equal to two right angles 



Let the straight line EF fall on the parallel straight 
lines AB, CD 

then (i) the alternate angles AGH, GHD shall be equal to 
one another, 

(u) the exterior angle EGB shall be equal to the interior 
opposite angle GHD, 

(m) the two interior angles BGH, GHD shall be together 
equal to two right angles 

Proof (x) For if the angle AGH be not equal to the angle 
GHD, one of them must be greater than the other 
If possible, let the angle AGH be greater than the angle 
GHD, 

add to each the angle BGH 

then the angles AGH, BGH are together greater than the 
angles BGH, GHD. 

But the adjacent angles AGH, BGH are together equal to 
, two right angles , ' I 13 

therefore the angles BGH, GHD are together less than two 
nght'angles, c' 71 " 

therefore AB and CD meet towards B and D Ax 12 
‘ But they never meet, since they are parallel Hyp 
Therefore the angle AGH is not unequal to the angle GHD. 
that is, the alternate angles AGH, GHD are equal 

( Ovei ) 
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(n) Again, because the angle AGH is equal to the verti- 
cally opposite angle EG B, i 15 

and because the angle AGH is equal to the angle GHD, 

Proved 

therefore the exterior angle EGB is equ il to the interior op- 
posite angle GHD 

(in) Lastlj, the angle EGB is equal to the angle GHD, 

Proved 

add to each the angle BGH, 

then the angles EGB, BGH are togetliei equal to the angles 
BGH, GHD 

But the adjacent angles EGB, BGH are together equal to 
tivo right angles 1 . 13 

therefore also the two Interim angles BGH, GHD are to- 
gether equal to two right angles q e p 


EXERCISES OX PROPOSITIONS 27, 28, 29 

1 Two straight lines AB, CD bisect one another at O shew tlint 

the straight lines joining AC and BD arc parallel. [i 27 ] 

2 Straight hues which are perpendicular to the same straight line 

are parallel to one another. [i 27ori 28 J 

3. If a straight line meet tiro or more parallel straight lines, and is 
perpendicular to one of them, it u also perpendicular to all the others 

[r.29] 

4 If tiro straight lines are parallel to tiro other straight lines, each 
to each, then the angles contained by the first pair are equal respectively 
to the angles contained by the serond pair . [i 20 J 
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Xote ok the Twelfth: Axiom 

It must "be admitted that Euclid’s twelfth Axiom is un- 
satisfactory as the basis of a theory of parallel straight lines 
It cannot bo regarded as either simple or self-evident, and it 
therefore falls short of the essential characteristics of an axiom 
nor is the difficulty entirely removed by considering it as a cor- 
rollaiy to Proposition 17, of which it is the coni ersc 

Many substitutes have been proposed , but we need only notice 
hero the system which has met with most general approval. 

This system rests on the following hypothesis, which is put 
forward as a fundamental Axiom 

AxroM. Tro intersecting straight lines cannot he both parallel 
to or third straight line 

This statement is known as Playfair’s Axiom ; and though 
it is not altogether freo from objection, it is recommended as 
both simpler and moro fundamental than that employed by 
Euclid, and more readily admitted without proof 

Propositions 27 and 28 having been proved m the usual way, 
the first part of Proposition 29 is then gi\on thus 

t 

^ Proposition 29. [Alternative Proof] 

If a straight line fall on two parallel straight lines , tliemt 
Bhall male the alternate angles equal 

Let the Btraight line EF meet the two 
parallel straight lines AB, CD, at G 
and H 

then shall the alternate angles AGH, 

GHD be equal. 

For if the angle AGH is not equal to the 
angle GHD 

at G m the straight line HG mate the 
angle HGP equal to the angle GHD, 
and alternate to it i 23 

Then PG and CD are parallel, i 27. 

But AB and CD are parallel* Hyp. 
therefore the two intersecting straight lines AG, PG are both parallel 
to CD 

winch is impossible. Play f aid i Axiom. 

Therefore the angle AGH is not unequal to the angle GHD, 
that is, the alternate angles AGH, GHD are equal, q r d 
The second and third parts of the Proposition may then be deduced 
as m tno text, and Euclid’s Axiom 12 follows as a Corollary 
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Proposition' 30 Thforeu 

Straight lines which arc parallel to the same straight line 
are parallel to one another 



Let the straight lines AB, CD be each parallel to the 
straight line PC 

then shall AB and CD be parallel to one another 

Construction Draw any straight line EF cutting AB, CD, 
and PQ m the points G, H, and K 

Proof Then because AB and PQ arc parallel, and EF 
meets them, 

therefore the angle AGK is equal to the alternate angle GKQ 

i 29 

And because CD and PQ are parallel, and EF meets them, 
therefore the exterior angle GHD is equal to the intenor 
opposite angle HKQ E 29 

Therefore the angle AGH is equal to the angle GHD, 
and these are alternate angles, 
therefore AB and CD are parallel I 27 

QE.D 

Xote II PQ lies between AB and CD, the Proposition may be 
established in a similar manner, though m this case it scarcelj needs 
proof, for it is inconceivable that two straight lines, which do not 
meet an intermediate straight line, should meet one another 

The truth of this Proposition may he readily deduced from 
Playfair’s Axiom, of which it is the converse 

Tor if AB aud CD were not parallel, they would meet when pro- 
duced Then there would be two intersecting straight hues both 
parallel to a thud straight line which is impossible 

Therefore AB and CD never meet, that is, they are parallel 
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Proposition 31 Problem 

To diaw a straight line tlnough a gheli point parallel 
to a gnen straight line 



Let A be the given. point, and BC the given straight line. 
It is required to draw tlnougli A a straight lino parallel to 
BG 

Construction. In BC take any point D; and join AD. 
At the point A in DA, make the angle DAE equal to the 
angle ADC, and alternate to it I 23 

and produce EA to F. 

Then shall EF be parallel to BC 

Proof. Because the straight line AD, meeting the two 
straight lines EF, BC, makes the alternate angles EAD, ADC 
equal j Constr 

therefore EF is parallel to BC, 1. 27 

and it has been drawn through the given point A. 

Q LI' 


EXERCISES 

1. Any straight line drawn parallel to the base of an isosceles 
triangle makes equal angles with the Bales 

2 II from any point m the bisector of nn angle a straight line is 
drawn parallel to either arm of the angle, the triangle thus formed is 
isosceles 

3 Iroxn a given point draw a straight line that shall make with 
a given straight line an angle equal to a given angle. 

4 Prom X, a point m the hase BC of an isosceles triangle ABC, a 
straight line is drawn at right angles to the base, cutting AB m Y, and. 
CA produced in Z : shew the triangle AYZ is isosceles. 

5 . If the straight line which bisects an exterior angle of a triangle 
, is parallel to tbe base, shew that the triangle is isosceles. 
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Proposition 32 Theorem 

If a side of a triangle be produced, then the exterior 
angle shall be equal to the sum of the two interior opposite 
angles also the three interior angles of a triangle are together 
equal to two right angles 


D 

Let ABO be a triangle, and let one of its sides BC be 
produced to D 

then (i) the exterior angle ACD shall be equal to the sum 
of the two interior opposite angles CAB, ABO, 
(n) the three interior angles ABC, BOA, CAB shall 
be together equal to two right angles 

Construction Through C draw CE parallel to BA i 31 

Proof (i) Then because BA and CE are parallel, and AC 
meets them, 

therefore the angle ACE is equal to the alternate angle 
CAB I 29 

Again, because BA and CE are parallel, and BD meets them, 
therefore the exterior angle ECD is equal to the interior 
opposite angle ABC I 29 

Therefore the whole extenor angle ACD is equal to the 
sum of the two mtenor opposite angles CAB, ABC 

(n) Again, since the angle ACD is equal to the sum of 
the angles CAB, ABC, Proved 

to each of these equals add the angle BCA 
then the angles BCA, ACD are together equal to the three 
angles BCA, CAB, ABC. 

But the adjacent angles BCA, ACD aro together equal to 
two right angles, i 13 

therefore also the angles BCA, CAB, ABC aro together equal 
to two right angles. q r n 
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From this Proposition we draw the following important 
inferences. 

1. If two triangles have two angles of the one equal to two angles of 
the other, each to each , then the third angle of the one ts equal to the 
third angle of the other 

2 In any right-angled triangle the two acute angles are com- 
plementary- 

3. In a right-angled isosceles triangle each of the equal angles 
is half a right angle. 

4. If one angle of a triangle is equal to the sum of the other two , 
the triangle is nght-angled. 

5 The sum of the angles of any quadrilateral figure is equal to 
four right angles. 

6 Each angle of an equilateral triangle is two-thirds of a right 
angle. * 


EXERCISES OX PROPOSITION 32 

1. Prove that the three angles of a triangle are together equal to 
two right angles, 

(i) by drawing through the vertex a straight line parallel 
to the base; 

(ii} By joining the vertex to any point in the base. 

2. If the base of any triangle is produced both ways, shew that 
the sum of the two extenor angles diminished by the vertical angle is 
equal to two right angles 

3 If two straight lines are perpendicular to two other straight 
lines, each to each, the acute angle between the first pair is equal 
to the acute angle between the second pair . 

4. Every nght-angled triangle is divided into two isosceles tri- 
angles by a straight line drawn from, the right angle to the middle point 
of the hypotenuse. 

Hence the joining line is equal to half the hypotenuse 

5. Draw a straight line at right angles to a given finite straight 
line from one of its extremities, without producing the given straight 

_ line. 

. Dksfc AB he the given straight line. On AB descnbe any isosceles 
tnangle ACB. Produce BC to D, making CD equal to BC. Join 
AD. Then shall AD he perpendicular to AB ] 
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6 Trisect a right angle 

7 The angle contained by the bisectors of the angles at the base 
of an isosceles triangle is equal to an extenor angle formed by pro- 
ducing the base 

8 The angle contained by the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of tho remaining angles 


The following theorems were added as corollaries to 
Proposition 32 by Robert Simson 

\ ConoEEAHT 1 All the interior angles of any rectilineal 
figw) e, with four right angles , are together equal to twice as 
many right angles as the figure has sides 



Let ABODE be any rectilineal figure 
Take F, any point within it, 
and join F to each of the angular points of the figure 
Then the figure is divided into as many triangles as it has 
sides 

And the three angles of each triangle are together equal 
to two right angles i 32. 

Hence all the angles of all the triangles are together equal 
to twice as many right angles as the figure has sides 
But all the angles of all the triangles make up the in- 
terior angles of the figure, together with the angles 
at F, 

and the angles at F aie together equal to four right 
angles - i 15 , Cor 

Therefore all the interioi angles of the figure, with four 
nght angles, are together equal to twice as many right 
angles as the figure has sides q e. d 
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Corollary 2 If the side* of a rectilineal figure , which 
has no i e-entrant angle , aie produced in order , then all the ex- 
terior angles so formed are together equal to four right angles 



]?or at each angular point of the figure, the intend angle 
and the exterior angle are together equal to two right 
angles I 13 

Therefore all the interior angles, with all the exterior 
angles, are togethei equal to twice as many right angles 
as the figure has sides 

But all the interior angles, with four right angles, are to- 
gether equal to twice as many right angles as the figure 
has sides I. 32, Cor 1. 

Therefore all the interior angles, with all the exterior 
angles, are together equal to all the interior angles, with 
four nght angles 

Therefore the exterior angles are together equal to foui 
right angles. Q E x> 


EXERCISES OX SIMSOX’S COROLLARIES 

[A polygon is said to be regular wlien it has all its sides and all its 
angles ecpinl ] 

1 Express m terms of a nght angle the magnitude of each angle 
of (i) a regular hexagon, (n) a regular octagon 

2 . If one side of a regular hexagon is produced, shew that the ex- 
terior angle is equal to the angle of an equilateral tnangle 

3 Prove Simson’s first Gorollary by joining one vertex of the 
rectilineal figure to each of the other vertices. 

4 Pmd the magnitude of each angle of a regular polygon of 
n sides 

5 If the alternate sides of any polygon be produced to meet, the 
sum of the included angles, together with right nght angles, will 
be equal to twice as many right angles as the figure has sides 
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Provosition 33 Theorem 

The straight lines which join the extremities of tioo equal 
and parallel straight lines towards the same parts are them- 
selves equal and parallel 



Let AB and CD be equal and parallel straight lines, 
and let them be joined towaids the same parts by the 
btraight lines AC and BD 

then shall AC and BD be equal and parallel 

Construction Join. BC 


Proof Then because AB and CD are parallel, and BC 
meets them, 

therefore the alternate angles ABC, BCD are equal i 29 


Now m the triangles ABC, DCB, 

AB is equal to DC, Jhjp 

t, and BC is common to both, 

ause ' also the angle ABC is equal to the angle 
DCB , Proved 

theiefore the triangles are equal in all respects, i 4 
so that the base AC is equal to the base DB, 
and the angle ACB equal to the angle DBC, 
but these are alternate angles , 
theiefore AC and BD are parallel i 27 

and it has been shewn that they are also equal 

Q E 


Definition A Parallelogram is a four-sided figuie 
whoso opposite sides are parallel 
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Proposition 34. Theorem 

The opposite sides and angles of a parallelogt am are 
equal to one another , and each diagonal bisects the pat allclo- 
grarn 



Let ACDB be a parallelogi am, of which BC is a diagonal 
then shall the opposite sides and angles of the figure be 
equal to one another , and the diagonal BC shall bisect it 

Proof Because AB and CD are parallel, and BC meets 
them, 

therefore the alternate angles ABC, DCB aie equal I 29 
Again, because AG and BD are parallel, and BC meets 
them, 

therefore the alternate angles ACB, DBC aie equal i. 29 
Hence in the triangles ABC, DCB, 

'the angle ABC is equal to the angle DCB, 

Because anc * an S^ e ACB 1S ec L ua l ^ ie angle DBC; 

| also the side BC, which is adjacent to the equal 
. angles, is common to both, 

therefore the two triangles ABC, DCB aie equal in all 
■respects, i. 26 

so that AB is equal to DC, and AC to DB; 
and the angle BAC is equal to the angle CDB 
Also, because the angle ABC is equal to the angle DCB, 
and the angle CBD equal to the angle BCA, 
therefore the whole angle ABD is equal to the whole angle 
DCA 

And since it has been shewn that the triangles ABC, DCB 
are equal in all respects, 

therefore the diagonal BC bisects the parallelogram ACDB, 

Q ED. 

[See note on next page ] 
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Note To the proof winch is hero given Euclid added an applica- 
tion of Proposition 4, with a view to shewing that the triangles ABC, 
DCB are equal tn area, and that therefore the diagonal BC bisects the 
parallelogram This equality of area is liowev er sufficiently established 
by the step which depends upon i 26 [See page 18 ] 


LVERCISES 

1 If one angle of a parallelogram is a right angle, all its angles are 
right angles 

2 If the opposite sides of a quadrilateral arc equal, the figure is a 
parallelogram 

3 If the opposite angles of a quadrilateral arc equal, the figure is 
a parallelogram 

4 If a quadi ilatei al has all its sides equal and one angle a 
right angle, all its angles are right angles, that is, all the angles of 
a square aie right angles 

5 The diagonals of a parallelogram bisect each other 

6 If the diagonals of a quadrilateral bisect each other, the figure 
is a parallelogi am 

7 If two opposite angles of a parallelogram arc bisected by tlie 
diagonal which joins them, the figure is equilateral 

8 If the diagonals of a parallelogram aro equal, all its angles are 
right angles 

9 In a parallelogram which is not rectangular the diagonals aro 
unequal 

10 Any straight line drawn through the middle point of a diagonal 
of a parallelogram and terminated by a pair ol opposite sides, is 
bisected at that point 

11 If two parallelograms have two adjacent sides of one equal to 
two adjacent sides of the other, each to each, and one angle of one equal 
to one angle of the other, the parallelograms are equal in all respects 

12 Two rectangles are equal if two adjacent sides of one are 
equal to two adjacent sides of the other, each to each 

13 In a parallelogram the perpendiculars drawn from one pair of 
opposite angles to the diagonal which joins the other pair aio equal 

14 If ABCD is a parallelogram, and X, Y respectively the middle 
points of tho sides AD, BC, shew that the figure AYCX is a parallelo- 
gram 
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MISCELLANEOUS EXERCISES ON SECTIONS I. AND II 

1 Sh^v that the construction in Proposition 2 may generally be 
performed in eight different ways Point out the exceptional case 

2 The bisectors of two vertically opposite angles are in the same 
straight line 

3 In the figure of Proposition 16, if AF is joined, Bhew 
(i) that 'A F is equal to BC, 

(n) that the triangle ABC is equal to the tnangle CFA m all 
respects. 

4 ABC is a tnangle nght angled at B, and BC is produced to D 
shew that the angle ACD is obtuse 

5 Shew that in any regular polygon of n sides each angle contains 

2 (”~ 2 i. n ght angles 

m 

6 The angle contained by the bisectors of the angles at the base 
of any tnangle is equal to the vertical angle together with half the 
sum of the base angles 

7. The angle contained by the bisectors of two exterior angles of 
any tnangle is equal to half the sum of the two corresponding intenor 
angles 

8 If perpendiculars are drawn to two intersecting straight lines 
from any point between them, shew that the bisector of the angle 
between the perpendiculars is parallel to (or coincident with) the 
bisector of the angle between the given straight lines 

* 

9 If two pomts P, Q. be taken in the equal sides of an isosceles 
triangle ABC, so that BP is equal to CQ, shew that PGt is parallel to 
BC. 


10 ABC and DEF are two tnangles, such that AB, BC are equal 
and parallel to DE, EF, each to each, shew that AC is equal and 
parallel to DF. 

11 Prove the second Corollary to Prop 32 by drawing through 
any angular point lines parallel to all the sides 

12 If two sides of a quadnlateial are parallel, and the remaining 
two sides equal but not parallel, shew that the opposite angles are 
supplementary, also that the diagonals are equal. 


H. E. 


5 



SECTION III 


TUB AREAS OP PARALLELOGRAMS AND TRIANGLL3 


Hitherto when two figure* ha\o been said to be equal, it hns 
been implied that they iuo identically equal, that ib, cqiuu in all 
respects 

In Section III of Euclid’s first Book, no ha\o to consider 
the equality in area of parallelograms and triangles which nro 
not necessarily equal m all respects 

[The ultimate test of equality, as wo have nlready seon, is afforded 
by Axiom 8, which asserts that magnitudes which may be made to 
coincide with one another arc cqunl Now figures whioh aro not identi- 
cally equal, cannot be made to coincide w ithout first undergoing some 
change of form hence the method of diroct superposition is unsmted 
to the purposes of the present section 

"Wo shall see however from Euclid's proof of Proposition 35, that 
two figures which are not identically equal, may nevertheless be so 
related to a third figure, that it is possible to infer the equality of 
their areas ] 


Definitions 

1 The Altitude of a parallelogram with reference to a 
given side as base, is the perpendicular distance between 
the base and the opposite side 

s 2 The Altitude of a triangle with reference to a given 
side as base, is tbe perpendicular distance of the opposito 
vertex from the base 
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Proposition 35 Theorem 


Pw'dUelograms on the same base , and between the same 
parallels, are equal vn an ea 



Let the parallelograms ABCD, EBCF he on the same 
base BC, and between the same parallels BC, AF 

then shall the parallelogram ABCD be equal in area to 
the parallelogram EBCF. 

Case I If the sides of the given parallelograms, oppo- 
site to the common base BC, are terminated at the same _ 
point D: 

then because each of the parallelograms is double of the 
triangle BDG, I. 34 

therefore they are equal to one another Ax 6 
Oase II But if the sides AD, EF, opposite to the base 
BC, are not terminated at the same point 

then because ABCD is a parallelogiam, 
therefore AD is equal to the opposite side BC, i 34 
and for a similar reason, EF is equal to BC , 

therefore AD is equal to EF Ax 1 

Hence the whole, or remainder, EA is equal to the whole, 
or remainder, FD 

Then m the triangles FDC, EAB, 

' FD is equal to EA, Proved 

Because an< ^ DC 1S e T aa ^ *&© opposite side AB, I 34 
j also the extenor angle FDC is equal to the intenor 
. opposite angle EAB, I 20 

therefore the triangle FDC is equal to the tnangle EAB i 4. 

Prom the whole figure ABCF take the triangle FDC, 
and from the same figure take the equal triangle EAB , 

then the remainders are equal \ Ax 3 

that is, the parallelogram ABCD is equal to the parallelo* 
gram EBCF. d. 

K O 
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Proposition 36 Theorem. 

Parallelograms on equal bases, and between the same 
parallels, care equal %n ai ea 



Let ABCD, EFGH "be parallelograms on equal bases BC, 
FG, and between the same parallels AH, BG 
then shall the parallelogram ABCD be equal to the paral- 
lelogram EFGH 

Construction Join BE, CH 

Proof Then because BC is equal to FG , Ilyp 

and FG is equal to the opposite side EH, I 34 
therefore BC is equal to EH Ax. 1 

and they aie also parallel, Hyp 

tlieiefoio BE and CH, which ]om them towards the same 
parts, ne also equal and parallel I 33 

Theiefore EBCH is a parallelogram Pef 26 
Now the parallelogram ABCD ib equal to EBCH , 
foi they are on the same base BC, and between the same 
parallels BC, AH I 35 

Also the parallelogiam EFGH is equal to EBCH, 
for they are on the bame base EH, and between the same 
parallels EH, BG I 35 

Therefore the parallelogram ABCD is equal to the paial- 
lelogram EFGH Ax 1 

Q E D 


Fiom the last two Propositions we infer that 

(l) A parallelogram is equal in area to a rectangle of equal 
base and equal altitude 

(u) Parallelograms on equal bases and of equal altitildcs are 
equal in area 
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(m) Of (ico parallelogram ■? of equal altitudes, that is the greater 
’vhxch has theguaUr ba*c ; and of tiro pm all cloy raws 
on equal bast «, that is the greatei tc huh has the gicatu 
altitud* 


Proposition 37 Tm obi m 

Triangle* on the same base, and between the Mono paral- 
lels, arc equal m atea 



Lot the t mingles ABC, D8C be upon the sumo huso BC, 
and between the same paiallcls BC, AD 
Then shall the triangle ABC be equal to the triangle DBC. 

Construction Through B thaw BE parallel to CA, to 
meet DA pioducecl m E, i 31 

through C chaw CF parallel to BD, to meet AD pioducecl in F 

Ti oof Then, by consti uctiou, each of the hguies EBCA, 
DBCF is a parallelogram Def. 2G 

And EBCA is equal to DBCFj 

for they are on the same base BC, and between tho same 
parallels BC, EF I gfl 

And the txiangle ABC is half of tho paialleloguun EBCA, 
foi the diagonal AB bisects it. i, 34 

AJso the triangle DBC is half of the paiallelogram DBCF, 
for tho diagonal DC bisects it. i 34 

But tho halves of equal things are equal , Ax 7. 
theicfoie the triangle ABC is equal to tho triangle DBC 

Q E.p 


[Fo» Exorcises see page 7-1,1 
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Proposition 38 Theorem 

Triangles on equal bases , and between the same parallels, 
are equal m aiea 



Let tlie triangles ABC, DEF be on equal bases BC, EF, 
and between the same parallels BF, AD 
then shall the tnangle ABC be equal to the tnangle DEF 

ft 

Construction Thiough B draw BG parallel to CA, to 
meet DA produced in G, I 31 

through F draw FH parallel to ED, to meet AD produced m H 

Proof Then, by construction, each of the figures GBCA, 
DEFH is a parallelogram Def 26 

And GBCA is equal to DEFH , 

foi they are on equal bases BC, EF, and between the same 
parallels BF, GH I 36 

And the tnangle ABC is half of the paiallelogram GBCA, 
for the diagonal AB bisects it I 34 

Also the tnangle DEF is half the parallelogram DEFH, 
for the diagonal DF bisects it i 34 

But the halves of equal things are equal Ax 7 
tlieiefore the tnangle ABC is equal to the tmngle DEF 

QED 

From this Proposition we infer that 

(i) Triangles on equal bases and of equal altitude are equal 
in area 

(n) Of two triangles of the same altitude, that is the greater 
winch has the greater base and of two triangles on the same base, 
or on equal bases, that is the greater which has the greater altitude 

[For Exercises see page 73 ] 
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Proposition 39. Theorem. 

Equal triangles on the same base, and on the same side 
of it, are betueen the same parallels 



Let the triangles ABC, DBC ■which stand on the same 
base BC, and on the same side of it, be equal in aiea 
then shall they be between the same parallels ; 

that is, if AD be joined, AD shall be parallel to BC 

Construction Por if AD be not parallel to BC, 
if possible, through A draw AE parallel to BC, i 31 
meeting BD, or BD produced, in E 
Join EC 

Proof. Now the triangle ABC is equal to the triangle EBC, 
for they are on the same base BC, and between the same 
parallels BC, AE i 37. 

But the triangle ABC is equal to the triangle DBC, Ilyp 
therefore also the triangle DBC is equal to the triangle EBC, 
the whole equal to the part , winch is impossible 
Therefore AE is not parallel to BC. 

Similarly it can be shewn that no other straight line 
through A, except AD, is paiallel to BC 

Therefore AD is parallel to BC 

Q ED 


Prom this Proposition it follows that . 

Equal triangles on the same base home equal altitudes . 

[For Exercises see page 73 ] 
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Proposition 40 Theorem 

Equal triangles, on equal bases m the same straight line , 
and on the same side of it, are betueen the same parallels 


A D 



B C E F 


Let tlie tnangles ABC, DEF winch stand on equal "bases 
BC, EF, in the same straight line BF, and on the same side 
of it, be equal in area 

then shall they be between the same parallels, 
that is, if AD be joined, AD shall be parallel to BF 
Construction For if AD be not parallel to BF, 

if possible, through A draw AG parallel to BF, I 31 
meeting ED, or ED produced, in G 
Join GF 

1 

Pi oof Now the tnangle ABC is equal to the tnangle GEF, 
for they are on equal bases BC, EF, and between the 
same parallels BF, AG I 38 

But the tnangle ABC is equal to the tnangle DEF Hyp 
therefore also the tnangle DEF is equal to the tnangle GEF 
the whole equal to the part, which is impossible 
Therefore AG is not parallel to BF 
Similarly it can be shewn that no other straight line 
through A, except AD, is parallel to BF 

„ Therefoie AD is parallel to BF 

QED 

From this Proposition it follows that 

(l) Equal triangles on equal bases have equal altitudes 
(u) Equal triangles of equal altitudes have equal bases 
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, EXERCISES ON PROPOSITIONS 37 — 40 

Definition Each of the three straight lines winch join 
the angular points of a triangle to the middle points of the 
opposite sides is called a Median of the tnangle 

os Prop 37 

1 If, m the figure of Prop 37, AC and B D intersect in K, shew that 
(i) the triangles AKB, DKC are equal m aiea 

(h) the quadrilaterals EBKA, FCKD are equal 

2 In the figure of i 16, shew that the triangles ABC, FBC aie 
equal in area. 

3 On the base of a given tnangle construct a second tnangle, 
equal in area to the first, and having its vertex in a given straight 
line 

4. Descnbe an isosceles triangle equal in aiea to a given triangle 
and standing on the same base 

ox Prop 88 

5. A tnangle is divided by each of its medians into two paits of 
equal area 

6 A parallelogram is divided by its diagonals into four triangles 
of equal area 

7 ABC is a tnangle, and its base BC is bisected at X , if Y 
be any point in the median AX, shew that the tnangles ABY, ACY aie 
equal in area 

8 In AC, a diagonal of the parallelogram A BCD, any point X is 
taken, and XB, XD aro drawn shew that the tnangle BAX is equal 
to the tnangle DAX 

9 If two triangles have tvo sides of one respectively equal to two 
sideB of the other, and the angles contained by those bides supplement- 
ary, the triangles are equal m area 

ox Prop 39, 

10 The straight line which joins the' middle points of two sides of 
a triangle is parallel to the third side 

11 If two straight lines AB, CD intei sect in O, so that the ti langle 
AOC is equal to the tnangle DOB, shew that AD and CB are parallel 

ox Prop 40. 

12 Deduce Prop 40 from Piop 39 by joining AE, AF in the 
figure of page 72 
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Proposition 41 Theorem 

If a parallelogram and a triangle be on the same base 
and between the same parallels, the parallelogram shall be 
double of the triangle 



Let tlie parallelogram ABCD, and the triangle EBC "be 
upon the same base BO, and between the same puallels 
BC, AE 

then shall the parallelogram ABCD be double of the triangle 
EBC 

Construction Join AC 

Proof Then the triangle ABC is equal to the triangle EBC, 
for they are on the same base BC, and between the same 
parallels BC, AE I 37 

But the parallelogram ABCD is double of the triangle ABC, 
for the diagonal AC bisects the parallelogiam i i 34 
Therefore the parallelogram ABCD is also double of the 
triangle EBC Q E D 


EXERCISES 

1 ABCD is a parallelogram, and X, Y are the middle points of 
the sides AO, BC, if Z is any pomt in XY, or XY produced, shew 
that the triangle AZB ib one quarter of the parallelogram ABCD 

2 Describe a nght-angled isosceles triangle equal to a given square 

3 If ABCD is a parallelogram, and XY any points m DC and AD 
respectively shew that the triangles AXB, BYC are equal in area 

4 ABCD ib a parallelogram, and P is any pomt within it, shew 

that the sum of the triangles PAB, PCD is equal to half the paral- 
lelogram . 
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Pnorosmox 42. Problem 

To describe a parallelogram that shall be equal to a given 
triangle, and have one of its angles equal to a given angle 


B 

Let ABC bo the given triangle, and D the given angle 
It is required to describe a parallelogram equal to ABC, and 
having one of its angles equal to D. 

Construction Bisect BC at E I 10 

At E m CE, make the angle CEF equal to D , I 23 
through A draw AFG parallel to EC , I 31 
and through C draw CG paiallel to EF 
Then FECG shall be the parallelogram required 
Join AE. 

Proof. Now the triangles ABE, AEC are equal, 
for they are on equal bases BE, EC, and between the same 
parallels ; I 38 

theiefore the triangle ABC is double of the triangle AEC 
But FECG is a parallelogram by construction, Def 26 
and it is double of the triangle AEC, 
for they are on the same base EC, and between the same 
parallels EC and AG I 41 

Therefore the parallelogram FECG is equal to the triangle 
ABC; 

and it lias one of its angles CEF equal to the given angle D 

QEP 

EXERCISFS 

1 Describe a parallelogram equal to a Risen square standing on 
the same base, and having an angle equal to half a right auglo 

2 Describe a rhombus equal to a given parallelogram and stand- 
ing on the same base When does the construction fail? 
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Definition If m the diagonal of a parallelogram any 
point is taken, and stiaight lines are drawn tluough it 
paiallel to the sides of the parallelogram, then of the four 
parallelograms into which the whole figure is drwded, tlie 
two through winch the diagonal passes are called Paral- 
lelograms about that diagonal, and the othei two, winch 
with these make up the whole figure, aie called the 
complements of the parallelograms about the diagonal 

Thus in the figure gnen below, AEKH, KQCF are parallelograms 
about the diagonal AC, and HKFD, EBGK are the complements of 
those parallelograms 

1 Note A parallelogram is often named by two letters only, these 
being placed at opposite angular points 


Pboposition 43 Tiifortm 

The complements of the pai allelogi ams about the diagonal 
of any parallelogram , are eqital to one another 



Let ABCD be a paiallelogiam, and KD, KB the comple- 
ments of the parallelograms EH, GF about the diagonal AC 
then shall the complement BK be equal to the comple- 
ment KD 

Proof Because EH is a pai allelogram, and AK its diagonal, 
therefore the triangle AEK is equal to the triangle AHK. i 34 
Foi a similar reason, the triangle KGC is equal to the 
tnangle KFC 

Hence the tnangles AEK, KGC are together equal to the 
triangles AHK, KFC 
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But the w hole triangle ABC is equal to the whole triangle 
ADC, for AC bisects tlie paiallelograih ABCD , i 34 

tlierefoie the remainder, the complement BK, is equal to the 
lemainder, the complement KD QED 

exercises 

In the figure of l J i op, 43, prove that 

(i) The parallelogram ED is equal to the parallelogram BH 

(n) If KB, KD are joined, the triangle AKB is equal to the 
tuangle AKD 

Proposition 44 Problem 

To a given straight line to apply a parallelogram lohich 
shall he equal to a given ti langle , and have one of its angles 
equal to a given angle 



Let AB be the given stiaight line, C the given tuangle, 
and D the given angle 

It is required to apply to the straight line AB a paial- 
lelogram equal to the tuangle C, and having an angle equal 
to the angle D 

Construction On AB produced describe a parallelogram 
BEFG equal to the triangle C, and having the angle EBG 
equal to the angle D, I 22 and i. 42*. 

through A draw AH parallel to BG or EF, to meet FG pro- 
duced m H ' i 31 

Join HB 

* This step of the construction is effected by first describing on AB 
produced a triangle Whose sides are respectively equal to those of the 
triangle C (i 22), and by then making a parallelogram equal to the 
triangle so dia-wn, and having an angle equal to D (i 42) 
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Then because AH and EF are parallel, and HF meets them, 
therefore the angles AHF, HFE are togethei equal to two 
right angles I 29 

hence the angles BHF, HFE aie together less than two 
right angles, 

therefore HB and FE will meet if produced towards B 
and E -da; 12 

Produce them to meet at K 
Through Tt draw KL parallel to EA or FH, i 31 
and pioduce HA, GB to meet KL m the points L and M 
Then shall BL be the parallelogram required. 

. Proof Now FHLK is a parallelogram, Consir 
and LB, BF are the complements of the parallelograms 
about the diagonal HK 

therefore LB is equal to BF i 43 

But the triangle C is equal to BF, Consir 
therefore LB is equal to the triangle C 
And because the angle GBE is equal to the vertically oppo- 
site angle ABM, I 15 

and is likewise equal to the angle D , Consir 
therefore the angle ABM is equal to the angle D 
Therefore the parallelogram LB, winch is applied to the 
straight line AB, is equal to the triangle C, and has the 
angle ABM equal to the angle D qep, 
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Proposition 45. Problem. 

To describe a parallelogra/ni equal to a given rectilineal 
figure, and having an angle equal to a given angle 



Let ABCD be the given rectilineal figuie, and E the 
given angle 

It is required to describe a parallelogram equal tO: ABCD, 
and having an angle equal to E. 

Suppose the given rectilineal figure to be a quadrilateral 

Construction. Join BD 

Describe the parallelogiam FH equal to the tnangle ABD, 
and having the angle FKH equal to the angle E I 42. 
To GH apply the paiallelogram GM, equal to the triangle 
DBC, and having the angle GHM equal to E I 44 

Then shall FKML be the paiallelogram required 

Proof. Because each of the angles GHM, FKH is equal to E, 
therefore the angle FKH is equal to the angle GHM 
To each of these equals add the angle GHK; 
then the angles FKH, GHK are together equal to the angles 
GHM, GHK 

But since FK, GH are parallel, and KH meets them, 
therefore the angles FKH, GHK are together equal to two 
right angles : * I 29. 

therefore also the angles GHM, GHK are together equal to 
two right angles . 

therefore KH, HM are in the same straight line. i. 14. 



Euclid’s elements 


Proposition 47. Theorem 

In a right-angled triangle the square described on the 
hypotenuse is equal to the sum of the squares described on 
the other tioo sides 


Q 



Let ABC be a right-angled triangle, having the angle 
BAC a right angle 

then shall the square described on the hypotenuse BC be 
equal to the sum of the squares described on BA, AC 

Construction On BC describe the square BDEC, I 46 
and on BA, AC describe the squares BAGF, ACKH 
Through A draw AL parallel to BD or CE , l 31 
and join AD, FC 


1 Proof Then because each of the angles BAC, BAG is a 
right angle, 

therefore CA and AG are in the same straight line i 14 

Now the angle CBD is equal to the angle FBA, 

for each of them is a right angle £j4$CU 

Add to each the angle ABC : 

then the whole angle ABD is equal to the whole angle FBC. 
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Then, in tlic tuangles ABD, FBC, 

( AB is equal to FB, 

Because -] and BD is equal to BC, 

(also the angle ABD is equal to the angle FBC ; 
therefore the triangle ABD is equal to the triangle FBC. I 4 

Now the parallelogram BL is double of the triangle ABD, 
for they are on the same base BD, and between the same 
parallels BD, AL. I 41 

And the square GB is double of the tnangle FBC, 
for they are on the same base FB, and between the same 
parallels FB, GC I 41 

But doubles of equals at e equal Ax G 

therefore the parallelogram BL is equal to the squaie GB 

In a similar way, by joining AE, BK, it can be shewn 
that the parallelogram CL is equal to the square CH 
Therefore the whole square BE is equal to the sum of the 
squares GB. HC 

that is, the square described on the hypotenuse BC is equal 
to the sura of the squares described on the two sides 
BA, AC <J.E D 

Uote It is not necessary to the proof of this Proposition that 
the three squares should he described external to the tnangle ABC , 
and since each sqnare^&ay he drawn either towards or away from the 
tnangle, it may be shewn that there are 2x2x2, or eight, possible 
constructions 


EXERCISES 


1 In the figure of this Proposition, shew that 


to 



j <»> 


If BG, CH are joined, these straight lines arc parallel, 
The points F, A, K are in one straight line, 

FC and AD are at right angles to one another. 

If GH, KE, FD are joined, the tnangle GAH is equal 
to the gnen tnangle in all respects, and the triangles 
FBD, KCE are each equal in area to the tnangle ABC. 

[See Ei. 9, p 73.] 
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2 On the sides AB, AC of any triangle ABC, squares ABFG, 
ACKH are described both toward the triangle, or both on the side 
remote from it shew that the straight lines BH and CG are equal 

3 On the sides of any triangle ABC, equilateral triangles BCX, 
CAY, ABZ are described, all externally, or all towards the tnongle 
shew that AX, BY, CZ are all equal 

4 The square described on the diagonal of a given square, is 
double of the given square 

5 ABC is an equilateral triangle, and AX is the perpendicular 
drawn from A to BC shew that the square on AX is three times the 
square on BX 

6 Describe a square eqnal to the sum of two given Equares 

7 From the vertex A of a triangle ABC, AX w drawn perpendi- 
cular to the base shew that the difference of the squnrcs on the sides 
AB and AC, is equal to the difference of the squnres on BX and CX, 
the segments of the base 

J 8 If from any point O within a triangle ABC, perpendiculars 
OX, OY, OZ are drawn to the sides BC, CA, AB respectnely, shew 
that the sum ot the squares on the segments AZ, BX, CY is equal to 
the sum of the squares on the segments AY, CX, BZ 


Proposition' 47 Alternative Proof 



an-de* CAB a right-angled tnangle, having the angle at A a light 

then shall the square on the hypotenuse BC be equal to the sum of 
the squares on BA, AC 
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On AB dc.-cnbc the square ABFG. i 10. 

From FG and GA cat off respect n oh FD nml GK, each equal 
to AC. * i. 5 

On GK describe tne square GKEH i 15 

then HG nml GF ire in the same straight line. ill. 
.lorn CE, ED, DB 


It trill fir-t !>■* shewn that the figure CEDB re the square on CB 

Nor CA i* equal to KG , odd to each AK 
therefore CK is equal to AG 
feitnilarlv DH i« <•qt.nl to GF 
huicse the four lints BA, CK, DH, BF are nil equal. 

Thm in the triangles BAC, CKE, 

{ BA is equal to CK Peered. 

and AC in equal to KE, Contlr 

also the cont-nrcd nuglr BAC is equal to the contained 
angle CKE, bring right angles ; 

therefore the triangle 4 } BAC, CKE are equal in all respects, j. 1. 
Similarly the four triangles BAC, CKE, DHE, BFD mi) be shown 
to be equal in all respect*. 

Therefore the four straight lines BC. CE, ED, DB arc all equal, 
that m, the figure CEDB is equilateral 
Again the angle CBA in equal to the angle DBF ; Proved 

add to each the angle ABD 
then the angle CBD in equal to tlio angle ABF* 
the re fore the angle CBD in a right angle 
Hem** the figure CEDBm the iqunro on BC JJef 28 

And EHGK is equal to the nqunrc on AC. Conitr. 

Now the square on CEDB is made up of tho two triangles BAC, CKE, 
and the rectilineal figure AKEDB , 

therefore tho square CEDB is equal to the triangles EHD, DFB 
together nth tlio same rectilineal figure, 

hut those make up the squares EHGK, AGFB: 
hence the square CEDB is equal to the nun of the squares EHGK, 
AGFB: 

that i*, tho square on the hypotenuse) BC is equnl to the etim of tho 
squares on tho two sides CA, AB. 0 r.r>. 


Ohs Tho following properties of a squaie, though not 
formally enunciated bj Euclid, are employed m subsequent 
proofs [See I 1 8 ] 

(i) Tho squares on equal straight lines ate equal 
(u) Equal squares stand upon equal straight lines 
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Proposition '18 Theorem 

If the square desci ibed on one side of a triangle be equal 
to the sum of the squares described on the other two sides, then 
the angle contained by these two sides shall be a right angle 



Let ABC be a triangle, and let the square described on 
BC be equal to the sum of the squares described on BA, AC 
then shall the angle BAC be a light angle 
Construction Prom A draw AD at light angles to AC, i 11 
and make AD equal to AB I 3 

Join DC 

Pi oof Then, because AD is equal to AB, Conslr 
therefore the square oil AD is equal to the square on AB 
To each of these add the squaie on CA, 
then the sum of the squaies on CA, AD is equal to the sum 
of the squaies on CA, AB 

But, because the angle DAC is a light angle, Constr 
tlieiefoie the square on DC is equal to the sum of the 
squares on CA, AD I 47 

And, by hypothesis, the squaie on BC is equal to the sum 
of the squaies on CA, AB, 

therefoie the square on DC is equal to the squaie on BC 
therefore also the side DC is equal to the side BC > 
Then m the tuangles DAC, BAC, 

DA is equal to BA, Conslr 

Because a nd AC is common to both, 

I also the thud side DC is equal to the third side 
BC, Proved 

therefore the angle DAC is equal to the angle BAC l 8 
But DAC is a right angle , Constr 

therefore also BAC is a right angle q e.d 
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INTRODUCTORY. 

HINTS TOWARDS THE SOLUTION OF GEOMETRICAL EXERCISES. 

ANAL1SIS. SYNTHESIS. 

It is commonly foirnd tliat exorcises in Pure Geometry present 
to a beginner far more difficulty than examples m any other 
branch of Elementary Mathematics Tins seems to bo due to 
the following causes. 

(I) The main Propositions in the text of Euclid must be not 
merely understood, but thoroughly digested, before the exercises 
depending upon them can be successfully attempted. 

(II) The variety of such exercises is practically unlimited, 
and it is impossible to lay down for their treatment any definite 
methods, such as the student has been accustomed to find in the 
rules of Elementary Arithmetic and Algebra. 

(in) The arrangement of Euclid’s Piopositions, though pei- 
haps the most convincing of all forms of argument, affords m 
most cases little cluo as to the way in which the proof or con- 
struction was discovered. 

Euclid’s propositions are ananged synthetically . that is 
to say, they start from the hypothesis or data, they next pro- 
ceed to a construction in accordance with postulates, and pio- 
blems already solved, then by successive steps based on known 
theorems, they finally establish the result indicated by the enun- 
ciation 

Thus Geometrical Synthesis is a building up of known results, 
in order to obtain a new result 

But as this is not the way m which constiuctions or in oofs 
are usually discovered, wo draw the attention of the student to 
the following hints. 

Begin by assuming the result it is desned to establish; then 
by working backwards, trace the consequences of the assumption, 
and try to ascertain its dependence on some simpler theorem 
which is already known to be true, or on some condition which 
suggests the necessaiy construction If this attempt is suc- 
cessful, the steps of the argument may in general be re-arranged 
in reverse order, and the construction and proof piesented m a 
synthetic form 
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This unravelling of the conditions of a- proposition m order 
to trace it back to some earlier principle on which it depends, 
is called geometrical analysis it is the natural -tray of attack- 
ing most eseicises of a moie difficult type, and it is especially 
adapted to the solution of pi oblems 

These directions are so general that they caunot be said to 
amount to a method ail that can be claimed for Geometrical 
Analysis is that it furnishes a mode of searching for a 
suggestion, and its success will necessanly depend on the skill 
and in genu ity with which it is employed these may be expected 
to comewith experience, but a thorough grasp of the chief Pro- 
positions of Euclid is essential to attaining them 

The practical application of these hints is illustrated by the 
following examples 

1 Construct an isosceles triangle having given the base, and the 
tun of one of the equal sides and the perpendicular drawn from the 
vertex to the base 



A X B 


Lot AB be the gnon base, and K the sum of ono sido andtho 
perpendicular drawn from the vertex to the base 

As alibis Suppose ABO to be the required triangle 

From C draw CX perpendicular to AB 

then AB ib bisected at X r 26 

Now if we produce XC to H, making XH equal to K, 
it follow s that CH =CA, 
and if AH is joined, 

we notice that the angle CAH = the angle CHA l 6 

Now the straight lines XH and AH can be drawn before the position 
of C is lumen. 

Hence wo have tlio following construction, which wo arrange 
synthetically 
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SvNrnrsis. Bisect AB at X 

from X draw XH perpendicular to AB, making XH equal to K 

Jom AH. 

At the point A in HA, male the angle HAC equal to the angle 
AHX ; and join CB 

Then ACB shall be the triangle required 


First the triangle is isosceles, for AC = BC I 4 

Again, since the angle HAG=tlie angle AHC, Constr 
\ HC=AC. x 0. 

To each add CX ; 

then the sum of AC, CX = tlie sum of HC, CX 

= HX. 

That is, the sum of AC, CX = K q i f. 


2. To divide a given straight line so that the square on one part 
may he double of the square on the other. 




X B 


Let AB he the given straight line 

Analtsis Suppose AB to bo divided ns required at X that is, 
suppose the square on AX to be double of the square on XB 

Now we remember that in an isosceles right-angled triangle, the 
square on the hypotenuse is double of the square on either of the 
equal sides 

This suggests to us to draw BC perpendicular to AB, and to make 
BC equal to BX. 

Jom XC 

Then the square on XC is double of the square on XB, i 47. 

' .-. XC=AX 

And when we join AC, we notice that 

the angle X AC = the angle XC A i. 5 

Hence the exterior angle CXB is double of the angle XAC. i 32 
But the angle CXB is half of a right angle * i 32 

the angle XAC is one-fourth of a right angle 

This supplies the clue to the following construction * — 
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Synthesis Prom B draw BD perpendicular to AB , 
and from A draw AC, mahtng BAG one-fourth of aright angle 
Prom C, the intersection of AC and BD, draw CX, making tlio angle 
ACX equal to the angle BAC i 23. 

Then AB shall bo divided as required at X 
For since the angle XCA=the angle XAC, 

X A=XC x G 

And because the angle BXC=the sum of the angles BAC, ACX, x 32. 
the angle BXC is half a right angle, 
and the angle at B is a light angle, 
therefore the angle BCX is half a right angle , x 32 
therefore tho angle BXC=the angle BCX , 

BX = BC 

Hence the square on XC is donblo of the square on XB x 47 
that is, the square on AX is double of the square on XB qe f. 


X ON THE IDENTICAL EQUALITY OP TRIANGLES 

See Propositions 4, 8, 26 

1 If in a triangle the perpendicular from the vertex on tho base 
bisects the base, then the triangle is isosceles 

2 If the bisector of the vertical angle of a triangle is uIbo per- 
pendicular to the base, the triangle is isosceles 

3 If the bisector of the vertical angle of a triangle also Insects 
the base, the triangle is isosceles 

[Produce the bisector, and complete the construction after the 
maimer of i 16 ] 

4 If in a triangle a pair of straight lines drawn from the ex- 
tremities of the base, making equal angles with the sides, are equal, the 
tnangle is isosceleB 

5 If in a tnangle the perpendiculars drawn from the extremities 
of the base to the opposite sides are equal, the tnangle is isosceles 

6 Two tnangles ABC, ABD on the same base AB, andon opposite 
Bides ofit, are such that AC is equal to AD, and BC is equal to BD 
shew that the line joining the points C and D is perpendicular to AB 

7 If from the extremities of the base of an isosceles tnangle per- 
pendiculars are drawn to the opposite sides, shew that the straight 
line joining the vertex to the intersection of these perpendiculars bisects 
the vertical angle 
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8 ABC is a triangle m which the vertical angle BAG is bisected 
by the straight line AX from B draw BD perpendicular to AX, and 
produce it to meet AC, or AC produced, m E, then shew that BD is 
equal to DE 

9 In a quadrilateral ABCD, AB is equal to AD, and BC is equal 
to DC shew that the diagonal AC bisects each of the angles which it 
joins 

10 In a quadrilateral ABCD the opposite sides AD, BC are equal, 
and also the diagonals AC, BD are equal if AC and BD wteisect at 
K, shew that each of the triangles AKB, DKC is isosceles. 

11. If one angle of a triangle be equal to the sum of the other two, 
the greatest side is double of the distance of its middle point from the 
opposite angle 

12 Two right-angled triangles winch have their hypotenuses equal, 
and one side of one equal to one side of the other, are identically equal 


A D 



Let ABC, DEF be two a s liglit-angled at B and E, having AC 
equal to DF, and AB equal to DE 

then shall the A B be identically equal 
For apply the A ABC to the A DEF, so that A may fall on D, 
and AB along DE , and so that C may fall on the side of DE remote 
from F 

Let C' be the point on which C falls 
Then Bince AB= DE, 

B must fall on E , 

so that DEC' represents the A ABC m its new position 

Now each of the L 8 DEF, DEC' is a rt l , Hyp 

EF and EC' are m one st line i 14. 

Then in the A C'DF, 
because DF=DC', 

the L DFC'=the / DC'F i 5 

Hence m the two A 8 DEF, DEC', 

( the L DEF=the L DEC', being rt L 8 , 

Because < and the L DFE=the L DC'E, Proved 

( also the side DE is common to both ; 

•* the A 8 DEF, DEC' are equal in all respects, i 26 
that is, the A s DEF, ABC are equal in all respects q r n 
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13. If two triangles have two sides of the one equal to two sides of 
the other, each to each, and have likewise the angles opposite to one pair 
of equal side s equal, then the angles opposite to the other pair of equal 
sides are either equal or supplementary, and in the former case the tri- 
angles are equal in all respects 



Let ABC, DEF be two a 5 , 
having the side AB equal to the side DE, 
tho side AC equal to the side DF, 
also the L ABC equal to the L DEF 
then shall the L 8 ACB, DFE be either equal or supplementary, 
and m tho former case, tho A 8 shall be equal in all respects 

Apply the A ABC to the a DEF, 
bo that A may fall on D, and AB along DE, 

then because AB = DE, Hyp 

B will fall on E 

and because the L ABC =the l DEF, Hyp 

BC will foil along EF 

Then must C fall on F, or in EF, or EF produced 
If C falls on F, 

the a 8 coincide, and therefore arc identically equal , 
so that tho l ACB = the l DFE 

But if C falls m EF, or EF produced, as at C' 
then DEC' represents the a ABC in its now position 

Then because D F = AC, Hyp 

DF=DC', 

tho i DC'F=tho L DFC' x 5 

But the L 8 DFC', DFE are supplementary, x 13 
the L 8 DC'F, DFE are supplementary 
that is, tho L * ACB, DFE are supplementary q f n 

Throe cases of this theorem deserve special attention 

It has been proved that if tho angles ACB, DFE are not equal, 
they arc supplementary 

And wc know that of angles which arc supplementary and un- 
coual, one must he acute and the other obtuse ' 
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Corollaries Hence if in addition to the hypothesis of this 
theorem it is given 

( l ) That the angles AC B, D FE, opposite to the two equal sides 

AB, DE are both acute, both obtuse, or if one of them 
is a right angle, 

it follows that these angles are equal, 
and therefore that the triangles are equal in all respects 

(u) That the two given angles are right angles or obtuse 
angles, it follows that the angles ACB, DFE must be 
both acute, and therefore equal, by ( 1 ) 
so that the triangles are equal in all respects 

(m) That m each triangle the side opposite the given angle 

is not less than the other given side, that is, if AC and 
DF are not less than AB and DE respectively, then 
theanglesACB, DFE cannot be greater than the angles 
ABC, DEF, respectively; 

therefore the angles ACB, DFE, are both acute , 
hence, as above, they are equal , 
and the triangles ABC, DEF are equal in all respects 


II ON INEQUALITIES 

See Propositions 16, 1*7, 18, 19, 20, 21, 24, 25 


1. In' a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through the vertex A, and terminated by the 
base BC, is less than AB 

2 ABC is a triangle, and the vertical angle BAC is bisected by a 
straight line which meets the base BC in X , shew that BA is greater 
than BX, and CA greater than CX Hence obtain a pi oof of i 20 

3 The perpendicular is the shortest straight line that can be 
drawn from a given point to a given straight line , and of otlieis, that 
which is nearer to the perpendicular is less than the more remote , and 
two , and only two equal straight lines can be drawn from the given 
point to the given straight line, one on each side of the perpendicular. 

4 The sum of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter. 

6 The sum of the distances of any point within a triangle from 
its angular points is less than the perimeter of the triangle 
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b The perimeter of a quadrilateral Ib greater than the Bum of its 
diagonals 

7 The sum of the diagonals of a quadrilateral is less than the 
sum of the four strnight lines drawn from the angular points to any 
gn en pomt Prove this, and point out the exceptional case 

8 In a triangle any tico sides are together greater than twice the 

median which bisects the remaining side [See Dof p 73 ] 

[Produce the median, and complete the construction nftor the 
manner of r 16 ] , 

9 In any triangle the sum of the medians is less than the peri- 
meter 

10 In a triangle an nngle is acute, obtuse, or a right angle, 

according as tho median drawn from it is greater than, less than, or 
equal to half the opposite side [Sec Ex 4, p 59 ] 

11 The diagonals of a rhombus are uneqnal 

12 If the vertical angle of a triangle is contained by unequal 
sides, and if from the vertex the median and the bisector of the angle 
are drawn, then the median lies within the angle Lontamed by the 
bisector and the longer side 

Let ABC be a a, m whioh AB is greater 
than AC, let AX he the median drawn from 
A, and AP the biseotor of the vertical 
L BAC 

then shall AX lie between AP and AB 

Produce AX to K, making XK equal to 
AX Join KC 

Then the a* BXA, CXK may bo shewn 
to be equal mall respects, x 4 

hence BA=CK, and the l BAX = the / CKX 
But since BA is greater than AC, Hyp 
. CK is greater than AC , 

the L CAK is greater than tho zCKA i 18 

that is, the L CAX is greater than the L BAX 
tho L CAX must be more than half tho vert / BAC , 

hence AX lies within tho angle BAP. gin 

13 If two sides of a triangle are unequal, and if from their point 
of intersection three straight lines are drawn, namely the bisector of the 
vertical angle, the median, and the perpendicular to the base, the first 
is intermediate in position and magnitude to the othei two 
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III ON I'AHALLEIib 
See Propositions 27 — 31 

1. If a straight line meets two parallel straight lines, and the 
two interior angles on the same Bide are bisected, shew that the 
bisectors meet at nght angles, [i. 29, i 32 ] 

2. The straight lines drawn from any point in the bisector of 
an anglo parallel to the arms of the angle, and terminated by them, 
are equal , and the resulting figure is a rhombus. 

3. AB and CD are two straight lmes intersecting at D, and the 
adjacent angles so formed are bisected . if through any point X in 
DC a straight lino YXZ be drawn parallel to AB and meeting the 
bisectors m Y and Z, shew that XY is equal to XZ. 

4 If two straight lmes are parallel to two other straight lines 
each to each, and if the angles contained by each pair are bisected, 
shew that the bisecting hues are parallel 

5 The middle point of any straight lino which meets two parallel 
straight hues, and is terminated by them, ib equidistant from tho 
parallels 

6 A straight line drawn between two parallels and terminated by 
them, is bisected , shew that any other straight lino passing through 
the middle point and terminated by the parallels, is also bisected at 
that point 

7. If through a point equidistant from two parallel straight lines, 
two straight lines are drawn cutting the parallels, the portions of the 
latter thus intercepted are equal 


Pboblems 

8 __ AB and CD are two given straight hues, and X is a given 
point in AB . find a point Y in AB such that YX may be equal to the 
perpendicular distance of Y from CD. 

9 ABC is an isosceles triangle; required to draw a straight 
line DE parallel to the base BC, and meeting the equal sides in D and 
E, so that BD, DE, EC may be all equal 

10 ABC is any tnangle; required to draw a straight line DE 
, parallel to the base BC, and meeting the other sides in D and E, so 

that DE may be equal to the Bum of BD and CE 

11 ABC is any tnangle; required to draw a straight line parallel 
to the base BC, and meeting the other Bides in D and E, so that DE 
may be equal to the difference of BD and CE 
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IV ON PARALLELOGRAMS 

See Propositions 33, 34, and the deductions from these £rops 
given on page 64 


1 The straight line drawn through the middle point of a side of a 
triangle parallel to the base, bisects the remaining side 


Let ABC be a A, and Z the middle point 
of the side AB Through Z, Z Y is drawn par' 

A 

to BC , then shall Y be the middle point of AC 
Through Z draw ZX par’ to AC i 31 

Then in the a 8 AZY, ZBX, 


because ZY and BC are par', 
the Z AZY = the Z ZBX, I 29 > 

and because ZX and AC are par 1 , / 

the zZAY=the Z BZX, z, 29 B 

44 

alsoAZ = ZB Hyp 

AY=ZX 

I 26 

But ZXCY is a par“ by construction, 

ZX=YC 

x 34 

Hence AY =YC, 
that is, AC is bisected at Y 

QED 


2 The straight line which joins the middle points of two sides of a 
triangle, is parallel to the third side 

Let ABC be a A , and Z, Y the middle A 

points o! the sides AB, AC 

then shall ZY be par’ to BC 
Produce ZY to V, making YV equal to 
ZY 

Join CV 

Then in the a 8 AYZ, CYV, 

( AYs=CY, Hyp 

Because! and YZ =YV, Constr 


and the Z AYZ = the vert opp z CYV. i 15 

• AZ = C V, x 4 

and the Z ZAY=the Z VCY, 

hence CV is par 1 to AZ x 27 

But CV is equal to AZ, that is, to BZ Hyp 

CV is equal and par’ to BZ 
ZV is equal and par 1 to BC x 33 

that is, ZY is par' to BC Q E D 


[A second proof of this proposition may be derived from i 38, 39 ] 
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3. The straight line which joins the middle points of two sides of a 
triangle is equal to half the third side. 

4 Shew that the three straight lines which join the middle po Mtis 
of the sides of a triangle, divide it into four triangles which are identi- 
cally equal. 

8. Any straight line drawn from the vertex of a tnanflZe to the 
base is bisected by the straight line which joins the middle points of the 
other sides of the triangle 

6 Given the three middle points of the Bides of a triangle, eon- 
struct the triangle. 

7 AB, AC are two given straight lines, and P is a ^ven point 
between them , required to draw through P a straight line termi- 
nated by AB, AC, and bisected by P. 

8 ABCD is a parallelogram, and X, Y are thejmddle points of 
the opposite sides AD, BC Bhew that BX and DY trisect the dia- 
gonal AC. 

9 If the middle points of adjacent sides of any quadrilateral be 
joined , the figure thus formed is a parallelogram. 

10 Shew that the straight lines which join the middle points of 
opposite sides of a quadrilateral, bisect one another. 

11 The straight line which joins the middle points of the oblique 
bi^ph of a trap ezi um , is parallel to the two parallel sides, and passes 
through the middle points of the diagonals. 

12 The straight line which joins the middle points of the oblique 
sides of a trapezium is e'qual to half the sum of the pa rallel sides , and 
the portion intercepted between the diagonals is equal to half the 
difference of the parallel sides 

Definition If from the extremities of one straight line per- 
pendiculars are drawn to another, the portion oi tlio latter 
intercepted between the perpendiculars is said to be the Ortho- 
gonal Projection of the hist line upon the second. 



Thus in the adjoining figures, if from the extremities of the straight 
line AB the perpendiculars AX, BY are drawn to PQ, then XY is the 
orthogonal pi ojeUion of AB on PQ 


7 
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13 A given straight line AB is bisected at C, shew that the pro- 
jections of AC, CB on any other straight line are equal 


B 




Let XZ, ZY be the projections of AC, CB on any straight line PQ 
then XZ and ZY shall he equal 

Through A draw a straight lino parallel to PQ, meeting CZ, BY 
or these lines produced, in H, K i 31 

Now AX, CZ, BY are parallel, for they are perp to PQ, i 28 
the figures XH, HY aTe par”**, 

AH = XZ, and HK=ZY x. 34 

But through C, the middle point of AB, a side of the a ABK, 
CH has been drawn parallel to the side BK , 

CH bisects AK. Ex 1, p 96 

that is, AH=rHK, 

XZ=ZY QED 


14 If three parallel straight lines male equal intercepts on a 
fourth straight line which meets them, they will also make equal inter- 
cepts on any other straight line winch meets them 

15 Equal and parallel straight lines have equal projections on any 
other straight line 

1<5 AB is a given straight line bisected at O , and AX, BY are 
perpendiculars drawn from A and B on any other straight line, shew 
that OX is equal to OY 

17 AB is a given straight line bisected ut O and AX, BY and OZ 
are perpendiculars drawn to any straight line PQ, which does not pass 
between A and B shew that OZ is equal to half the sum of AX, BY 

[OZ is said to be the Arithmetic Mean between AX and BY ] 

18 AB is a given straight line bisected at O, and through A, B 
and O parallel straight lines arc drawn to meet a gucn straight line 
PQ in X, Y, Z shew that OZ is equal to half the sum, or half the 
difference of AX and BY, according as A nod B lie on the same side 
or on opposite sides of PQ 
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19 To divide a given finite straight line into any number of equal 
parts 

[For example, required to divide the straight 
hue AB into five equal parts 

From A draw AC, a straight line of un- 
limited length, making any angle with AB 

In AC take any point P, and mark off 
successive parts PQ, QR, RS, ST each equal 
to AP 

Join BT, and through P, Q, R, S draw 
parallels to BT 

It may be shewn by Ex 14, p 98, that these 
parallels divide AB into five equal parts ] 


20 If through an angle of a parallelogram any straight line 
is drawn, the perpendicular drawn to it fiom the opposite angle 
is equal to the sum or difference of the perpendiculars diawn to it 
from the two remaining angles , accouling as the given straight line 
falls without the parallelogram, or intersects it 

[Through the opposite angle draw a straight line parallel to the 
given straight line, so as to meet the perpendicular from one of the 
remaining angles, produced if necessary then apply i 34, i 26 Or 
proceed as in the following example } 

21 From the angular points of a parallelogram perpendiculars 
are drawn to any straight line which is without the parallelogram 
shew that the sum of the perpendiculars drawn from one pair of 
opposite angles is equal to the sum of those drawn from the other pair 

[Draw the diagonals, and from their point of intersection let fall a 
perpendicular upon the given straight line See Ex 17, p 98 ] 

n/ 22 The sum of the perpendiculars drawn from any point in the 
base of an isosceles triangle to the equal sides is equal to the perpendi- 
cular drawn from either extremity of the base to the opposite side. 

[It follows that the sum of the distances of any point in the base 
of an isosceles triangle from the equal sides is constant, that is, 
the same whatever point in the base is taken ] 

23 In the base produced of an isosceles triangle any point is 
taken Bhew that the difference of its distances from the equal sides is 
constant 

24. The sum of the perpendiculars drawn fiom any point within 
an equilateral triangle to the three sides is equal to the perpendicular 
drawn from any one of the angular pomts to the opposite side, and is 
therefore constant 



7—2 
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PaODIiEMB 

[Problems marked (*) admit of moro than one solution ] 

*25 Draw a straight line through a giv cn point, so that the part of 
it intercepted between two given parallel straight lines may be of given 
length 

2G Draw a straight lino parallel to a given straight line, so that 
the part intercepted between two other given straight lines may be of 
given length 

27 Draw a straight lino equally inclined to two given straight 
lines that meet, so that the part intercepted between them may be of 
given length 

28 AB, AC are two given straight lines, and P is a given point 
without the angle contained by them It is required to draw through 
P a straight line to meot the given lines, so that the part intercepted 
between them may be equal to the part between P and the nearer lino 


V MISCELLANEOUS THEOREMS AND EXAMPLES 
Chiefly on x 32 

1 At* the vertex of an isosceles triangle ABC, and BA ts produced 

to D, so that AD ts equal to BA , if DC is drawn^shew that BCD ts a 
right angle j 

2 The straight line joining the middle point of the hypotenuse of a 
nght-angled triangle to the right angle is equal fd half the hypotenuse 

3 Prom the extremities of the base of a triangle perpendiculars 
aro drawn to the opposite sides (produced if necessary) , shew that the 
straight lines which join the middle point of the base to the feet of 
the perpendiculars are equal 

4 In a triangle ABC, AD ts drawn perpendicular to BC , and 
X, Y, Z are the middle points of the sides BC, CA, AB respectively • 
shew that each of the angles ZXY, ZDY ts equal to the angle BAC 

5 In a nght-angled tnangle, if a perpendicular he drawn from 
the right angle to the hypotenuse, the two triangles thus formed are 
equiangular to one another 

s 

6 In a right-angled tnangle two straight lines are drawn from 
the right angle, one bisecting the hypotenuse, the other perpendicular 
to it shew that they contain an angle equal to the difference of the two 
acute angles of the tnangle [See above, Ex 2 and Ex 5 ] 
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7 In a triangle if a perpendicular be drawn fi om one extremity 
of the base to the bisector of the vertical angle , ( 1 ) it will make with 
either of the sides containing the vertical anqle an anqle equal to half 
the sum of the angles at the base, (n) it will make with the base an 
angle equal to half the difference of the angles at the base 

Lot ABC bo the given A , and AH the bi- 
sector of the \ertical z BAC. 

Let CLK meet AH at light angles 

( 1 ) Then shall each of the z s AKC, ACK 
he equal to half the sum of the z ■ ABC, 

ACB 

In the a" AKL, ACL, 

( tho L KAL=tlio Z CAL, Hyp 

Because -! also the z ALK=tlio Z ALC, being rt L", 
l and AL is common to both A ", 

the z AKL=the Z ACL i 26 

Again, the z AKC=tlie sum of the Z " KBC, KCB , i 32. 
that is, tho z ACK =. the sum of the z • KBC, KCB 
To each add tho Z ACK, 

then twice the z ACK=tlie sum of tho z " ABC, ACB, 

• tho Z AC K= half the sum of the z * ABC, ACB 

(u) The Z KCB shall bo oqual to half the difference of the 
Z » ACB, ABC 

As before, tho z ACK = the sum of tho z*KBC, KCB. 

To each of these add the Z KCB 

then the Z ACB=tho z KBC together with twice the z KCB 
.. twice the z KCB = tho difference of tho z ’ ACB, KBC, 

that is, the z KCB=half the difference of tho Z ' ACB, ABC 

ConoiiLAJir IfXbe the middle point of the base, and XL be joined, 
it may be shewn by Ex 3, p 97, that XL is half BK, that is, that 
XL is half the difference of the sides AB, AC. 


8 In any triangle the angle contained by the bisector of the 
vertical angle and the perpendicular from the vertex to the base is equal 
to half the difference of the angles at the base. [See Ex 3, p 59 ] 

9 In a triangle ABC the side AC is produced to D, and tho 
angles BAC, BCD are bisected by straight lines which meet at F, 
shew that they contain an angle equal to half the angle at B 

10 If in a right-angled triangle one of tho acute angles is double 
of the other, shew that the hypotenuse is double of tho shorter side. 

11. If m a diagonal of a parallelogram any two points equidistant 
from its extremities be joined to the opposite angles, the figure thus 
formed will be also a parallelogram 
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12 ABC is a given equilateral triangle, and m the sides BC, CA, 
AB the points X, Y, Z are taken respectively , so that BX, CY and AZ 
ate all equal AX, BY, CZ are now drawn, mteiseoting m P, Gt, R 
shew that the triangle PQR is equilateral 

13 If in the sides AB, BC, CD, DA of a parallelogram ABCD 
four points P, Q., R, S be taken in order, one m each side, so that AP, 
BQ, CR, DS are all equal, show that the figure PGtRS is a parallelo- 
gram 

14 In the figure of i 1, if the circles intersect at F, and if 
CA and CB are produced to meet the circles in P and Q respectively , 
shea that the points P, F, Gt are m the same straight line, and 
shew also that the triangle CPQ, is equilateral 

[Problems marked (*) admit of more than one solution ] 

16 Through two given points draw two straight lines forming 
with a straight line given in position, an equilateral triangle 

*10 Prom a given point it is required to draw to two parallel 
Btraiglit hues two equal straight lrnes at right angles to one another 

*17 Three given straight hues meet at a point , draw another 
straight line so that the two portions of it intercepted between the 
given lrnes may ho equal to one another 

18 From a given point draw three straight hnes of given lengths, 

so that their extremities may be in the Bame straight hue, and inter- 
cept equal distances on that line [See Fig to I 16 ] 

19 Use the properties of the equilateral tnangle to trisect a given 
fimto straight line 

20 In a given tnangle msenbe a rhombus, having one of its 
angles coinciding with an angle of the tnangle 


VI ON THE CONCURRENCE OF STRAIGHT LINES IN A TRIANGLE 

Di finitiOjSS (i) Three or more straight lines arc said to 
ho concurrent whoa they meet m ono point 

(u) Threo or more points are said to bo collineax when they 
ho upon one straight line 

"Wo hero givo some propositions relating to the concurrence 
of certain groups of straight hnes drawn in a triangle tho lm- 
-portancc of these theorems will bo more fully appreciated when 
studeut is familiar with Books in and iv 


i 
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Similarly from the a* OCP, OCQ, 
it may be shewn that OP=OQ, 
OP, OQ, OR are all eqnal 


Again in the a* ORA, OQA, 

{ the / 1 ORA, OQA are rt L\ 
and the lmiotenuse OA is 
common, 

also OR — OQ, Proved 
the l RAO=tbo L QAO 


A 



That is, AO is the bisector of tho L BAG 
Hence the biseotors of the three L 8 meet at the point O 

q r » 


3 The bisectors of Uco exterior angles of a triangle and the 
hi sector of the third angle are concurrent 


Let ABC be a a, of which the sides AB, 
AC are produced to nny points D and E 
Bisect the /• DBG, ECB by straight linen 
which must meet at some point O Ax 12 
Join AO 

It is required to prove that AO bisects the 
anqle BAC 

From O draw OP, OQ, OR perp to tho 
sides of the a 

Then in the a 8 OBP, OBR, 

! thc l OBP=the L OBR, Constr 
beuigrt i^OPB=tlie i ORB, 

and OB is common , 
OP = OR 



Similarly in tho A' OCP, OCQ, 
it may be shewn that OP=OQ 
OP, OQ, OR are all equal 

Again in the a* ORA, OQA, 
r tho /• ORA, OQA are rt l’, 
Because ■! -and the hypotenuse OA is common, 
l also OR=OQ, 

the z RAO = the l QAO 


Proved 
Ex 12, p 91 


That is, AO is the bisector of the L BAC 
the bisectors of the two exterior L • DBC, ECB, 
and of the interior L BAC meet at the point O 


Q E D 
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4 The mediant of a triangle arc concurrent 

Let ABC be a A. Let BY and CZ be tuo of its 
medians, and let them intersect at O 
Join AO, 

and produce it to meet BC in X. 

It m required to their that AX is the remaining 
median of the A 

Through C draw CK parallel to BY. 
produce AX to meet CK at K 
Join BK. 

In the A AKC, 

because Y is the middle point of AC, and YO is 
parallel to CK, 

O is the middle point of AK 

Again in the A ABK, 
since Z and O are the middle points of AB, AK, 

• ZO is parallel to BK, Ex 2, p. 90 

that is, OC is parallel to BK * 

• the figure BKCO is a par 3 . 

Bnt the diagonals of a par™ bisect one another. Ex 5, p 64 
. X is the middle point of BC. 

That is, AX is a median of the a . 

Hence the three medians meet at the point O q e d 

CoboMjAbt. The three medians of a triangle cut one another at a 
point of trisection, the greater segment in each being towards the 
angular point. 

For in the above figure it has been proved that 
AO=OK, 

also that OX is half of OK, 

.. OX is half of OA- 
that is, OX is one third of AX 
Similarly OY is ono third of BY, 
and OZ is one third of CZ qci. 

By means of this Corollary it may be shewn that in any trianglo 
the shorter median bisects the greater side. 

{The point of intersection of the three medians of a triangle is 
called the centroid It is shewn in mechanics that a thin triangular 
plate will balance in any position about this point therefore the 
centroid of a triangle is also its centre of gravity.] 


A 



K 

Ex. 1, p 96 
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6 The perpendiculars drawn from the vertices of a triangle to the 

opposite sides are concurrent 



L 


Let ABC bo a A, and AD, BE, CF the throo perp' drown from 
the vertices to tlie opposite sides 

then shall these pop* bo concurrent 

Through A, B, nnd C draw straight lines MN, NL, LM parallel 
to the opposite Bides of tho a 

Then the figure BAMC is a par" j)cf 2f> 

AB = MC x 31 

Also tho figure BACL w a par" 

AB = LC, 

LC=CM 

that is, C is the middle point of LM 
So also A and B nrc tho middle points of MN and NL 
Hence AD, BE, CF are tho perp’ to tho sides of tho * LMN from 
their middle points E\ 3, p 54 

But these pcip* meet m a point 33s 1, p 103 
that is, the perp 1 drawn from tho vertices of tho a ABC to tho 
opposite sidcB meet in a point q r n. 

[For another proof soo Theorems and Examples on Book xu ] 


Dti IMTIONS 

(i) The intersection of tho perpendiculars diawn from tho 
vortices of a triangle to tho opposite sides is called its ortho- 
centre 

(n) The tnangle formed by joining the feet of the perpen- 
diculars is called the pedal tnangle 
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TIL ON THE CONSTRUCTION OP TRIANGLES WITH GIVEN PARTS 


No general rules can be laid down for tbe solution of 
problems in this section, but in a few typical cases we give 
constructions, which tbe student will fjnd bttle difficulty in 
adapting to otbei questions of the same class 

1 Construct a right-angled triangle, having given the hypotenuse 
and the sum of the remaining sides 

JTt is required to construct a rt 
angled A , having its hypotenuse equal 
to the given straight line K, and the sum 
of its remaining sides equal to AB 

From A draw AE mating with BA 
an L equal to half art l From 
centre B, with radius equal to K, de- 
scribe a circle cutting AE m the points 
C, C' 

From C and C' draw perp” CD, C'D' to AB , and join CB, C'B 
Then either of the a‘ CDB, C'D'B will satisfy the given conditions. 

Note If the given hypotenuse K be gienter than the perpendicu- 
lar drawn from B to AE, there will be two solutions If the hue K be 
equal to this perpendicular, there will be one solution , but if less, the 
problem is impossible ] 



2 Construct a right-angled triangle, having given the hypotenuse 
and the difference of the remaining sides 

3 Construct an isosceles light-angled triangle, having given the 
sum of the hypotenuse and one side 

4 Construct a triangle , having given the perimeter dnd the angles 
at the base 




[Let AB be the perimeter of thereqmied a, and X and Y the / "at 
the base 

From A draw AP, making the l BAP equal to half the i X 
From B draw BP, making the L ABP equal to half the L Y 
From P draw PQ, making the L APft equal to the L BAP 
From P draw PR, making the L BPR equal to the l ABP 
Then shall PQR he the required a ] 
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5 Construct a nglit angled tnangle, haying given the perimeter 
and one acnte angle 

G Construct an isosceles tnangle of given altitude, so that its 
base may be in a given straight line, and its two equal sides may pass 
through two faxed points [See Ex 7, p 49 ] 

7 Construct an equilateral tnangle, having given the length of 
the perpendicular drawn from one of the vertices to the opposite side 

8 Construct an isosceles tnangle, having given the base, and 

the difference of one of the remaining sides and the perpendicular 
drawn from the vertex to the base [See Ex 1, p 88 ] 

9 Construct a tnangle, having given the base, one of the angles 
at the base, and the sum of the remaming sides 

10 Construct a tnangle, having given the base, one of the angles 
at the base, and the difference of the remaining sides 

11 Construct a tnangle, having given the base, the difference 
of the angles at the base, and the difference of the remaining sides 


K 


[Let AB bo the given base, X the difference of the l * at the base, 
and K the difference of the remaining sides 

Draw BE, making the L ABE equal to half the L X 

Erom centre A, with radius equal to K, desenbe a circle cutting BE 
m D and D' Let D be the point of intersection nearer to B 
Join AD and produce it to C 
Draw BC, making the L DBC equal to the z BDC 

Then shall CAB bo the A. required Ex 7, p 101 

Note This problem is possible only when the given difference K 
is greater than the perpendicular drawn from A to BE ] 

12 Construct a tnangle, having given the base, the diff erence of 
the angles at tho base, and the sum of the remaining sides 

13 Construct a tnangle, having given the perpendicular from the 
vertex on tho base, and tho difference between each side and the 
adjacent segment of the base 
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14 Construct a triangle, having given two sides and the median 

which bisects the remaining side [See Ex 18, p. 102 ] 

15 Construct a triangle, having given one side, and the medians 
which bisect the two remaining sides. 

[See Fig to Ex. 4, p 105 

Let BC be the given side Take two-thirds of each of the given 
medians, hence construct the triangle BOC. The rest of the con- 
struction follows easily.] 

16 Construct a triangle, having given its three medians 

[See Fig. to Ex 4, p. 105 

Take two-thirds of each of the given medians, and construct 
the triangle OKC The rest of the construction follows easily ] 


vni. ON AREAS 
See Propositions 35 — 48 

It must be understood that throughout this section the word 
equal as applied to rectilineal figures will be used as denoting 
equality of area unless otherwise stated. 

1. Shew that a parallelogram is bisected by any straight line 
which passes though the middle point of one of its diagonals [i. 29, 
26] 

2 Bisect a parallelogram by a straight line drawn through a 
given point 

3 Bisect a parallelogram by a straight line drawn perpendicular 
to one of its sides 

4 Bisect a parallelogram by a straight line drawn parallel to a 
given straight line 

5 ABCD is a trapezium in which the side AB is parallel to DC 
Shew that its area is equal to the area of a parallelogram formed by 
drawing through X, the middle point of BC, a straight line parallel to 
AD. [i 29, 26 ] 

t 

6 A trapezium is equal to a parallelogram whose base is half the 
sum of the parallel sides of the given figure, and whose altitude is 
equal to the perpendicular distance between them 

i 

7 ABCD is a trapezium in which the side AB is parallel to DC; 
shew that it is double of the triangle formed by jo inin g the extremities 
of AD to X, the middle point of BC. 

8. Shew that a trapezium is bisected by the straight lin e which 
joins the middle pomts of its parallel sides. [i 38 ] 
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In the following group of Exercises the proofs depend chiefly 
on Propositions 37 and. 38, and the two converse theorems 

9 If two straight lines AB, CD intersect at X, and if the straight 
hues AC and BD, which join their extremities are parallel, shew that 
the triangle AXD is equal to the triangle BXC 

10 If two straight lines AB, CD intersect at X, so that the 
triangle AXD is equal to the triangle XCB, then AC and BD ore 
parallel 

11 ABCD is a parallelogram, and X any point in the diagonal 
AC produced, shew that the triangles XBC, XDC are equal [See 
Ex 13, p 64 ] 

12 ABC is a triangle, and R, Q. the middle points of the sides 
AB, AC, shew that if BQ and CR intersect in X, the triangle BXC is 
equal to the quadrilateral ACtXR [See Ex 6, p 73 ] 

13 If the middle points of the sides of a quadrilateral he joined 
in order, the parallelogram so formed [see Ex 9, p 97] is equal to 
half the given figure 

14 Two triangles of equal area stand on the same base but on 
opposite sides of it shew that the straight line joining their vertices 
is bisected by the base, or by the base produced 

15 The Straight line which joins the middle points of the dia- 
gonals of a trapezium is parallel to each of the two parallel sides. 


16 (i) A triangle le equal to the sum or difference of two triangles 
on the same base (or on equal bases), if the altitude of the former is equal 
to the sum or difference of the altitudes of the latter 

(u) A triangle is equal to the sum or difference of two triangles of 
the same altitude if the base of the former is equal to the sum or differ- 
ence of the bases of the latter 

Similar statements hold good of parallelograms 

17 ABCD is a parallelogram, and O is any pomt outside it, 
show that the sum or difference of the triangles OAB, OCD is equal to 
half the parallelogram Distinguish between the two cases 

On the following proposition depends an important theorem 
in Mechanics we give a proof of the first case, leaving the second 
case to be deduced by a similar method 
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18. (i) ABCD is a parallelogram, and O is any point without tlio 
jungle BAD and its opposite vertical anglo , shew that the triangle OAC 
ts equal to the sum of the triangles OAD, OAB 

(u) If O is within tlio angle BAD or its opposite vertical angle, 
the triangle OAC is equal to the difference of the triangles OAD, 
OAB 

Cask I. If O is without tho l DAB 
and its opp. \ert L , then OA is with- 
out the par“ ABCD . therefore the porp 
drawn from C to OA Is equal to tho sum 
of the perp’ drawn from B and D to OA 
[See Ex 20, p 99 ] 

Now tho A* OAC, OAD, OAB are 
upon the same base OA, 
and the altitude of tho a OAC with 
respect to tins base has been shewn to 
bo equal to tho sum of the altitudes of 
the a s OAD, OAB 
Therefore the a OAC is equal to tho sum of the a' OAD, OAB 
[See Ex 16, p 110 ] q i » 

19 ABCD is a parallelogram, and through O, any point within 
it, straight lines are drawn parallel to the sides of the parallelogram, 
shew that the difference of the parallelograms DO, BO is doublo of 
the triangle AOC. [See preceding theorem (u) ] 

20 The area of a quadrilateral is equal to the area of a triangle 
having two of its sides equal to tho diagonals of tho given figure, and 
the included angle equal to either of the angles between the dia- 
gonals 


21 ABC is a triangle, and D is any point »n AB it is required to 
draw through D a straight line DE to meet BC produced m E, so that 
the triangle DBE may be cgxialto the triangle ABC 



r 

[Join DC. Through A draw AE parallel to DC i 31 
Join DE. 

The a EBD shall be equal to tho A ABC i 37 ] 


O 
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22 On a base of given length desonbe a triangle equal to a given 
triangle and having an angle equal to on angle of tho given triangle 

23 Construct a triangle equal m area to a given triangle, and 
having a given altitude. 

24 On a base of given length construct a triangle equal to a 
given triangle, and having its vertex on a given straight lino 

25 On a base of given length describe (l) an isosceles triangle, 
(u) a right angled triangle, equal to a given triangle 

26 Construct a triangle equal to the sum or difference of two 
given triangles [See Ex 16, p 110 ] 

27 ABC is a given triangle, and X a given point describe a 
triangle equal to ABC, having its vortex at X, and its base in the samo 
straight line as BC 

28 ABCD is a quadrilateral on the base AB construct a triangle 
equal in area to ABCD, and having the angle at A common with the 
quadrilateral 

[Join BD Through C draw CX parallel to BD, meeting AD pro 
duced in X , join BX ] 

29 Construct a rectilineal figure equal to a given rectilineal 
figure, and having fewer sides by one than the given figure 

Hence shew lioio to construct a ■ triangle equal to a given rectilineal 
figure 

30 ABCD is a quadrilateral it is required to construot a triangle 
equal in area to ABCD, having its vertex at a given point X in DC, 
and its base m the same straight lme as AB 

31 Construct a rhombus equal to a given parallelogram 

i 

32 Construct a parallelogram which shall have the same area 
and perimeter as a given tnanglo 


33 Bisect a triangle by a straight line drawn through one of its 
angular points 

34 Tnseot a tnanglo by straight lines drawn through one of its 

angular points [See Ex 19, p 102, andi 38 

35 Divide a triangle into any number of equal parts by straight 
lines drawn through one of its angular points 

[See Ex 19, p 99, and i 38 ] 
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[The following Theorems depend on i 47 ] 

41 In the figure of i 47, sbev. that 

(i) the sum of the squares on AB nnd AE is equal to the sum 
of the squares on AC and AD 

(it) the square on EK is eqnal to the square on AB ruth four 
tunes the square on AC. 

(m) the sum of the squares on EK and FD is equal to five 
times the square on BC 

42 If a straight line ho divided into any two parts tile square on 
the straight line is greater than the squares on the two parts 

43 If the Equate on one side of a tnnngle is less than the sqnares 
on the remaining sides, the angle contained by these sides is acute, if 
greater, obtuse 

44 ABC is a triangle, right-angled at A, the sides AB, AC are 
intersected by a straight line PQ, and BQ, PC are joined shew that 
the sum of the sqnares on BQ, PC is equal to the sum of the sqnares 
on BC, PQ 

45 In a right angled tnanglc four times the sum of the squares 
on the medians which bisect the sides containing the nght angle 
is equal to the tones the sqnsre on the hypotennse 

46 Describe a square whose area shall be three times that of 
a given sqnare 

47 Divide a straight lme into two parts snch that the sum of 
their squares shall be equal to a given square. 


IX. ox LOCI 

It is frequently required in the course of Plane Geometry to 
find the position of a point winch satisfies given conditions 
iSTow all problems of this type hitherto considered ha\e been 
found to do capable of definite determination, though some admit 
of more than one solution this however will not he the case if 
only one condition is given. For example, if we are asked to find 
a point which shall he at a given distance from a given point, 
we observe at once that the problem is indeterminate, that is, 
that it admits of an indefinite number of solutions , for the 
condition stated is satisfied by any point on the circumfeience 
of the circle described from the given point ns centre, with a 
radius equal to the gn en distance moreover this condition is 
satisfied by no other point within or without the circle 

Again, suppose that it is required to find a point at a given 
distance from a given straight line. 
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Here, too, ifc is obvious that there are an infinite number of 
such points, and tbat they lie on the two parallel straight lines 
which may be drawn on either side of the given straight line at 
the given distance from it: further, no point that is not on one 
or other of these parallels satisfies the given condition. 

Hence we see that when one condition is assigned it is not 
sufficient to determine the position of a point absolutely, but 
it may have the effect of restricting it to some definite line or 
lines, straight or curved. This leads us to the following definition. 

Defesttiox. The Locus of a point satisfying an assigned 
condition consists of the line, lmes, or part of a line, to which 
the point is thereby restricted: provided tbat the condition is 
satisfied by every point on such line or lines, and by no other. 

A locus is sometimes defined as the path traced, out by a 
point which moves in accordance with an assigned law. 

Thus the locus of a point, which is always at a given distance 
from a given point, is a circle of which the given point is the 
centre : and the locus of a point, which is always at a given distance 
from a given straight line, is a pair of parallel straight lines. 

"We now see that in order to infer that a certain line, or 
sy s tem of lines, is the locus of a point under a given condition, 
it is necessary to prove 

(1) that any point which fulfils the given condition is on the 
supposed locus : 

(u) that every point on the supposed locus satisfies the g» en 
condition. 


•Inch is alaays equidistant from 


1. Find the locus of a point 
tiro given points. 

Let A, B be the two given points. 

(c) Let P be any point equidistant from A 
and B, so that AP= BP. 

Bisect AB at X, and join PX. 

Then in the a® AXP, BXP, 
f _AX=BX, Conrtr. 

-land PX is common to both, 
l also AP=BP, Hup. 

the z PXA=the z PXB; r. 8. 
and they are adjacent z s ; 

_ PX is perp to AB 
Any point which is equidistant from A and B 


~ XT iuuciauiu niuiu w 

is on the straight line winch bisects AB at righ t angles 


Because 



8—2 
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(0) Also every point m this line is equidistant from A and B 
For let Q be any point in this line 
Join AQ, BQ 

Then in the a 8 AXQ, BXQ, 

( AX= BX, 

Because \ and XQ is common to both, 

(also the /. AXQ=tlie i BXQ, being rt. l*, 

AQ=BQ i 4 

That is, Q is equidistant from A and B 

Bence we conclude that the locus of the point equidistant from 
two given points A, B is the straight lino which bisects AB at right 
angles 

2 To find, the locus of the middle point of a straight hne drawn 
from a given point to meet a given straight line of unlimited length 



A 


Lot A be the given point, and BC the given straight lino of un- 
limited length 

(a) Let AX be any straight line drawn through A to meet BC, 
nnd let P be its middle point 

Draw AF peip to BC, and bisect AF at E 
Join EP, and produce it indefinitely 
Since AFX is a a , and E, P the middle points of the two sides AF, AX, 
EP is parallel to tho remaining side FX Ex 2, p 96 
P is on the straight hne which passes through the fixed point E, 
and is parnlld to BC 

« 

(fl) Again, every point in EP, or EP produced, fulfils the required 
condition 

For, in this straight hne tube any point Q 

Join AQ, nnd produce it to meet BC m Y 
Then FAY is a a , and through E, the middle point of the Side AF, EQ 
is drawn parallel to the side FY, 

. Q is the middle point of AY Ex 1, p 96, 

Hence the required loens is the straight line drawn parallel to BC, 
and passing through E, the middle pomt of the peip from A to BC. 
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3 Find the locus of a point equidistant from, tioo given inter- 
secting straight lines [See Ex d, p 49 ] 

4 Find the locus of a point at a given radial distance from the 
circumference of a given circle 

5 Find the locus of a pomt which moves so that the sum of its 
distances from two given intersecting straight lines of unlimited 
length is constant 

6 Find the locus of a point when the differences of its distances 
from two given intersecting straight lmes of unlimited length is 
constant 

7. A straight rod of given length slides between two straight 
rulers placed at right angles to one another find the locus of its 
middle point [See Ex 2, p 100 ] 

8 On a gi\en base as hypotenuse nght-angled triangles aie 
described find the locus of their vertices 

9. AB is a given straight line, and AX is the perpendicular drawn 
from A to any straight line passing through. B find the locus of 
the middle pomt of AX 

t 

10 Find the locus of the vertex of a triangle, when the base and 
area are given 

11 Find the locus of the intersection of the diagonals of a paral- 
lelogram, of which the base and area are given 

12 Find the locus of the intersection of the medians of a triangle 
described on a given base and of given area 


X. ON THE INTERSECTION OP LOCI. 

It appears from various problems which have already been 
considered, that we aie often required to find a point, the 
position of which is subject to two given conditions The method 
of loci is very useful in the solution of problems of this land 
foi corresponding to each condition there will be a locus on 
which the required pomt must lie , hence all points which are 
common to these two loci, that is, all the points of intersection 
of the loci, will satisfy both the given conditions 
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Example 1 To construct a triangle, having given the base, the 
altitude, and the length of the median which bisects the base 

Lot AS bo the given base, and P and Q the lengths of the altitndo 
and median respectively 

then the triangle is known if its vertex is known 
( 1 ) Draw a straight lino CD parallel to AB, and at a distance 
from it equal to P 

then the required vertex must he on CD 
(n) Again, from the middle point of AB as centre, with radius 
equal to Q, describe a circle 

then the required vertex must he on this circle 
Hence any points which arc common to CD and the circle, 
satisfy both the given conditions that is to say, if CD intersect the 
circle m E, F each of the points of intersection might be the vortex 
of the required tnnnglc This supposes the length of the median 
Q to be greater than the altitude 

Example 2 To find a point equidistant from three given points 
'/t, B, C, which are not m the same straight line 

(i) The loens of points equidiBtant from A and B is the straight 
line PQ, which bisects AB at right angles Ex 1, p 115 

(u) Similarly the locus of points equidistant from B and C is 
the straight line RS which biseots BC at right angles 

Hence the point common to PCI and RS most satisfy both con- 
ditions that is lo say, the point of intersection of PC and RS will 
be equidistant from A, B, and C 

Theso principles may also be used to piove the theorems 
relating to concurrency already gi\ en on pago 103 

Example To prove that the bisectois of the angles of a triangle 
are concurrent 

Let ABC be a triangle 
Bisect the 1 8 ABC, BCA by straight 
lines BO, CO these must meet at 
some point O Ax 12 

Join OA 

Then shall OA biseot the L BAC 
Now BO is the locus of points equi- 
distant from BC, BA, Ex 3, p 19 
OP=OR 

Similarly CO is the locus of points 
equidistant from BC, CA 

OP=OC, hence OR = OQ 

O is on the locus of points equidistant from AB and AC 
*. that is OA is the bisector of the I BAC 
Hence the bisectors of the three I « meet at the point O 


A 
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It may happen that the data of the pioblem are so related 
to one another that the lesultmg loci do not intersect m this 
case the problem is impossible. 

For example, if m Ex 1, page 118, the length of the given 
median is less than the given altitude, the stiaight line CD will 
not be intersected by the circle, and no triangle can fulfil the 
conditions of the problem If the length of the median is equal 
to the given altitude, one point is common to the two loci, 
and consequently only one solution of the problem exists 
and we have seen that there are two solutions, if the median 
ib greater than the altitude 

In examples of this kind the student should make a point 
of investigating the relations which must exist among the data, 
m order that the problem may be possible , and he must observe 
that if under certain relations two solutions are possible, and 
under other relations no solution exists, theio will always be 
some intermediate relation under which one and only one solution 
is possible 


EXAMPLES 

1 Find a point m a given straight line whidli is equidistant 
from two given points. ^ 

2. Find a point which ib at given distances from each of two 
given straight lines. How many solutions are possible? 

3 On a given base construct a triangle, having given one angle at 
the base and the length of the opposite side Examine the relations 
which must exist among the data m order that there may be two solu- 
tions, one solution, or that the problem may be impossible 

4 On the base of a given triangle construct a second tnanglo 
equal in area to the first, and having its vertex in a given straight 
line 

5 Construct an isosceles triangle equal m area to a given 
triangle, and standing on the same base. 

6 Find a point which is at a given distance from a given point, 
and is equidistant from two given parallel straight lines 
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Book II deals with the areas of rectangles and squares 


Definitions 


1 A Rectangle is a parallelogiam which lias one of 
its angles a right angle 

It should be remembered that if a parallelogram has one right 
angle, all its angles are right angles [Ex 1, p 64 ] 


2 A rectangle is said to be contained by any two of 
its sides v Inch form a right angle for it is clear that both 
the form and magnitude of a lectangle are fully determined 
n hen the lengths of tv o such sides are given 


Thus the rectangle ACDB is said 
to le contained by AB, AC, or by CD, 
DB and if X and Y nre two straight 
hues equal respectively to AB and AC, 
then the rectangle contained by X and Y 
is equal to the rectangle contained by 
AB, AC 

[See 33s 12, p 04 ] 



After Proposition 3, ve shall use the abbreviation 
reel AB, AC to denote the rectangle contained by AB and 
AC 


3 In an} parallelogiam the figure foimed by either 
of the parallelograms about a diagonal together with the 
tv o complements is called a gnomon 


Thus the shaded portion of the annexed 
figure, consisting of the parallelogram EH 
together with the complements AK, KC is 
the qnomon AHF 

2 he other gnomon in tho figure is that 
which is made up of AK, GF and FH, 
namely tho gnomon AFH 
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Introductory. 

Pure Geometry makes no use of number to estimate the 
magnitude of the lines, angles, and figures with which it deals, 
hence it requires no units of magnitude such ns the student is 
familiar with m Anthmetic 

For example, though Geometiy is concerned with the lelative 
lengths of straight lines, it does not seek to e\pi ess those lengths 
m teims of yen ds, fed , or in ha sinnlaily it does not ask how 
many square yards 01 square feet a given figure contains, nor how 
many degrees there aie m a gn en angle 

This constitutes an essential difference between the method 
of Puie Geometiy and that of Anthmetic and Algebia, at the 
same time a close connection exists between the results of these 
two methods 

In the case of Euclid’s Book II, this connection lests upon 
the fact that the number of units of area in a rectangulai figure 
is found by multiplying togethci the numbeis of units of length in 
two adjacent sides 

For example, if the two sides AB, AD 
of the rectangle ABCD aie respectively 
four and thee inches long, and if thiough 
the pomts of division paiallels arc diawn 
as m the annexed figuie, it is seen that 
the rectangle is divided into three rows, 
each containing four sqiuue niches, oi 
into four columns , each containing three 
square inches 

Hence the whole lcctangle contains 3x4, oi 12, squaie 
inches 

Similaily if AB and AD contain m and n units of length 
respectively, it follow's that tlio rectangle ABCD will contain inn 
units of area further, if AB aud AD are equal, each containing 
m units of length, the rectaugle becomes a square, and contains 
in 2 units of aiea 

i 

[It must bo understood that this explanation implies that the 
lengths of the straight lines AB, AD arc commensurable, that is, that 
they can bo expressed exactly in terms ot somo common unit 

This howover is not always tho case for example, it may be 
proved that the side and diagonal of a squaie are so related, that 
it is impossible to divide either of them into equal parts, of winch the 
other contains an exact numbei Such lines are said to bo incommen- 
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surable Hence if the adjacent Bides of a rectangle are incommen- 
surable, we cannot choose any lmear unit in terms of whioh these 
sides maybe exactly expressed, and thus it will be impossible to sub- 
divido the rectangle into squares of unit area, as illustrated m the 
figure of the preceding page We do not here propose to enter 
further into the subject of incommensurable quantities it is suffi- 
cient to point out that farther knowledge of them will convince the 
student that the area of a rectangle may be expressed to any required 
degree of accuracy by the product of the lengths of two adjacent 
sides, whether those lengths are commensurable or not ] 

From the foregoing explanation we conclude that the redangle 
contained by two straight lines in Geometiy corresponds to the 
product of two numbers in Arithmetic or Algebra , and that the 
square described on a straight line corresponds to the square of 
a numbei Accordingly it will be found in th6 course of Book II 
that several theorems relating to the areas of rectangles and 
squares are analogous to well-known algebraical formula 

In view of these principles the rectangle contained by two 
straight lines AB, BC is sometimes expressed m the form of a 
product, as AB BC, and the square descubed on AB as AB 2 
This notation, together with the signs -f and will be employed 
in the additional matter appended to this book, but it is not 
admitted into Euclid s text because it is desirable m tho first 
instance to emphasize the distinction between geometrical mag- 
nitudes themselves and the numerical equivalents by which they 
niaj bo expressed arithmetically 


Proposition 1 Theorem 

If there are two straight lines, one of which is divided 
into any number of parts, the rectangle contained by the 
two straight lines is equal to the sum, of the lectangles con- 
tained by the undivided straight line and the several parts 
of the divided line 

Let P and AB bo two straight lines, and lot AB bo 
divided into any number of parts AC, CD, DB 

then shall the rectangle contained by P, AB bo equal 
to tho sum of the lectangles contained by P, AC, by P, CD, 
and bj P, DB 
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A C 

3 B 




:| k 

- H 


P 

From A draw AF peip to AB , I 11. 

and make AG equal to P. I 3. 

Through* G- draw GH par 1 to AB , I 31 

and through C, p, B draw CK, DL, BH pari to AG 

Kow the fig AH is made up of the figs AK, CL, DH 
and of these, 

the fig AH is the rectangle contained by P, AB, 
for the fig "AH is contained by AG, AB , and AG = P : 
and the fig' AK is the rectangle contained by P, AC ; 
for the fig AK is contained by AG, AC, and AG = P 
also the fig CL is the rectangle contained by P, CD ; 
for the fig CL is contained by CK, CD ; 
and CK = the opp side AG, and AG = P i 34 
similarly the fig DH is the rectangle contained by P, DB 

. . the rectangle contained by P, AB is equal to the 
sum of the lectangles contained by P, AC, by P, CD, and 
by P, DB QED 


a CORRESPONDING ALGEBRAICAL FORMULA 

In accordance with the principles explained on page 122, the resnlt 
of tins proposition irmj be written thus 

P AB=P AC+P.CD+P DB. * 

Now if the line P contains p units of length, and if AC, CD, DB 
contain a, b, c units respectively, • 

then AB=a+b+c, 

and wo have p(«+Z>+c) ~l }a +p& +pc 
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Proposition 2 Theorem 

,Jf a straight line is divided into any two parts, the 
square on the whole line is equal to the , sum of the rectangles 
tontained by the whole line and each of the parts 

A C B 


D F E 

Let tlie straight line AB be dmded at C into the two 
parts AC, CB 

then shall the sq on AB he equal to the sum of the 
rects contained by AB, AC, and by AB, BC 

On AB describe the squaie ADEB I 46 

Through C draw CF par 1 to AD j 31 

Now the fig AE is mode up of the figs AF, CE 
and of these, 

the fig AE is the sq on AB Conslr 

and the fig AF is the rectangle contained by AB, AC , 
for the fig AF is contained by AD, AC, and AD = AB; 
also the fig CE is the rectanglo contained by AB, BC , 
for the fig CE is contained by BE, BC, and BE=AB 
the sq on AB = the sum of the rects contained by 
AB, AC, and by AB, BC q e.d 


CORRESPONDING ALGEBRAICAL IORJ1ULA 

The result of tins proposition may ho written 
AB 8 =AB AC+AB BC 

Let AC contain a units of length, and let CB contain 6 units, 
then AB=a+6, 

and wo have [a+h)i={a+V)a+(a+h)l > 
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^Proposition 3 Theorem 

If a straight line is divided mto any tioo parts, the 
rectangle contained by the whole and one of the parts is 
equal to the square on that part together xoith the rectangle 
contained by the two parts 

A C B 


F D E 

Let the stiaight line AB be divided at C into the two 
parts AC, CB 

then shall tho rect contained by AB, AC be equal to the 
sq on AC togethei with the lect contained by AC, CB 

On AC describe the square AFDC , I 46 

and through B draw BE par 1 to AF, meeting FD produced m E 

I 31 

Now the fig AE is made up of the figs AD, CE , 
and of these, 

the fig AE=the rect contained by AB, AC , 
for AF ss AC , 

and tlie fig AD is the sq on AC , Gonstr. 
also the fig CE is the rect contained by AC, CB , 
for CD = AC. 

the lect contained by AB, AC is equal to the sq on 
AC together with the rect contained by AC, CB qed 

CORRESPONDING ALGEBRAICAL FORMULA 

This result may be written AB AC = AC 2 -f- AC CB 
Let AC, CB contain a and 6 units of length respeotively, 
then AB=a+6, 
and we bale (a + b)a=a? + ab 

Nora It should ho observed that Props. 2 and 3 are special cases 
of Prop, 1 
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Proposition 4 Theorem. 

If a stimght line is divided into any two parts, the 
squat e on the whole line is equal to the mm of the squares 
on the two pat ts together with twice the rectangle contained 
by the two parts 



Let the stmglit line AB l>e divided at C into the 
two parts AC, CB 

then shall the sq on AB he equal to the sum of the 
sqq on AC, CB, together with twice the rect AC, CB 

On AB describe the square ADEB , I 46 

and join BD 

Through C draw CF par 1 to BE, meeting BD in G i 31 
Through G diaw HGK par 1 to AB 


It is first required to shew that the fig CK is the 
sq on BC 


Because the straight line BGD meets the par 1 * CG, AD, 
the ext angle CGB = the mt opp angle ADB i 29 
But AB = AD, being sides of a squaie, 

the angle ADB = the angle ABD ; I 5 

the angle CGB = the angle CBG 


CB CG j (J 

And the opp sides of the par* CK are equal , i 34. 
the fig CK is equilateral, 
and the angle CBK is a nglit angle , Def 28. 
. CK is a square, and it is described on BC I 46, Cor 


Similarly the fig HF is the sq. on HG, that is, the so 
on AC, , n 


for HG - the opp side AC 


I. 34. 




V * 


BOOK II. PROP 4 127 

Again, the complement AG = the complement GE I 43 

But the fig AG = the rect AC, CB , for CG = CB 
. the two figs. AG, GE = twice the rect AC, CB 

*Now the sq on AB = the fig AE 
’ =the figs HF, CK, AG, GE 

j = the sqq on AC, CB together with 

twice the rect AC, CB 

the sq on AB = the sum of the sqq on AC, CB with 
twice the rect AC, CB qed 

* Bor the purpose of oial woik, this step of the proof 
may conveniently he arranged as follows 

Now the sq on AB is equal to the fig AE, 

that is, to the figs HF, CK, AG, GE, 
that is, to the sqq on AC, CB togethei 
•with twice the rect AC, CB 

s 

Corollary. Parallelograms about the diagonals of a 
square are themselves squares 


corrlspondikg alglbraical formula 

The result of this important Proposition may bo written thus 
AB 2 =AC 2 +CB 2 +2AC . CB 
I<et AC=o, and CB=&, 

thenAB=a+6, 

Z/®+ 2ab 


ti 


and we havo 
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eoclid’s elements 


Proposition 5 Theorem 


If a straight line is divided equally and also unequally, 
the rectangle contained hy the unequal pat ts, and the square 
on the line beliceen the points of section, ai e together equal to 
the square on half the line 



Let the straight line AB be divided equally at P, and 
unequally at Q 

then the rect. AQ, QB and the sq on PQ shall be to- 
gethei equal to the sq on PB 

On PB describe the square PCDB i 46 

Join BC 

Through Q draw QE pai 1 to BD, cutting BC m F I 31 
Through F draw LFHG par 1 to AB 
Through A diaw AG par 1 to BD 
Now the complement PF = the complement FD i 43 
to each add the fig QL, 
then the fig PL = the fig QD 
But the fig PL = the fig AH, for they are par ms on 
equal bases and between the same pai 1 ’ I 36 

the fig AH = the fig QD 
To each add the fig PF, 
then the fig AF = the gnomon PLE 
Now the fig AF=the rect. AQ, QB, foi QB = QF, 
the rect AQ, QB = the gnomon PLE 
To each add the sq on PQ, that is, the fig HE, n 4 
then the rect AQ, QB with the sq on PQ 

= the gnomon PLE with the fig HE 
=tlie whole fig PD, 
which is tlio sq on PB 
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That ,is, the rect AQ, QB and the sq on PQ are together 
equal to the sq on PB qed 

Couollary From this Proposition it follows that the 
diffei ence of the squares on two straight Vines is equal to the 
‘ rectangle contained by their sum, and difference 

For let X and Y be the given A. P Q B 

st lines, of which X is the greater * 1 

Draw AP equal to X, and pro- X — 

dnce it to B, making PB equal to Y 
AP, that is to X 

From PB cut off PQ. equal to Y. 

Then AQ is equal to the sum of X and Y, 
and QB is equal to the difference of X and Y 
Now because AB is divided equally at P and unequally at Q, 

. the rect AQ, QB with sq on PQ=the sq on PB, n 5 
that is, the difference of the sqq on PB, PQ=the rcct AQ, QB, 
or, the difference of the sqq on X and Y=the rect contained by the 
sum and the difference of X and Y 


CORRESPONDING ALGEBRAICAL FORM CL A 

This result may be written 

AQ QB + PQ 2 =PB 2 . 

Let AB=2a , and let PQ =b , 

then AP and PB each = a 
Also AQ =a+b, and QB=a-b 

Hence we have 

(a + b) (a-b) + b 3 =a-, 
or [a+b) [a-b)—a?-b z . 

EXERCISE 

In the above figure shew that AP is half the sum qf AQ and QB j 
and that PQ is half their difference 
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CORRESPONDING ALGEBRAICAL FORMULA 

Tlus result may he written 

AQ QB + PB2=Pd 3 
Lot AB=2a , and let PQ.=b, 

then AP and PB eaeh=a < 

Also AQ=a+l>, and QB=b-a 

Hence wo have 

(a+b)(b-a)+a?=b\ 
or (b+a) (b-a) = b-~ cfi 


Deiimtioh If a point X is taken in a straight line AB, or in AB 
produced, the distances of the 

point of section from the ex- A * B 

tremities of AB are said to be 
the segments into which AB is 

divided at X V g y 

In the former case AB is 
divided internally, in tho latter case externally 

Thus in the annexed figures the segments into which AB is 
divided at X are the lines XA and XB 

This definition enables us to include Props, 5 and G m a single 
Enunciation 

If a straight line is bisected, and also divided ( internally or ex- 
ternally) into two unequal segments, the rectangle contained by the un- 
equal segments is equal to the difference of the squares on half .the line, 
and on the line between the points of section 


EXERCISE 

Shew that the Enunciations of Pi ops 5 and G may take the 
following form 

The rectangle contained by two straight lines is equal to the differ- 
ence of the squares on half their sum and on half their diffeicnce 

, [See Ex , p 129 ] 


9-2 
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tUCLID’s ELEMENTS 


Proposition 7 Theorem 

Jf a straight line is divided into any two parts , the sum 
of the squares on the whole line and on one of the parts 
is equal to twice the rectangle contained by the whole and 
that jjart, together with the square on the other pat t 


A C B 



Lot the stiaight line AB be divided at C into £he two 
parts AC, CB 

then shall the sum of the sqq on AB, BC be equal to 
twice the rect. AB, BC together with the sq on AC 

On AB describe the squaio ADEB I 46 

Join BD 

Through C draw CF par 1 to BE, meeting BD in G I 31 
Through G draw HGK par* to AB 

Now the complement AG = the complement GE , I 43 
to each add the fig CK 
then the fig AK = the fig CE 
But the fig AK= the rect AB, BC, for BK = BC 
the two figs AK, CE = twice the rect AB, BC 
But the two figs AK, CE make up the gnomon AKF and the 
fig CK 

the gnomon AKF with the fig CK = twice the rect AB, BC 
To each add the fig HF, which is the sq on AC 
then the gnomon AKF with the figs CK, HF 

= twice the rect AB, BC with the sq on AC 
Now the sqq on AB, BC = the figs. AE, CK 

— the gnomon AKF with tho 
figs CK, HF * 

= twice the rect. AB, BC with 
the sq on AC 
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CORRESPONDING ALGEBRAICAL FORMULA 

The result of this proposition may be written 
AB 2 + BC 2 =2 AB BC+AC 2 
Let AB=<i, and BC=b, thenAC=a-b 
Hencewehave a- -\-l£=2ab + (a - b)-, 

or ( a - b)~=a- - 2ab -f- b 2 . 

Proposition 8 Theorem 

If a straight line he divided into any two 'pan ts, four 
times the rectangle contained hy the whole line and one of 
the parts t, together with the square on the other part, is equal 
to the square on the straight line which is made up of the 
whole and that part 

[As this proposition is of little importance we merely give the 
figure, and the leading points in Euclid’s proof ] 

Let AB be divided at C A C B D 

Produce AB to D, making BD equal 
to BC 

On AD describe the square AEFD, 
and complete the construction as in- 
dicated m the figure 

Euclid then proves (i) that the figs 
CK, BN, GR, KO are all equal 

(u) that the figs AG, MP, PL^ RF are all equal 
Hence the eight figui es named above are four times the 
sum of the figs AG, CK , that is, four times the fig AK , 
that is, four times the lect AB, BC 

But the whole fig AF is made up of these eight figures, 
together with the fig XH, which is the sq on AC 

hence the sq. on AD = four tmies the rect AB, BC, 
together with the sq on AC q e D. 



The accompanying figure will suggest a 
less cumbrous proof, which we leave as an 
Exercise to the student. 

/ / ./ / ' ‘ 2" i f 

[it I'-l j — -Qit - {/ ' ~ uf 
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eucud’s elements 


Proposition 9 Theorem 

If a straight line is divided equally and also unequally, 
the sum of the squares on the two unequal parts is twice 
the sum of the squares on half the hue and on the line 
between the points of section 



Let the straight lmo AB be divided equally at P, and 
unequally at Q 

then shall the sum of the sqq on AQ, QB he twice the 


sum of the sqq on AP, PQ. 

At P draw PC at rt angles to AB , ill 

and make PC equal to AP or PB I 3 

Join AC, BC 

Through Q. diaw CD par 1 to PC, I 31 

and through D draw DE par 1 to AB 
Join AD 

Then since PA = PC, Conslr 

the angle PAC = the angle PCA i 5 

And since, m the tuanglo A PC, the angle APC is a rt 
angle, Gonstr 

the sum of the angles PAC, PCA is a rt angle I 32 


hence each of the angles PAC, PCA is half a rt angle 
So also, each of the angles PBC, PCB is half a rt angle 
* the whole angle ACB is a rt angle 
Again, the ext angle CED = the mt opp angle CPB, I 29 
the angle CED is a rt angle . 
and the angle ECD is half a rt angle Proved 
also the angle EDC is half a rt angle , i 32 
the angle ECD = the angle EDC, 

EC= ED i 6 
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Again, the ext angle DQB = the int opp angle CPB. i. 29. 
\ the angle DQB is a rt angle 
And the angle QBD is half a rt angle , Proved 
. also the angle QDB is half a rt angle I. 32 
• the angle QBD = the angle QDB , 

. QD = QB. I 6. 

Now the sq on AP = the sq on PC , for AP = PC Co\istr 
But the sq. on AC = the sum of the sqq. on AP, PC, 

for the angle A PC is a rt angle I 47. 

the sq on AC is twice the sq on AP 

So also, the sq on CD is twice the sq on ED, that is, twice 
the sq on the opp. side PQ. I. 34 

Now the sqq on AQ, QB = the sqq on AQ, QD 

= the sq on AD, for AQD is a rt 
angle, i 47 

= the sum of the sqq on AC, CD, 
for ACD is a rt angle ; I 47 
= twice the sq on AP with twice 
tliesq on PQ Pioved 

That is, 

the sum of the sqq on AQ, QB = twice the sum of the sqq 
on AP, PQ~ qed 


CORRESPONDING ALGEBRAICAL FORMULA 

The result of this proposition may ho written 
AQ 3 +QB 3 =2 (AP 3 +PQ 3 ) 

Let AB=2«, and PQ=& , 

then AP and PB each=a 
AlsoAQ=a+&, and QB=a-& 

Hence wo havo 


(«+&} 3 +(a-&) 3 =2(a 3 +& 3 ) 
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eucud’s elements 


Proposition 10 Theorem 

If a straight line is bisected and produced to any point, 
the sum of the squaies on the whole line thus produced, and 
on the part produced, is twice the sum of the squares on half 
the line bisected and on the line made up of the half and the 
part produced 


C 



Let the st line AB be bisected at P, and produced to Q 
then shall the sum of the sqq on AQ, QB bo twice tlve 
sum of the sqq on AP, PQ. 

At P draw PC at right angles to AB , ill 
and make PC equal to PA or PB I 3 

Join AC, BC 

Tlnougli Q draw QD pai' to PC, to meet CB produced 
m D , I 31 

and through D draw DE par 1 to AB, to meet CP produced 
in E 

Join AD 

Then since PA = PC, Constr 

the angle PAC = the angle PCA t i 5 

And since in. the triangle APC, the angle APC is a rt angle, 
the sum of the angles PAC, PCA is a rt angle i 32 
Hence each of the angles PAC, PCA is half a rt.. angle 
So also, each of the angles PBC, PCB is half a rt angle 
the whole angle ACB is a rt angle 

Again, the ext angle CPB = the int opp angle CED i 29 
the angle CED is a rt angle 
and the angle ECD is half a rt angle Proved 
the angle EDC is half a rt angle I 32 

the angle ECD = tlie angle EDC , 

EC = ED i G 
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Again, the angle DQB = the alt angle CPB i 29. 

. . the angle DQB is a rt angle 
Also the angle QBD = the vert opp angle CBP , i 15. 
that is, the angle QBD is half a rt angle 

.* the angle QDB is half a rt angle . I 32 
. the angle QBD = the angle QDB ; 

QB = QD I. 6 

Now the sq on AP = the sq on PC , for AP = PC. Const') 
But the sq on AC = the snm of the sqq on AP, PC, 

fbr the angle APC is a rt angle I 47 

the sq on AC is twice the sq on AP 
So also, the sq on CD is twice the sq on ED, that is, 
twee the sq on the opp side PQ. I 34 

Now the sqq on AQ, QB =the sqq on AQ, QD 

' = the sq on AD, for AQD is a rt 

angle , i 47 

= the sum of the sqq on AC, CD, 
for ACD isart angle ; 1 47 

= twice the sq on AP with twice . 
the sq on PQ. Proved 

That is, 

the sum of the sqq on AQ, QB is twice the sum of the sqq 
on AP, PQ. QED 


COBBESPOXDIXG ALGEBRAICAL FORMULA, 

* 

The result of this proposition may be written 
1 AQ 2 +BQ 2 =2 (AP 2 + PQ 2 ) 

Let AB=2a, and PQ=6 , 

, then AP and PB each=a. 

Also AQ=a+6, and BQ=b — a 
Hence we have » 

(tt+l») 2 +(l»-o)2= 2 (a 2 +l> 2 ) 


EXERCISE 

Shew that the enunciations of Props 9 and 10 may take the 
following form 

The sum of the squares on two straight hues is equal to twice the 
sum of the squares on half their sum and on half, their difference 
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EUCLID'S ELEMENTS 


Proposition 11. Pboblem 

To divide a given straight line into two parts, so that 
the rectangle contained by the whole and one part may be 
equal to the square on the other part 



Let AB be tlie given straight lme 
It is required to divide it into two parts, so that the 
rectangle contained by the whole and one part may be 
equal to the square on the other part 


On AB describe the square ACDB I 46 

Bisect AC at E i 10 

Join EB 

Produce CA to F, malong EF equal to EB I 3 
On AF describe the square AFGH I 46 


Then shall AB be divided at H, so that the rect AB, BH is 
equal to the sq on AH 

Produce GH to meet CD in K 

Then because CA is bisected at E, and produced to F, 
the rect CF, FA with the sq on AE = the sq on FE n 6 

= the sq on EB Conslr 

But the sq on EB =the sum of the sqq on AB, AE, 

for the angle EAB is a rt angle I 47 

the rect CF, FA with the sq on AE = the sum of the 
sqq on AB, AE. 
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But the rect CF, FA = the fig FK ; foi FA = FG , 
and the sq on AB = the fig AD Constr 

. the fig FK = tliefig AD 
From these take the common fig AK, 
then the remaining fig FH = the remaining fig HD. 
But the fig HD = the rect AB, BH, for BD = AB , 
and the fig FH is the sq on AH 
• the rect AB, BH = the sq on AH q.e f 


Defikitiox A straight line is said to he divided in Medial Section 
■when the rectangle contained by the given line and one of its segments 
is equal to the square on the other segment 

The student should observe that this division may be internal or 
external 

Thus if the straight fine AB is divided internally at H, and ex- 
ternally at H', so that 
AB BH =AH 2 


u) AB BH'=AH 


i H 


H B 


we shall m either case consider that AB is divided m medial section 
The case of internal section is alone gi\en m Euchd n 11 , but a 
straight line may be divided externally m medial section by a similar 
process See Ex 21, p 14G 


i 


ALGEBRAICAL ILLUSTRATION. 

It is required to find a point H m AB, or AB produced, such that 
AB . BH = AH 2 

Let AB contam a units of length, and let AH contain x units, 
then HB =a-x 

and x must be such that a (a - x) = -i- 2 , 
or x 2 +ax-a , =0 

Thus the construction for dividing a straight line m medial section 
corresponds to the algebraical solution of tins quadratic equation 

EXERCISES 

In the figure of n 11, shew that 

(i) if CH is produced to meet BF at L, CL is at light angles 
to BF * 

(u) if BE and CH meet at O, AO is at right angles to CH * 

(in) the fines BG, DF, AK are parallel . 

(iv) CF is divided in medial section at A t 
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euclid’b elements 


Proposition 12 Theorem. 

In an obtuse angled triangle, if a perpendicular is 
drawn from eithei of the acute angles to the opposite side 
jrraduccd, the square on the side subtending the obtuse angle is 
gi eater than the squares on the sides containing the obtuse 
angle, by tioice the rectangle contained by the side on which, 
when produced, the perpendicular falls, and the line inter- 
cepted without the triangle, between the perpendicular and 
the obtuse angle 



Let ABC be an obtuse-angled triangle, having the obtuse 
angle at C , and let AD bo di awn fiom A perp to BC 
produced 

then shall the sq on AB be gieatei than the sqq on 
BC, CA, by twee the rect BC, CD 

Because BD is divided into tivo parts at C, 
the sq on BD =the sum. of the sqq on BC, CD, with twice 
the rect BC, CD u 4 

To each add the sq on DA 

Then the sqq on BD, DA = the sum of tlie sqq on BC, CD, 
DA, with twioe the rect BC, CD 
But the sum of the sqq on BD, DA = the sq on AB, 

for the angle at D is a it angle 1 47 

Similarly the sum of the sqq on CD, DA = the sq on CA 

tlie sq on AB = the sum of the sqq on BC, CA, n ith 
twice tlie rect BC, CD 

That is, the sq ,on AB is greatei than the sum of the 
sqq on BC, CA by twice the rect BC, CD Q E D 

[For alternate e Enunciations to Props 12 and 13 and Exercises 
see p 142 ] ’ 
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Proposition 13. Theorem 

In eiei y triangle the squat e on the Side subtending an 
acute angle, is less than the squares on the sides containing 
that angle, by twice the rectangle contained by either of these 
sides, and the straight line intercepted behcecn the perpeiv- 
dicular let fall on it from the opposite angle, and the acute 
angle 



Let ABC be any timnglc having the angle at B an 
acute angle , and let AD bo the perp drawn from A to the 
opp. side BC : 

then shall the sq on AC be less than the sum of the 
sqq on AB, BC, by twice the rect CB, BD 
Now AD may fall within the triangle ABC, as m Pig 1, or 
without it, as in Fig 2. 

Because ^ BC * s divided into two parts at D, 

{in Fig 2 BD is divided into two parts at C, 
in both cases, 

the sum of the sqq on CB, BD = twice the lect CB, BD with 
the sq on CD. n. 7 

To each add the sq on DA 

Then the sum of the sqq. on CB, BD, DA = twice the rect 
CB, BD with the sum of the sqq on CD, DA. 

But the sum of the sqq on BD, DA = the sq on AB, 

for the angle ADB is a rt angle I 47. 

Similarly the sum of the sqq on CD, DA = the sq on AC 
. . the sum of the sqq. on AB, BC, = twice the rect CB, BD, 
- with the sq, on AC. 

That is, the sq on AC is less than the sqq on AB, BC 
by twice the rect. CB, BD. q e d. 
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I-UCUd’s riilJSIBSlB 


O&s If the perpendicular AD coincide s with AC, that is, if ACB 
is a nght angle, it may bo shewn tliat the proposition merely repeats 
the rosult of i 47 

Note The result of Prop 12 may ho written 
AB 2 = BC 2 +CA 2 *2BC CD 

Remembering the definition of tho Projection of a straight lino 
given on page 97, tho student will soo that this proposition may bo 
enunciated as follow s 

In an obtuse angled tnanglc the square on the side opposite the 
obtuse angle is greater than the sum of the squares on the sides contain- 
ing the obtuse angle by twice the rectangle contained by either of those 
sides, and the projection of the other side upon 1 1 

Prop 13 may be written 

AC 2 =AB 2 +BC 2 -2CB BD, 
and it may nlso be enunciated ns follows 

In every triangle the square on the side subtending an acute angle, 
is less than the squares on the sides containing that angle, by twice the 
rectangle contained by either of these sides, and the projection of the 
other side upon it 


1AXUCISES 

The following theorem should bo noticed, it is proved by tho help 
ofn 1 

1 If four points A, B, C, D me tal cn in order on a straight line, 
then will 

AB CD+BC AD=AC BD 
ON II 12 AND 13 

2 If from one of the base angles of an isosceles triangle a per- 
pendicular is drawn to tho opposite side, then twice the rectanglo 
contained hy that side and tho segment adjacent to the base is equal 
to tho square on the base 

3 If one angle of a triangle is one third of two nght angles, 

shew that tho square on the opposite side is less than the sum of° the 
squares on the sides forming that angle, by the rectangle contained by 
theso two sides [See Ex 10, p 101 ] 

4. If one angle of a triangle is two-thirds of two nght angles 
shew that the square on tho opposito Bide is greater than the squares 
on tho sides forming that angle, by the reotangle contained by these 
Bldcs [See Ex 10, p 101] 



BOOK II PROP. 14 


143 


Proposition 14 Problem 

To desci ibe a square that shall he equal to a given recti- 
lineal figure 



Let A be tbe given lectilineal figuie 
It is required to describe a square equal to A 

Describe the par m BODE equal to the fig A, and having 
the angle CBE a right angle I 45 

Then if BC = BE, the fig BD is a square , and what was 
required is done 

But if not, produce BE to F, making EF equal to ED, I 3 
and bisect BF at G I 10. 

Prom centie G, with radius GF, describe the semicncle BHF 
produce DE to meet the semicircle at H 
Then shall the sq on EH.be equal to the given fig A 

Join GH 

Then because BF is divided equally at G and unequally 
at E, 

the rect BE, EF with the sq on GE = the sq on GF II 5 

= the sq on GH 

But the sq on GH = the sum of the sqq on GE, EH , 

for the angle HEG is a rt angle i 47 

the rect BE, EF with the sq on GE = the sum of the 
sqq on GE, EH. 

Prom these take the sq on GE : 
then the rect BE, EF = the sq on HE 
But the lect BE, EF = the fig BD ; for EF = ED , Gonstr. 

and the fig BD = the given fig A. Constr. 
.• the sq. on EH •= the given fig A. q e f. 
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ETJCIiID’b EIiEHEKTS 


THEOREMS AND EXAMPLES ON BOOK II 
ON II i AND 7 

1 Shew by n 4 that the square on a straight line is four times 
the square on half the line 

[This result is constantly used in solving examples on Book ir, 
especially those which follow from n 12 and 13 ] 

2 If a straight line is divided into any three parts, the square on 
the whole line is equal to the sum of the squares on the throe parts 
together with twice the rectangles contained by each pair of these 
parts 

Shew that the algebraical formula corresponding to tliiB theorem is 
(a+6+c) s =a 2 +6 4 +c s +2&c+2cn+2a6 

3 In a right angled triangle, if a perpendicular n drawn from the 
right angle to the hypotenuse, the square on this perpendicular is equal 
to the rectangle contained by the segments of the hypotenuse 

4 In nn isosceles tnauylo, if a perpendicular bo drawn from one 
of the angles at the bnse to the opposite side, Bhew that the square on 
the perpendicnlnr is equal to twieo the rectangle contained by the 
segments of that side togother with the square on the Begment 
adjacent to the base 

6 Any rectangle is half the rectangle contained by the diagonals 
of the squares described upon its two sides 

6 In any triangle if a perpendicular is drawn from the vertical 
angle to the base, the sum of the squares on the sides forming that 
angle, togother with twice the rectangle contained by the segments of 
the base, is eqnal to the square on the base together with twice the 
square on the perpendicular 


ON II 6 AND 6 

The student is reminded that these important propositions are 
both included in the following enunciation 

, The difference of the squares on two straight lines is equal to the 
rectangle contained by their sum and difference 

7 In a right-angled triangle the square on one of the sides form- 
ing tho right angle is eqnal to the reotangle contained by tho sum and 
difference of the hypotenuse and the other side, [r 47 and n 5 ] 
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8 The difference of the sguares on two sides of a triangle is equal 
to twice the rectangle contained by the base and the intercept between 
) the middle point of the base and the foot of the perpendicular drawn 
from the vertical angle to the base 

Let ABC be a tnangle, and let P bo the middle point of the base 
BC . let AQ be drawn perp to BC 

Then shall AB 2 - AC a =2BG PC 



Now AB a = BQ. a +QA a , x 47 

also AC 2 =GtC J +QA a , 

AB 2 -AC 2 =BQ 2 -GtC a Ax 3 

=(BQ + QC) (BQ — QC) xi 5 

= BC 2PQ Ex l,p 129 

=2BC PQ QED 

The case in which AS falls outsido the triangle presents no 
difficulty. 

9 The square on any straight line drawn from the vertex of an 
isosceles tnangle to the base is less than the square on one of the equal 
sides by the rectangle contained by the segments of the base. 

10 The square on any straight line drawn from the vertex of an 
isosceles tnangle to the base produced, is gieater than the square on 
one of the equal sides by the rectangle contained by the segments into 
which the base is divided externally ' 

11 If a straight line is drawn through one of the angles of 
an equilateral tnangle to meet the opposite side produced, so that the 
rectangle contained by the segments of the base is equal to the square 
on the side of the tnangle ; show that the square on the line so drawn 
is double of the square on a side of the tnangle 

12 If XY be drawn parallel to the base BC of an isosceles 
tnangle ABC, then the difference of the squares on BY and CY is 
equal to the rectangle contained by BC, XY [See above, Ex 8 j 

13 In a nght-angled triangle, if a perpendicular be drawn from 
the nght angle to the hypotenuse, the square on either side fo rming 
the right angle is equal to the rectangle contained by the hypotenuse 
and the segment of it adjacent to that side. 


H. E. 


10 
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Euclid's elements 


ON II 9 AND 10 

14 Deduce Prop 9 from Props 4 and 5, using also the theorem 
that the square ou a straight line is four times the square on half the 
line 

15 Deduce Prop 10 from Props 7 and 6, using also the theorem 
mentioned in tho preceding Exercise. 

16 If a straight lino is divided equally and also unequally, the 
squares on the two unequal segments are together equal to twice tho 
rectangle contained by these segments together with four tunes the 
square on tho line between tho points of section 

ON II 11 

17 If a straight line t* divided internally in medial section, and 
from the greater segment apart he talcn equal to the less, them that 
the greater segment is also divided in medial section 

13 If a straight line is divided m medial section, the rectangle 
contained by the sum and difference of the segments ib equal to 
tho rectangle contained by the segments 

19 If AB is divided at H in medial section, and if X is the 
middle point of tho greater segment AH, shew that a triangle whose 
sides arc equal to AH, XH, 8X respectively must be right-angled. 

20 If a straight lmo AB is divided internally in medial section at 
H, provo that tho sum of tho squares on AB, BH is three tunes the 
square on AH. 

21 Divide a straight line externally in medial section 

[Proceed os m n 11, hut instead of drawing EF, make EF' equal 
to EB in tho direction remote from A, and on AF' describe the square 
AF'G'H' on tho side remote from AB Then AB will bedmded exter- 
nal!} at H as required ] 


ON II 12 AND 13 


22 In a triangle ABC the angles at B and C arc acute, if E and 
F am the feet of perpendiculars drawn from the opposite angles to the 
sides AC, AB, shew that the square on BC is equal to the sum of tho 
rectangles AB, BF and AC, CE. 


23 ABC is a tnanglo right-angled at C, and DE is drawn from 
a point D in ^AC perpendicular _to AB Bhew that the rectangle 


AB, AE is equal to the rectangle AC, AD 
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, 24 In any triangle the sum of the squares on two sides is equal to 

twice the square on half the third side together with twice the square on 
the median which Insects the thud side 



Let ABC be a triangle, and AP the median bisecting the Bide BC 
Then shall AB 2 + AC 2 =2 BP 2 f-2AP s 

Draw AQ perp to BC 

Consider the case in which AQ falls within the triangle, but does 
not coincide with AP. 

Then of .the angles APB, APC, one must be obtuse, and the other 
acute, let APB be obtuse . 

Then in the a APB, AB 2 =BP 2 hAP 2 +2BP.PQ n 12 

Also in the a APC, AC 2 =CP 2 + AP 2 -2CP PQ n 13 

But CP = BP, 

• CP 2 =BP 2 , and the rect BP, PQ=tliereet CP, PQ 
Hence adding the above results 
AB 2 + AC 3 =2 . BP 2 +2 AP 3 qed 

The Btudent will have no difficulty in adapting this proof to the 
cases m which AQ falls without the triangle, or coincides with AP. 

^ 25 The sum of the squaics on the sides of a parallelogram is equal 
to the sum of the squares on the diagonals 

26 In any quadrilateral the squares on the diagonals aie toge- 
ther equal to twice the sum of the squares on the straight lines join- 
ing the middle points of opposite sides [See Ex 9, p 97.] 

27. If from any point within a rectangle stiaight lines aie drawn 
to the angular points, the sum of the squares on one pair of phe hues 
drawn to opposite angles is equal to the sum of the squares on the 
other pair. 

28 The Bum of the squares on the sides of a quadrilateral is 
greater than the sum of the squares on its diagonals by four times 
the square on the straight line whioh joins the middle points of the 
diagonals 

29. ,0 is the middle pomt of a given straight hne AB, and from 
O as centre, any circle is described if P be any point on its circum- 
ference, shew that the sum of the squares on AP, BP is constant. 
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30 Given the base of a triangle, and the sum of the squares on 
the sides forming the vertical angle, find the locus of the vertex 

31 ABC is an isosceles triangle in which AB and AC are eqnal 
AB is produced beyond the base to D, so that BD is equal to AB. 
Shew that the square on CD is equal to the square on AB together 
with twice the square on BC 

32 In a right angled triangle the sum of the squares on the 
straight hues drawn from the right angle to the points of bi- 
section of the hypotenuse is equal to five times the square on the 
line between the points of tnsechon 

33 Three times the sum of the squares on the Bides of a tri- 
angle is equal to four tunes the sum of the squares on the medians 

34 ABC is a triangle, and O the point of mtersectaon of its 
medians shew that 

AB-+ BC 3 +CA S =:3 (OA s + OB-+ OC s ) 

33 ABCD is a quadrilateral, and X the middle point of the 
straight line joining the bisections of the diagonals , with’ X as centre 
any circle is described, and P is any point upon this circle shew that 
PA 2 + PB 2 + PC 2 + PD 2 is constant, being eqnal to 
XA 2 +XB a +XC 2 +XD 2 +4XP 2 

30 The squares on the diagonals of a trapezium are together 
equal to the sum of the squares on its two oblique sides, with twice 
the rectangle contained by its parallel sides 

PROBLEM B 

37 Construct a rectangle equal to the difference of two squares 

38 Divide a given straight hue into two parts so that the rect- 
angle contained by them may bo equal to the square described on a 
given straight line which is less than half the straight line to be 
divided 

39 Given a square and one side of a rectangle which is equal 
to the square, find the other side 

40 Produce a given straight line so that the rectangle contained 
by the whole line thus produced, and the part produced, may he 
equal to tho squaro on half the hue 

41 Produce a given straight line so that the rectangle con- 
tained by the whole lino thus produced and the given line bo 
eqnal to a given square 

42 Divide a straight line AB into two parts at C, such that the 
rectangle contained by BC and another lmo X may bo equal to the 
squaro on AC 


CAHsaiDor rnmxDHTC J ctvt.s a a-jd sova, at the i vivcKiTrrRRssT 
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BOOK nt 

Book IH. deals with the properties of Circles 
Defisttioxs 

1. A circle is a plane figure bounded 
by one line, which is called the circum- 
ference, and is such that all straight lines 
drawn from a certain point within the 
figure to the circumference are equal to 
one another: this point is called the centre 
of the circle. 

2. A radius of a circle is a straight line drawn from 
the centre to the circumference 

3. A diameter of a circle is a straight line drawn' 
through the centre, and terminated both ways by the 
circumference. 

4. A semicircle is the figure bounded by a diameter 
of a circle and the part of the circumference cut oil by the 
diameter. 

From these definitions we draw the following inferences: 

(i) The distance of a point from the centre of a circle is less than 
the radios, if the point is within the circumference and the distance 
of a point from the centre is greater than the radius, if the point is 
without the circumference 

(u) A point is within a circle if its distance from the centre is 
less than the radius • and a point is without a circle if its distance 
from the centre is greater than tho radius 

(hi) __ Circles of equal radius are equal m all respects; that is to 
say, their areas and circumferences are equal. 

(iv) A circle is dmded by any diameter into two parts which are 
equal m all respects 

1L E. 
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EUCLID’S ELEMENTS 


5 Circles which have the same centre are said to be 
concentric 

6 An arc o£ a circle is any part o £ the circumference 


7. A chord of a circle is the straight line which joins 
any two points on the circumference 


From these definitions it may he seen that n 
chord of a circle, which does not pass through 
the centre, divides the circumference into two 
unequal arcs, of these, the greater is called tho 
major arc, and tho less the minor arc Thus 
the major aro is greater, and tho minor aro left 
than the somicircumfcrence 

Tho major and minor arcs, into which a cir- 
cumference is divided by a chord, aro said to bo 
conjugate to one another. 

8 Chords of a circle are said to he 
equidistant from the centre, when the 
perpendiculars drawn to them from the 
centre are equal 

and one chord is said to be further from 
the centre than another, when the per- 
pendicular drawn to it from the centre is 
greater than the perpendicular drawn to 
the other 


9 A secant of a circle is a straight 
line of indefinite length, which cuts tho 
circumference in two points. 



10 A tangent to a circle is a straight 
line which meets the circumference, but 
being produced, does not cut it Such a 
line is said to touch the circle at a pomt, 
and the point is called the pomt of 
contact 
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If a secant, which cuts a circle at^tha 
points P and Q, gradually changes its position 
m such a way that P remains fixed, the point 
Q. will ultimately approach the fixed point P, 
until at length these points may be made to 
coincide ‘When the straight line PQ reaches 
this limiting position, it becomes the tangent 
to the circle at the point P. 

Bence a tangent may be defined as a 
straight line which passes through two coinci- 
dent points on the circumference. 

11. Circles are said to touch, one another ■when they 
meet, but do not cut one another 



"When each of the circles whioh meet is outside the other, they are 
said to touch one another externally, or to have external contact 
when one of the circles is within the other, they are said to touch one 
another Internally, or to have Internal contact 

12 A segment o£ a circle is the figure bounded by a 
chord and one of the two arcs into which the chord divides 
the circumference. 



The chord of a segment is sometimes called its base. 

11—2 
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13 An angle in a segment is one 
formed by two straight lines drawn from 
any point m tlie arc of the BCgment to 
the extremities of its chord. 



[It will bo shewn m Proposition 21, that all angles m tho same 
segment of a circle arc equal ] 


14 An angle at tho circumference 
of a circle is one formed by straight lines 
drawn from a point on tho circumference 
to the extremities of an arc such an 
angle is said to stand npon tho arc, w Inch 
it subtends 



15 Similar segments 
of circles are those winch 
contain equal angles 




16 A Bector of a circle is a figure 
bounded by two radii and tho arc inter- 
cepted between them 



Symbols and Abbreviations 

In addition to tho symbols and abbreviations giicn on 
page 10, wo shall use tho following. 

O for circle, O ze for circumference 
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Proposition 1. Problem. 
To find the cento e of a given circle 


A 


Let ABC be a given circle 
it is requued to find its centre. 

In tlic given circle draw any chord AB, 

and bisect AB at D. I. 10. 

Prom D draw DC at right angles to AB; I 11. 
and produce DC to meet the O co at E and C 

Bisect EC at F. I. 10. 

Then shall F he tlvo centre of the O ABC. 

Past, the centre of the cncle must he in EC : 
for if not, let the centie he at a point G without EC. 
Join AG, DG, BG. 

Then in the A* GDA, GDB, 

DA=DB, Gonstr. 

Because ■ and GD is common; 

and GA=GB, for by supposition they are radii; 

. » the L GDA = the L GDB; I 8. 

* these angles, being adjacent, are rt angles. 

But the L CDB is a rt. angle ; Gonstr. 

. the L GDB = the L CDB, Ax 11. 

the part equal to the whole, which is impossible. 

.* G is not the centre. 

So it may ho shewn that no point outside EC is the centre , 
.'. the centre lies in EC. 

* F, the middle point of the diameter EC, must he the 
centre of the © ABC. q e p 

Corollary. The straight hne which bisects a chord of 
a circle at right angles passes through the centre . 

[For Exorcises, see page ICC ] 
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Proposition 3 Tiieorem. 

Jf a straight line drawn through the centre of a circle 
bisects a chord which does not pass th ough the centre , it shall 
cut it at right angles • 

and, conversely, if it cut it at i ight angles , it shall bisect it. 

B 


A 


Let ABC be a circle ; and let CD be a st line dra-wn 
through the centie, and AB a chord ■which does not pass 
through the centre. 

First. Let CD bisect AB at F : 

then shall CD cut AB at rt angles 
Bind E, the centre of the circle , in 1 

and join EA, EB. 

Then in the A 8 AFE, BFE, 

{ AF = BF, Hyp. 

and FE is common ; 
and AE= BE, being radii of the circle, 

* the L AFE = the L BFE, l 8. 

. . these angles, being adjacent, are rt. angles, 

that is, DC cuts AB at rt angles qcd 

Conversely. Let CD cut AB at rt angles : 

then shall CD bisect AB at F. 

_ As before, find E the centre , and join EA, EB. 

In the AEAB, because EA= EB, in Def 1. 

.' the L EAB = the L EBA I. 5 

* Then in the A 8 EFA, EFB, 

( the L EAF = the l EBF, Proved . 

Because 4 and the L EFA = the L EFB, being rt angles. Hyp 
( and EF is common; 

\ AF = BF. i 26. 

Q E D 




[For Exercises, see page 1S6 ] 
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EXEKCISFS 
on Pbopositios 1 

JlB two circles intersect at the points A, B, shew that the line 
which joins their centres bisects their common chord AB at right 
angles 

2 AB, AC are two eqnal chords of a circle, shew that the 
straight line which bisects the angle BAC passes through the centre. 

3 Tko chords of a circle are given in position and magnitude * 
find the centre of the circle 

4. Describe a circle that shall pass through three given points, 
•which are not in the same straight line 

5 find the locus of the centres of circles which pass through two 
gnen points 

6 Descnbo a circle that shall pass tlrrongh two given points, 
and have a gnen radios 


on Piioposrnov 2 

7 A straight line cannot cut a circle in more than two points 


o\ Pitorosmos 3 

f 

A 8 Through a given point within a circle draw a chord which 
shall he bisected at that point 

-i 9 The parts of a straight line intercepted between the circum- 
ferences of two concentric circles are equal 

*3> 10 The line joining the middle points of two parallel chords of a 
circle passes through the centre 

11 Find the locus of the middle points of a system of parallel 
chords drawn m a circle 

12 If two circles cut one another, any two parallel straight hues 
drawn through the points of intersection to cut the circles, are equal. 

13 PQ and XY aTe two parallel chords in n circle shew that 
the points of intersection of PX, Q.Y, and of PY, QX, he on the 
rw jc 11110 wludl P 3SSC3 through the middle points of the given 
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Proposition 4. Theorem 

Jf in a circle two chords cut one another , which do not 
loth pass through the centra they cannot both be bisected at 
their point of intersection. 



Xefc ABCD be a circle, and AC, BD two chords which 
intersect at E, bat do not both pass through the centre 
then AC and BD shall not be both bisected at E 

Case I. If one chord passes through the centre, it is 
a diameter, and the centre as its middle point; 

. . it cannot be bisected by the other chord, which by hypo- 
thesis does not pass through the centre. 

Case H. If neither chord passes through the centre, 
then, if possible, let E be the middle point of both; 
that is, let AE= EC, and BE = ED. 

Pind F, the centre of the circle hi. 1. 

Join EF. 

Then, because FE, which passes through the centre, . 
bisects the chord AC, Myp 

the l FEC is a rt angle m. 3 

And because FE, which passes through the centre, bi- 
sects the chord BD, Hyp. 

the L FED is a rt. angle 
the L FEC as the l FED, 

the whole equal to its part, which is impossible. 

.*. AC and BD are not* both bisected at E. qed, 

[For Exercises, see page 158 ] 
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Proposition 5 Theorem 

Jf two circles cut one another , they cannot have the same 
centre 



Let the two O* AGC, BFC cut one another at C 
then they shall not have the same centre 
For, if possible, let the two circles have the same centre, 
and let it be called E 


Join EC, 

and from E draw any st line to meet the 0““ at F and G 
Then, because E is the centre of the O AGC, Hyp 
EG = EC 

And because E is also the centre of the O BFC, Hyp 


EF=EC 
EG = EF, 

the whole equal to its part, which is impossible 
the two circles have not the same centra 

Q E D 


EXERCISES 
on Proposition 4 

1. If a parallelogram can be inscribed in a circle, the point of 
intersection of its diagonals must be at the centre of the circle 

2. Rectangles are the only parallelograms that can he inscribed 
in a circle 

on Proposition 6 

8 Two circles, which intersect at one point, must also intersect 
at another 
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Proposition 6. Theorem. 

If two circles touch one another internally , they cannot 
have the same centre 



Let the two O 8 ABC, DEC touch one another internally 
at C 

then they shall not have the same centre. 

For, if possible, let the two circles have the same centre , 
and let it be called F 

Join FC, 

and from F draw any st line to meet the O cls at E and B 

Then, because F is the centre of the O ABC, Hyp 
. FB = FC 

And because F is the centre of the O DEC, Hyp. 
FE = FC 

FB = FE, 

the whole equal to its part, which is impossible. 

. the two circles have not the same centre, q e.i> 

Note From Propositions 5 and 6 it is seen that circles, whose 
circumferences have any point in common, cannot he concentric, 
unless they coincide entirely, ' 

Conversely, the circumferences of concentric circles can have no 
point in common. 
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Proposition 7. Theorem 

If from any point within a circle which is not the centre, 
straight lines are drawn to the circumference, the greatest is 
that which passes through the centre , and the least is that 
which, when produced backwards, passes through the centre: 

and of all other such lines, that which is nearer to the 
greatest is always greater than one more remote . 

also two equal straight lines, and only two, can be drawn 
from the given point to the circumference, one on each side 
of the diameter 



Lot ABCD be a circle, 'nothin -which any point F is taken, 
■which is not the centre let FA, FB, FC, FG he drawn to 
the O c0 , of winch FA passes through E the centre, and FB is 
nearer than FC to FA, and FC nearer than FG and let 
FD be the line which, when produced backwards, passes 
tluough the centre then of all these st lines 
( 1 ) FA shall he the greatest, 

' (u) FD shall be the least, 

(in) FB shall he greater than FC, and FC greater 
than FG, 

(xv) also two, and only two, equal st lines can he 
drawn from F to the o ce 

Join EB, EC, EG. 

( 1 ) Then m the A FEB, the two sides FE, EB are together 
greater than the third side FB i 20 

But EB = EA, being radu of the circle, 

FE, EA are together greater than FB, 
that is, FA is greater than FB 
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Similarly FA may be shewn to be greater than any other 
st. line drawn fiom F to the O ce ; 

FA is the greatest of all such lines. 

(u) In the A EFG, the two sides EF, FG are together 
greater than EG , I. 20. 

and EG = ED, being radii of the circle, 

. EF, FG are together greater than ED. 

Take away the common part EF, 
then FG is greater than FD. 

Similarly any other st. line diawn from F to the O c0 
may be shewn to be greater than FD. 

.*. FD is the least of all such hues 


III. Def 1. 


(lii) In the A 8 BEF, CEF, 

( BE = CE, 

Because -< and EF is common ; 

(but the L BEF is greater than the L CEF, 

. FB is greater than FC I. 24 

Similarly it may be shewn that FC is greatei than FG. 

(iv) At E in FE make the L FEH equal to the u FEG 

I. 23. 

Join FH. 

Then in the A 3 GEF, HEF, 

( GE == HE, in. Def. 1 

Because and EF is common, * 

(also the L GEF = the A HEF, Const) 

. . FG = FH. I 4 

And besides FH no other straight line can be drawn 
from F to the O co equal to FG 

For, if possible, let FK = FG. 

Then, because FH = FG, Proved. 

FK = FH, 

that is, a line nearer to FA, the greatest, is equal to a lino 
which is more remote; which is impossible Proved. 

. two, and only two, equal st hues can be drawn from 
F to the O c0 . q.e D, 
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Proposition 8 Theorem 

If from any point without a circle straight lines ai e drawn 
■ to the circumference, of those which fall on the concave cir- 
cumference, the greatest is that which passes through the 
centre, and of others, that which is nearer to the greatest 
s always greater than one more remote 
fwrther, of those which fall on the c onve x circumference, 
the least is that which, when produced, passes through the 
centre, and of others that which is nearer to the least is 
always less than one more remote 

lastly , from the given point there can be dtaum to the 
circumference two, and only two, equal straight lines, one on 
each side of the shortest line 


Let BGD bo a circle of which C is the centro , and let 
A be any point outside the circle let ABD, AEH, AFG, bo 
st lines drawn from A, of which AD passes through C, the 
centre, and AH is nearer than AG to AD 

then of st lines drawn from A to the concave O ce > 

(i) AD shall be the greatest, and (u) AH greater than 
AG 

and of st lines drawn from A to the convex 0“ 

(iu) AB shall be the least, and (iv) AE less than AF 
(v) Also two, and only two, equal st lines can be 
drawn from A to the O 00 

Join CH, CG, CF, CE 

(i) Then in the A ACH, the two sides AC, CH are 
together greater than AH I 20 

but CH = CD, being radu of the circle, 

AC, CD are together greater than AH 
that is, AD is greater than AH 
Similarly AD may be shewn to be greater than any other 
st lino drawn from A to the concave 0“, 

AD is the greatest of all such lines 
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(u) In the A 8 HCA, GCA, 

) HC = GC, III. Def 1. 

and CA is common; 

but the L HCA is greater than the L GCA; 

. AH is greater than AG. I. 24. 

(in) In the A AEC, the two sides AE, EC are together 
greater than AC . I 20. 

butEC=BC; III Def 1. 

tlie'remainder AE is greater than the remainder AB. ‘ 
Similarly any other st line drawn from A to the convex 
O ce may be shewn to be greater than AB, 

.*. AB is the least of all such lines 

(iv) In the A AFC, because AE, EC are drawn from the 
extremities of the base to a point E within the triangle, 

.* AF, FC are together greater than AE, EC I 21. 

But FC = EC, III Def 1 

.* the remainder AF is greater than the remainder AE. 

(v) At C, in AC, make tho L ACM equal to the L ACE. 

Join AM. 

* 

Then in the two A 8 ECA, MCA, 

1 EC i= MC, 111. Def. I 

and CA is common ; 
also the l ECA = the l MCA ; Comtr 
■ .AE = AM, 1.4. 

and besides AM, no st lino can be drawn from A to the 
O ce , equal to AE. 

For, if possible, let AK = AE 
then because AM = AE, Droved 

AM = AK, 

that is, a line nearer to the shortest line is equal to a 
line which is more remote , which is impossible Droved 
.*. two, and only two, equal st. lines can be drawn from 
A to the 0“ QBD 

. > * < 

Where are the limits of that part of the circumference which is 
concave 1 to the point A ? 


164 


eccltd’s elemems 


Ohs. Of the following proposition Euclid gavo two distinct proofs, 
the first of which has tho advantage of boing direct. 


Proposition 9 Theorem [First Proof] 

Jf from a point rnthin a circle more ihan tu,o equal 
straight lines can be drawn to the circumference , that point 
is the centre of the circle. 



Let ABC ho a circle, and D a point w ltlnn it, £rom which 
more than two equal st lines are drawn to tho O cc , namely 
DA, DB, DC ' 

then D shall he the centre of the circle 


J oin AB, BC 


and bisect AB, BC at E and F respectively 
Join DE, DF 

i 10 

Then in the A s DEA, DEB, 


[ PA= EB, 

Conslr 

Pecauso < and DE is common. 


{, and DA= DB, 

Hyp 

. the L DEA = tho L DEB, 

i 8 


. these angles, being adjacent, are rfc angles 
Hence ED, which bisects the chord AB at rt angles, must 
pass through the centre m 1 Q or 

Similarly it may he shewn that FD passes through tho 
centre 

D, which is the only point common to ED and FD, 
must he the centre 0 e d 
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Proposition 9. Theorem. [Second Proof] 

If from, a point within a circle more than two equal 
straight lines can be drawn to the circumference, that point 
is the centre of the circle 



Let ABC be a circle, and D a point within it, from which 
more than two equal st lines are drawm to the O co , namely 
DA, DB, DC . 

then D shall be the centre of the circle. 

Por, if not, suppose E to be the centre 
Join DE, and produce it to meet the O ct at F, G 

Then because D is a point wntlun the ciicle, not the 
centre, and because DF passes thiougli the centre E; 

. . DA, which is nearer to DF, is greater than DB, which 
is more remote • m 7 

but this is impossible, since by hypothesis, DA, DB, are 
equal. 

. . E is not the centie of the circle 

* And wherever we suppose the centre E to be, other- 
wise than at D, two at least of the st lines DA, DB, DC 
may be shewn to be unequal, which is contrary to hypo- 
thesis. 

. . D is the centre of the O ABC. 

QED 

* Nora. For example, if the centre E wero supposed to he within 
tho anglo BDC, then DB would be greater than DA; if within the 
angle ADB, then DB would he greater than DC ; if on ono of the three 
straightlincs, as DB, then DB would he greater than both DA and DC. 
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1GG Euclid’s elements. 

Oh Tv, o proofs of Proposition 10, both indirect, were given by 
Euclid. 


Proposition 10 Theorem [First Proof] 
One ciiclc cannot cut another at more than two points 



If possible, let DABC, EABC be tv o circles, cutting one 
another at more than tv o points, namely at A, B, C, 

Join AB, BC 

Draw FH, bisecting AB at rt angles, I 10, 11 
and draw GH bisecting BC at rt angles 
Then because AB is a chord of both circles, and FH 
bisects it at rt angles, 

the centre of both circles lies in FH hi 1 Cor 
Again, because BC is a chord of both circles, and GH 
bisects it at right nngles, 

. the centre of both circles lies m GH ml Cor. 
Hence H, tho only point common to FH and GH, is the 
centie of both circles , 

which is impossible, for circles which cut one another 
cannot have a common centre m 5 

one circle cannot cut another at more than two points 

<5 E.D 

Corollaries (i) Two circles cannot meet in three 
points without coinciding entirely 

(u) Two circles cannot have a common arc without 
coinciding entirely 

(m) Only one circle can be described through three 
points, which are not i» the same straight line. 
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Proposition 10. Theorem [Second Proof.] 
One circle cannot cut another at more than hoo points 



If possible, let DABC, EABC bo two circles, cutting one 
another at more than tw o points, namely at A, B, C. 

3?md H, the centre of the O DABC, nr 1. 
and join HA, HD, HC. 

Then since H is the centio of the O DABC, 

HA, HB, HC are all equal III. Dcf. 1. 
And because H is a point within the O EABC, from 
■which more than two equal st. lines, namely HA, HB, HC 
are drawn to the O ec , 

H is the centre of the O EABC nr. 9. 

that is to say, the two circles have a common centre H , 
but tins is impossible, since they cut one another, in. 5 
Therefore one cnclo cannot cut another in more than 
two points. Q.K.D. 


Notf Tina proof is imperfect, because it assumes that tlio centre 
of the circle DABC must fall willun the circle EABC, whereas it 
may be conceived to fall either without tho circlo EABC, or on its 
circumference Henco to mato the proof complete, two additional 
cases are required. 
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Proposition 11 Theorem 

If two circles toucji one another internally , the straight 
line Which joins their centres , levng produced, shall pass 
through the point of contact 



Let ABC and ADE be two circles which touch one 
finother internally at A , let F he the centre of the O ABC, 
and G the centre of the O ADE s 

then shall FG produced pass through A 

If not, let it pass bthferwise, as FGEH 
Join FA, GA 

Then m the A FGA, the two sides FG, GA are together 
greater than FA I 20 

hut FA = FH, being radii of the O ABC Hyp 
FG, GA are together greater than FH 
Take away the common part FG , 
then GA is greater than GH 
But GA = GE, being radii of the O ADE Hyp 
.. GE is greater than GH, 

the part greater than the whole, which is impossible 
FG, when produced, must pass through A 
, QED 


EXERCISES 


1 If the distance between the centres of two circles is equal to 
the difference of their radii, then the circles most meet in one point, 

^ hut in no other, that is, they must touch one another 

2 If two circles whose centres are A and B touch one another 
internally , and a straight line he drawn through their point of contact, 
cutting the circumferences at P and Q, shew that the radii AP and BG 
are parallel 
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Proposition 12. Theorem: 

If two circles touch one another externally , the straight 
line which joins their centres shall pass through the point of 
contact. 



Let ABC and ADE be two circles wlucli touch one 
another externally at A, let F be the centre of the O ABC, 
and G the centre of the O ADE • 

then shall FG pass through A. 

If not, let FG pass otherwise, as FHKG. 

Join FA, GA 

Then in the A FAG, the two sides FA, GA are together 
greater than FG I 20 

but FA — FH, being radu of the O ABC ; Hyp 
and GA = GK, being radu of the O ADE , Hyp 
FH and GK are together greater than FG; 
which is impossible 
FG must pass through A. 

QEB 

EXERCISES 

> 

1 Find the locus of the centres of all circles which touch a given 
circle at a given point 

2 Find the locus of the centres of all circles of given radius, which 
touch a given circle. 

3 If the distance between the centres of two circles is equal fo 

the sum of their radii, then the circles meet in one point, but in no 
other, that is, they touch one another. * - * 

4 If two circles whose centres are A and B touch one another 
externally, and a straight line he drawn through their point of contact 
cutting the circumferences at P and Q, shew that the radii AP and BQ 
are parallel. 
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Euclid’s elements. 

Proposition 13 Theorem 

Two circles cannot touch one another at more than one 
pointy whether internally or externally. 

Fig 1 Fig. 2 

A 



3£ posable, let ABC, EDF be two circles which touch one 
q yn*.W at more than, one point, namely at B and D. 

Join. BD, 

and draw GF, bisecting BD at rt angles l 10, 11 

Then, whether the circles touch one another internally, 
as in Pig 1, or externally as m Pig 2, 

because B and D are on the O "* of both circles, 

BD is a chord of both circles 
* the centres of both circles he m GF, which bisects BD 
at rt angles in 1. Cor. 

Hence GF winch joins the centres must pass through 
a pomt of contact , in 11, and 12 

winch is impossible, since B and D are without GF. 
two circles cannot touch one another at more than 
one pomt 

QBB. 

Kote It must be observed tbat the proof here given applies, by 
virtue of Propositions 11 and 12, to both tho above figures we have 
therefore omitted the separate discussion of Fig 2, which finds a place 
in most editions based on Sunsoa’s text. 
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EXERCISES ON PROPOSITIONS 1 — 13. 

1. Describe a circle to pass through two given points and have 
its centre on a given straight line. "When is thiB impossible ? 

2. All circles which pass through a fixed point, and have their 
centres on a given straight line, pass also through a second fixed 
pomt. 


3. Describe a circle of given radius to touch a given circle at a 
given pomt How many solutions will there be? When will thero 
be only one solution? 

4. From a given pomt as centre describe a circle to touch a given 
circle. How many solutions will thero be? 

5. Describe a cirole to pass through a given point, and touch a 
given circle at a given pomt [See Ex. 1, p 1G9 and Ex 5, p. 156.] 
When is this impossible? 

6 Describe a circle of given radius to touch two given circles 
[See Ex 2, p 169 ] How many solutions will there be ? 

7 Two^arallel chords of a circle are six inches and eight inches 
m length respectively, and the perpendicular distance between them 
is one inch find the radius 

8 If two cncles touch one another externally, the straight lines, 
which join the extremities of parallel diameters towards opposite 
parts, must pass through the pomt of contact, 

9 Find the greatest and least straight lines which have one 
extremity on each of two given circles, which do not intersect. 

10 In any segment of a cuole, of all straight lines drawn at right 
angles to the chord and intercepted between the chord and the arc, 
the greatest is that which passes through the middle pomt of the 
chord, and of others that which is nearer the greatest is greater than 
one more remote. 

11 If from any point on the circumference of a circle straight 
lines be drawn to the circumference, the greatest is that which passes 
through the centre, and of others, that which is nearer to the greatest 
is greater than one more remote 5 and from this point there can be 
drawn to the circumference two, and only two, equal straight lines. 
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Proposition 14 Theorem 

Equal chords m a circle are equidistant from the centre 
and, conversely , chords which are equidistant from the 
centre are equal 



Let ABC be a circle, and let AB and CD be chords, 
of -which the perp distances from the centre are EF 
and EG 

Etrst, Let AB = CD 

then shall AB and CD be equidistant from the centre E 
Join EA, EC 

Then, because EF, which passes through the centre, is 


perp to the chord AB, Hyp 

EF bisects AB , III 3 

that is, A B is double of FA 
Por a similar reason, CD is double of GC 

But AB = CD, Hyp 

FA = GC 

Now EA = EC, being radii of the circle, 
the sq on EA = the sq on EC 
But the sq on EA = the sqq on EF, FA, 

for the L EFA is a rt angle I. 47 


And the sq on EC = the sqq on EG, GC; 
for the L EGC is a rt angle 
the sqq on EF, FA = the sqq on EG, GC 
Now of these, the sq on FA = the sq on GC, for FA = GC 
the sq on EF = the sq on EG, 

EF = EG , 

that is, the chords AB, CD aie equidistant from the centre 

Q E.D 
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Conversely. Let AB and CD be equidistant from the 
centre E; 

that is, let EF= EG : 
then shall AB = CD. 

For, the same construction being made, it may btr 
shewn as before that AB is double of FA, and CD double 
of GC; 

and that the sqq on EF, FA = the sqq on EG, GC 
2sow of these, the sq on EF = the sq on EG, 

for EF = EG: Hyp. 

the sq on FA —the square on GC ; 

FA = GC; 

and doubles of these equals are equal ; 
that is, AB = CD. 

QED. 


EXERCISES. 

L. Ftnd the locus of the middle points of equal chords of a circle. 

•J 2 If two chords of a circle cut one another, and mate equal 
angles with the straight line which joins their point of intersection 
to the centre, they are equal. 

3. If tiro equal chords of a circle interred, shoe that the segments 
of the one are equal respectively to the segments of the other. 

4. In a^ given circle draw a chord which shall be equal to one 
given straight line (not greater than the diameter) and parallel to 
another. 

5. PQ I 3 a fired chord m a circle, and AB is any diameter: shew 
that the difference of the perpendiculars let fall from A and B on PC 
is constant, that is, the same for all positions of AB. 
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Proposition 15 Theorem. 

The diameter is the greatest chord tn a circle , 
and of others, that which is nearer to the centre is greater 
than one more remote 

conversely , the greater chord is nearer to the centre than 
the less. 



Let ABCD be a circle, o£ winch AD is a diameter, and E 
tlie centre , and let BG and FG be any two chords, whose 
perp distances from the centre are EH and EK . 
then (i) AD shall be greater than BC 

(n) if EH is less than EK, BC shall be greater than FG 
(in) if BC is greater than FG, EH shall be less than EK. 

( 1 ) Join EB, EC 

Then m the A BEC, the two sides BE, EC are together 
greater than BC , j 20 

but BE — AE, III Def. 1 

and EC = ED , 

' AE and ED together are greater than BC , 
that is, AD is greater than BC 

Similarly AD may be shewn to be greater than any 
other chord, not a diameter 


(u) Let EH be less than EK; 

then BC shall be greater than FG 
Join EF 

Since EH, passing through the centre, is perp 
chord BC, 


EH bisects BC , 


to the 


hi 3. 
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that is, BC is double of HB 
For a similar reason FG is double of KF 

27owEB = EF, nr. Dtf. 1. 

tho sq on EB = the sq on EF 
But the sq on EB = the sqq on EH, HB; 

for the L EHB is a rt angle, i. 47. 

also the sq on EF = the sqq on EK, KF, 
for the L EKF is a rt angle. 

.* tho sqq on EH, HB = the sqq. on EK, KF 
But the sq on EH is less than the sq. on EK, 

for EH is less than EK , Hyp 

the sq. on HB is greater than tho sq on KF , 

* HB is greater than KF : 
hence BC is greater than FG. 

(m) Let BC be greater than FG , 

then EH shall be less than EK 
For since BC is greater than FG, Hyp 

HB is greater than KF : 
tho sq on HB is gi cater than tho sq on KF. 

But the sqq on EH, HB = the sqq on EK, KF Hiovcd 
. the sq on EH is less than the sq on EK , 

\ EH is less than EK. 

Q.Bl) 


EXERCISES 

X. Through a given point within a circle draw the least possible 
chord . 

2 AB is a fixed chord of a circle, and XY any other chord having 
Its middle point Z on AB v?hat is the greatest, and what the least 
length that XY may have? 

Shew that XY increases, as Z approaches the middle point of AB. 

3 In a given circle draw a chord of given length, having its 
middle point on a given chord, 

"When is this problem impossible? 
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Obt Of tlic follow .ng proofs of Proposition 10, the second (by 
rcductio nd nbsurdum) is that gi\cn by Euclid , hut tho first is to bo 
preferred, as it is direct, and not loss simplo than the other 


Proposition 16 Theorem [Alternatne Proof] 

The straight line drawn at right angles to a diameter of 
a circle at one of its extremities is a tangent to the circle 
and every other straight line drawn through this point 
cuts the circle 


A 



Let AKB bo a circle, of -which E is tho centre, and AB 
a diameter, and through B let tho st. lino CBD be drawn 
at rt angles to AB 

then ( 1 ) CBD slinll bo a tangent to the circle, 

(n) any other st lino through B, as BF, shall cut 
the circle 

(l) In CD take any point G, and join EG 

Then, m tho A EBG, the L EBG is a rt angle, Hyp 
the L EG B is less than a rt angle, I 17 
* the L EBG is greater than tho l EGB, 

EG is greater than EB L 19 

that is, EG is greater than a radius of the circle, 
the point G is without the cncle 
Similarly any other point in CD, except B, may be shewn 
to be outside the circle 

hence CD meets the circle at B, but being produced, 
does not cut it; 

that is, CD is a tangent to the circle in DeflO 
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(ri) . Draw EH perp to BF. 1 . 12. 

Then in the A EH B, because the L EHB is a rt angle, 

• the l EBH is less than a rt angle, I 17 

. EB is greater than EH, I 19. 

that is, EH is less than a radius of the circle 
H, a point in BF, is within the circle, 

* BF must cut the circle. qe.d. 


Proposition 16. Theorem. [Euclid’s Proof] 

* 

The straight line drawn at right angles to a diameter of 
a circle at one of its extremities, is a tangent to the circle 
and no other straight line can be drawn through this 
point so as not to cut the circle 


B 


Let ABC be a circle, of which D is the centre, and AB 
a diameter, let AE be drawn at rt angles to BA, at its 
extremity A. 

, (i) then shall AE be a tangent to the circle 

For, if not, let AE cut the circle at C 
Join DC 

Then in the A DAC, because DA = DC, hi. Def 1. 
. . the L DAC = the L DCA. 

But the l DAC is a rt angle; Hyp 

. the l. DCA is a rt angle, 

that is, two angles of the A DAC aie together equal to two 
rt angles, which is impossible x. 17 

Hence AE meets the circle at A, but being produced, 
does not cut it, 

that is, AE is a tangent to the circle nr Dif 10 
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(h) Also through A no other straight line hut AE can 
be drawn so as not to cut the circle 



For, if possible, let AF be another st line drawn through 
A so as not to cut the circle 

From D draw DG perp to AF, X 12. 

and let DG meet the O ce at H 
Then in the A DAG, because the l DGA is a rt angle, 

. the u DAG is less than a rt. angle, I 17 

. DA is greater than DG X 19 

But DA = DH, III Def 1 

DH is greater than DG, 

the part greater than the whole, which is impossible 
no st line can be drawn from the point A, so as not to 
cut the circle, except AE 

Corollaries (1) A tangent touches a chcle at one 
point only 

(n) The) c can he hut one tangent to a circle at a given 
2 >omt, 



Proposition 17. Problem. 

To draw a tangent to a circle from a given point either 
on, or without the circumference. 


Fig 1 Fig 2 



Let BCD "be the given circle, and A the given point: 
it is required to draw from A a tangent to the OCDB 

Case I. If the given point A is on the O'®. 

Find E, the centre of the circle. hi. 1. 

Join EA 

At A draw AK at rt angles to EA. i 11. 

Then AK being perp to a diameter at one of its extremities, 
is a tangent to the circle. ill. 16. 

Case II If the given point A is without the O ce 

* Find E, the centre of the circle; m, 1. 

and join AE, cutting the O BCD at D 
Prom centre E, with radius EA, describe the OAFG. 
At D, draw GDF at rt. angles to EA, cutting the OAFG at 
F and G I. H. 

Join EF, EG, cutting the O BCD at B and C 
Join AB, AC 

Then both AB and AC shall be tangents to the OCDB. 
Por in the A s AEB, FED, 

I AE = FE, being radii of the OGAF; 
and EB = ED, being radii of the O BDC; 
and the included angle AEF is common; 

the L ABE = the l. FDE. i 4. 
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But the L FDE is a rt. angle, Constr. 

the l ABE is a rt angle , 

hence AB, being drawn at rt angles to a diameter at one 
of its extremities, is a tangent to the O BCD ill 1G 
Similarly it may he shewn that AC is a tangent qbp 

Corollary If two tangents are drawn to a cii clefrom 
an external point, then ( 1 ) they are equal, (u) they subtend 
equal angles at the centre , (in) they make equal angles with 
the straight line which joins the given point to the centre 

For, in the above figure, 

Since ED is perp to FG, a chord of the O PAG, 


DF=DG III 3. 

Then in the A B DEF, DEG, 

( DE is common to both, 

and EF = EG , in Def. 1 

and DF = DG , Proved 

the L DEF = the L DEG I 8 

Again in the A" AEB, AEC, 

[AE is common to both, 

Because -! and EB = EC, 

[and the u AEB = the L AEC , Proved 
AB = AC • I 4 

and the L EAB = the l EAC < q e.d 


Note. If the given point A is within the circle, no solution is 
possible ' 

Hence we see that this problem admits of two solutions, one solu- 
tion, or no solution, according as the given point A is without, on, or 
within the circumference of a circle 

For a simpler method of drawing a tangent to a circle from a given 
point, see page 202 



BOOK III PROD" 18 181 

»■ 

Proposition 18 Theorem 

The straight line drawn from the centra of a ch cle to the 
point of contact of a tangent is perpendicuhu to the tangent 

A 



Let ABC be a circle, of wind? F is the centre, 
and let the st line DE touch the circle at C * 
then shall FC be perp to DE 
Por, if not, suppose FG to be perp to DE, i. 12. 
and let it meet the O ce at B 

Then in the A FCG, because the L FGC is a rt angle, Hyp 
the u FCG is less than a rt angle : I. 17. 

the l FGC is greater than the l FCG , 

FC is gieater than FG I. 19 

but FC = FB ; 

FB is greater than FG, 

the part gieater than the whole, which is impossible ' 
FC cannot be otherwise than peip to DE 

that is, FC is perp to DE qed 

exercises 

1 Draw a tangent to a circle (i) parallel to, (ii) at right angles to 
a given straight line 

2 Tangents drawn to a circle fiom the cxti entities of a diameter 
are parallel 

3 Circles which touch one another internally or externally have a 
common tangent at their point of contact 

4 In two concentric circles any chord of the outer circle which 
touches the inner, is bisected at the point of contact 

5 In two concentric circles , all chords of the outer circle which 
touch the inner, aie equal 

H E. 
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Proposition 19 Theorem 

The straight line drawn perpendicular to a tangent to a 
circle from the point of contact passes through the centre 


A 



Let ABC Toe a circle, and DE a tangent to it at the point C , 
and let CA be diawn perp to DE 

then shall CA pass through the centre 
Por if not, suppose the centie to be outside CA, as at F 
Join CF 

Then because DE is a tangent to the circle, and FC 
is drawn from the centie F to the point of contact, 

the l. FOE is a rt angle hi 18 

But the l ACE is a rt angle , Ilyp 

the l FCE = the L ACE , 
the part equal to the whole, which is impossible 
the centre cannot be otherwise than in CA, 
that is, CA passes through the centre 

QED 


EXERCISES ON THE TANGENT 


Propositions 16, 17, 18, 19 

1 The centre of any circle which touches two intersecting straight 
lines must he on the bisector of the angle between them 

2 AB and AC are two tangents to a circle whose centre is O, 
shew that AO biseots the chord of contaot BC at right n” c 7pH 



book in pitor. 19. 


183 


3 If two ciroles are eoncentno all tangents drawn from points on 
tlie circumference of the outer to the inner circle aro equal 

4 The diameter of a circle bisects all chords which aro parallel 
to the tangent at either extromitj 

6 Find the loom of the centres of all circles winch touch a given 
straight line at a gnen point 

6 Find the locus of the centres of all circles which touch eaoh 
of two parallel straight hues. 

7. Find the locus of the centres of all circles which touch each of 
tiro intersecting straight lines of unlimited length 

8 Describe a circle of given radius to touch two given straight 
lines 

9 Through a given point, within or without n circle, draw a 
chord equal to a given straight lino 

In order that the problem may bo possible, between wbat limits 
must tlie gnen line lie, when the given point is (i) without the circle, 
(u) within it? 

10 Two parallel tangents to a circle intercept on an) third tan- 
gent a segment winch subtends a right angle at the centre 

11 In any quadrilateral circumscribed about a circle, the sum of 
one pair of opposite sides is equal to the sum of the other pair 

12 Any parallelogram which can he circumscribed about a circle, 
must be equilateral 

13 If a quadrilateral lie described about a circle, the angles sub- 
tended at the centre by any two opposite sides are togetbei equal to 
two right angles 

14 AB ib any chord of a circle, AC the diameter through A, and 
AD the perpendicular on the tangent at B bIiow that AB bisects the 
augle DAC 

13 Find the locus of the extremities of tangents of fixed length 
drawn to a given circle 

16 In the diameter of a circle produced, determine a point such 
that the tangent drawn from it shall bo of given length 

17 In the diameter of a circle produced, determine a point such 
that the two tangents drawn from it may contain a gi' en angle 

18 Describe a circle that shall pass through a giien point, and 
touch a given straight lmo at a gi\on point. [See page 183. Ex 6 ] 

19 Dcscnbo a circle of given radius, having its centre on a given 
straight line, and touching another given straight line 

20. Describe a circle that shall have a given radius, and touch a 
given circle and a given straight line How many such cirelos can 
bo drawn? 


13—2 
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Proposition 20 Theorem 

The angle at the centre of a circle is double of an angle 
at the circumference, standing on the same arc 


Fig 1 Fig 2 



Let ABC be a circle, of which E is the centre , and let 
BEC be an angle at the centie, and BAG an angle at the 0“ 
standing on the same aic BC 

then shall the A BEC be double of the A BAC 
Join AE, and produce it to F 

Case I When the centre E is within the angle BAC 

Then m the A EAB, because EA - EB, 

the AEAB = the aEBA, I 5 
the sum of the a 8 EAB, EBA = twice the A EAB 

But the ext a BEF = the sum of the a 8 EAB, EBA, I 32 
the a BEF = twice the A EAB 
Similarly the a FEC= twice the a EAC 
. the sum of the a 8 BEF, FEC= twice the sum of 

the A 8 EAB, EAC , 
that is, the a BEC = twice the a BAC. 

Case II When the centre E is without the a BAC 
As before, it may be shewn that the a FEB = twice the L FAB, 

also the l FEC= twice the u FAC, 
the difference of the a 9 FEC, FEB = twice the difference 
of the l. 8 FAC, FAB 

’that is, the a BEC = twice the a BAC 


Q E.D 
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Note If the arc BFC, on which the angles 
stand, is greater than a semi-circumference, it 
is clear that the angle BEC at the centre will be 
reflex but it may still be shewn as, in Case I , 
that the reflex L BEC is double of the / BAC 
at the O'*, standing on the same arc BFC 



Proposition 21 Theorem 


Angles m the same segment of a circle are equal 



Let ABCD be a circle, and let BAD, BED be angles m 
the same segment BAED 

then shall the L BAD = the L. BED 
Pmd F, the centre of the circle hi 1 


Case I 
semicircle 


When the segment BAED is greatei than a 
Join BF, DF 


Then the L BFD at the centre = twice the L BAD at the 
O cc , standing on the same arc BD hi 20 

and similarly the L BFD = twice the L BED hi 20 
. the L BAD = the L BED 


Gase II When the segment BAED is not greater than 
a semicircle 
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Join AF, and produce it to meet the O cc a t C 
Join EC 

Then since AEDC is a semicircle, 
the segment BAEC is greater than a semicircle 
the l BAC = the l BEC, m this segment Case 1 
Similarly the segment CAED is greater than a semicircle, 
the l CAD = the u CED, m this segment 
tlie sum of the L * BAC, CAD = the sum of the L 8 BEC, 

CED 

that is, the l BAD = the L BED Q E P 


EXERCISES 

1 P is any point on tho arc of a segment of ■winch AB is the 
chord Shew that tho 8tim of tho angles PAB, PBA is oonstant 

2 PC and RS are two chords of a circle intersecting at X prove 
that the triangles PXS, RXQ aro equiangular 

8 Two circles intersect at A and B , and through A any straight 
line PAQ. is drawn terminated by tho circumferences show that PC 
Bubtcnds a constant angle at B 

4 Two circles intersect at A and B , and through A any two 
straight lines PAQ, XAY arc drawn terminated by the circumferences 
Bhow that the arcs PX, QY subtend equal angles at B 

5 P is any point on the arc of a segment whoso chord is AB and 
tho nnglcs PAB, PBA arc bisected by straight lines winch intersect at 
O Tied tho locus of tho point O 
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Note If the extension of Proposition 20, given in the note on 
page 185, is adopted, a separate treatment of ^ 

the second case of the present proposition is 
unnecessary 

For, as in Case 1 , 6 

the reflex z BFD =twice the Z BAD , nr 20 
also the reflex z BFD= twice the Z BED, 
the z BAD=the z BED 



H 


The converse of Proposition 21 is very important For the con- 
struction used in its pioof, viz To describe a circle about a given 
triangle , the student is referred to Book rv Proposition 5 [Or Bee 
Theorems and Examples on Book i Page 103, No 1 ] 

Converse op Proposition 21 

Equal angles standing on the same base , and on the same side of 
it, have their vertices on an arc of a circle, of winch the given base 
is the chord 

Let BAC, BDChe two equal angles standing 
on the same base BC 

then shall the vertices A and D he upon a 
segment of a circle having BC as its chord 

Describe a circle about the A BAC rv 5 
then this circle shall pass through D. 

For, if not, it must out BD, or BD produced, 
at some other point E 

Join EC 

Then the z BAC = the z BEC, in the same segment in 21 
but the z BAC=the z BDC, by hypothesis, 

* the Z BEC=the Z BDC, 

that is, an ext angle of a triangle = an mt opp angle, 

whioh is impossible i 16 

the circle which passes through B, A, C, cannot pass otherwise 
than through D 

That is, the vertices A and D are on an arc of^a onole of which 
the chord is BC ' <j e.d. 

The following corollary is important 

All triangles drawn on the same base , and with equal vertical angles, 
have their vertices on an arc of a circle, of which the given base is the 
chord 

Or, The locus of the vertices of triangles drawn on the same base 
with equal vertical angles is an arc of a circle 
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Proposition 22 Turom m 

The opposite angles of any quadrilateral inscribed in a 
circle are together equal to tu,o right angles 



Let ABCD be ft quadnlatcial inscubed m the Qfi.BC, 
then shall, ( 1 ) the L * ADC, ABC together = t" o it angles, 
(u) the l 8 BAD, BCD together = two i b .ingles 

Join AC, BD 

Then the l. ADB = the L ACB, m the segment ADCB, ill. 21. 
also the L CDB - the L CAB, m the segment CDAB 
the l ADC = the sum of the u 8 ACB, CAB 
To each of these equals add the <_ ABC 
then the two l * ADC, ABC together = the three u 8 ACB, 
CAB, ABC 

But the l* ACB, CAB, ABC, being the angles of a 
tnangle, togetliei = t\\ o rt angles I 32 

the l 8 ADC, ABC together = tw o 1 1 angles 
Similarly it may be shew n that 

the i. 8 BAD, BCD together = two rt angles 

Q E D 


EXERCISES 

1 If a circle can be described about a parallelogram, the 
parallelogram must bo rectangular 

2 ABC is an isosceles tnangle, and XY is drawn parallel to tho 
base BC shew that the four points B, C, X, Y ho on a cirole 

3 If one side of a quadrilateral inscribed in a circle is produced, 
the exterior angle n equal to the opposite interior angle of the quadri- 
lateral 
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Proposition 22 [Alternative Pi oof] 

Let ABCD be a quadrilateral mscubcd in the O ABC 
then shall the Z* ADC, ABC together = two rt angles 
Join FA, FC 

Then the z AFC at the centre = twice the 
l ADC at the 0 CB , standing on the same arc 
ABC in 20 

Also the reflex angle AFC at the centro 
= twice the L ABC at the o", standing on the 
same arc ADC in 20 

Hence the Z 8 ADC, ABC are together half 
the sum of the Z AFC and the reflex angle AFC , 

hut these make up four rt angles i 15 Gor 2 
the z 8 ADC, ABC together = two rt. angles Q e d 

J Definition Pour or moie points through which a circle 
may be described are said to be concyclic 



Converse of Proposition 22 

If a pair of opposite angles of a quadrilateral are together equal to 
Uoo nght angles, its vertices are concyclic 

Let ABCD be a quadrilateral, in which the opposite angles at 
B and D together=two rt. angles, 

then shall the four points A, B, C, D be 
ooncyclic 

Thiough the three points A, B, C describe 
a circle iv 5 

then tins circle must pass through D 
For, if not, it will cut AD, or AD produced, 
at some other point E 

Join EC 

Then since the quadnlateial ABCE is inscribed m a circle, 

the z 8 ABC, AEC together =lwo rt angles m 22 

But the z s ABC, ADC together = two rt angles, Hyp 

hence the Z 8 ABC, AEC=the z 8 ABC, ADC 
Take from these eqnals the z ABC 
then the z AEC=tbe ZADC, 
that is, an ext angle of a triangle = an mt opp angle, 
which is impossible i 16 

the circle which passes through A, B, C cannot pass otherwise 
than through D 

that is the four vertices A, B, C, D are concyclic qed 
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Definition Similar segments of circles are those w Inch 
contain equal angles 

Proposition 23 Theorem 

On the same chord and on the same side of it, there 
cannot he two similar segments of circles , not coinciding with 
one another 


D 



A B 


If possible, on the same chord AB, and on the same 
side of it, let there be two similar segments of circles ACB, 
ADB, not coinciding with one another 

Then since the arcs ADB, ACB intersect at A and B, 

they cannot cut one another again. III 10 
' one segment falls within the other 

In the outer arc take any point D , 
jom AD, cutting the inner arc at C 
join CB, DB 

Then because the segments are similar, 

the l ACB = the '.ADB, in Def 

that is, an ext angle of a triangle = an mt opp angle, 

which is impossible I 16 

Hence the two similar segments ACB, ADB, on the same 
chord AB and on the same side of it, must coincide 

Q E.D 

EXERCISES ON PROPOSITION 22 

1 The straight lines which bisect any angle of a quadrilateral 
figure inscribed m a circle and the opposite extenor angle, meet on 
the circ umf erence. 

9 A triangle is insenbed in a circle shew that the snm of the 
angles in the three segments extenor to the triangle is equal to four 
right angles 

3 Divide a circle into two segments, so that the angle contained 
by the one shall be double of the angle contained by the other 
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Proposition 24 Theorem 

j ! Similar segments of circles on equal choids are equal to 
one another 



Let AEB and CFD be similar segments on equal chords 
AB, CD 

then shall the segment ABE = the segment CDF 
For if the segment ABE be applied to the segment CDF, 
so that A falls on C, and AB falls along CD, 
then since AB = CD, 

. B must coincide "with D 

the segment AEB must coincide with the segment CFD , 
foi if not, on the same chord and on the same side of it 
there would be two similar segments of circles, not co- 
inciding with one anothei . which is impossible * III. 23 

the segment AEB = the segment CFD qed 


EXERCISES 

1 Of two segments standing on the same chord, the greater 
segment contains the smaller angle 

2 A segment of a circle stands on a chord AB, and P is any 
point on the Fame side of AB as the segment shew that the angle 
APB is greater or less than the angle in the segment, according as P 
is within or without the segment 

3 P, Q, R are the middle points of the sides of a triangle , 
and X is the foot of thb perpendicular let fall from one vertex on the 
opposite side . shew that the four points P, Q, R, X are concgclic 

[See page 96, Ex 2* also page 100, Ex 2] 

4 Use the preceding exercise to shew that the middle points of the 
sides of a triangle and the feet of the perpendiculars let fall from the 
vertices on the opposite sides, are concyclic 
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PllOrOSITION 23 PnOBLEM* 

An me of a cn cle being given, to describe the whole cir- 
cumference of which the given arc is a ]>ai t 



Let ABC be an arc of a cn cle 

it is required to desenbo the whole O cc of which the arc 
ABC is a part 

In the gn en arc take any three points A, B, C 
Join AB, BC 

Draw DF bisecting AB at rt nngles, r 10 11 
and draw EF bisecting BC at rt angles. 

Then because DF bisects the chord AB at rt nngles, 

the centre of the circle lies in DF m 1 Cor 
Again, because EF bisects the chord BC at rt angles, 

the centre of the cncle lies in EF m 1 Cor 
the centre of the cncle is F, the only point common to 
DF, EF 

Hence the O cc of a circle described from centre F, with 
indius FA, is that of which the given arc is a part Q t F 

* Note Euclid gave this proposition a somewhat different form, 
as follows 

A segment of a circle being given, to describe the circle of which 
vt is a segment 

Let ABC be the given segment standing on the chord AC 
Draw DB, bisecting AC at rt angles i 10 
Join AB 

At A, in BA, make the L BAE equal to the 
ZABD I 23 

Let AE meet BD, or BD produced, at E 
Then E shall be the centra of the required circle 
[Join EC, and prove (i) EA=EC, i 4 
{ii) EA=EB j 6] 
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Pitoposmox 26 Theorem 

In equal cucUs the arcs tolnch subtend equal angles , 
whethet at the centres oi at the cvrcwnfei cnees, shall be equal 



Let ABC, DEF be equal cxtcles and let the L * BGC, EHF, 
at the centres be equal, and consequently the l. 8 BAC, EDF 
at the O ccs equal ill 20 

~~ then shall the arc BKC = the arc ELF 

Join. BC, EF. 

Then because the O s ABC, DEF aie equal, 

. then radii aie equal. 

Hence m the A 8 BGC, EHF, 

) BG = EH, 
and GC = HF, 

and the l BGC = the l EHF , Hyp 

BC = EF. I 4 

Again, because the l BAC = the c EDF, Hyp. 
the segment BAC is similar to the segment EDF, 

m Def 10 

and they are on equal choids BC, EF, 

. the segment BAC = the segment EDF iii 24 
But the whole O ABC = the whole O DEF, 
the remaining segment BKC = the remaining segment ELF 
the arc BKC = the arc ELF 

Q E D 


[For an Alternative Proof and Exercises see pp 197, 198 ] 



194 


Euclid’s plfmems 


Proposition 27 Turoitru 

In equal circles the angles, whether at the centres or the 
circumferences, which stand on equal aics, shall be equal 



Let ABC, DEF lie equal circles, 
and let the arc BC = the arc EF 
then shall the l BGC = the L EHF, at the centres, 
and also the L BAC = the L EOF, at the O m 

I£ the L* BGC, EHF are not equal, one must he the 
greater 

If possible, let the l BGC he the greatei 
At G, m BG, make the l. BGK equ il to the l EHF I 23 

Then because in the equal O* ABC, DEF, 
the l. BGK = tli6 L EHF, at the centres, Conslr 
the arc BK = the arc EF ill 26 

But the arc BC = the arc EF, Hyp 

the arc BK = the arc*SF,J3G' 
a part equal to the whole, which is impossible 
the i. BGC is not unequal to the i. EHF, 
that is, the L BGC = the L EHF 
And since the l BAC at the O cc is half the l BGC at the 
centre, m 20 

and likewise the l EDF is half the u EHF, 
the l BAC = the l EDF 

[For Exercises see pp 197, 198 ] 


Q ED 



BOOK in PROP. 28 


195 


Proposition 28 Theorem 

In equal circles the arcs, tihich are cut off by equal 
chords, shall be equal , the major arc equal to the major arc, 
and the minor to the minor 



Let ABC, DEF be two equal circles, 
and let the chord BC =the chord EF 
then shall the major arc BAC = the major arc EDF, 
and the minor arc BGC = the minor arc EHF. 

Find K and L the centres of the O® ABC, DEF in 1. 
and join BK, KC, EL, LF 

Then because the O s ABC, DEF are equal, 

- their radii are equal 
Hence in the A® BKC, ELF, 

( BK = EL, 

KC = LF, 

and BC = EF, llyp 

' the L BKC = the l ELF, I 8 

the arc BGC = the arc EHF, m 26 

and these are the minor arcs 
But the whole O 66 ABG C = the whole O cc D EH F , Hyp . 
. the remaimng arc BAC = the remaining arc EDF* 
and these are the major arcs . qld. 


[For Exercises see pp 197, 193 ] 
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Proposition 29 Theorem 


In equal cvtcles the chords, vlixch cut off equal aics , shall 
be equal 




Let ABC, DEF be equal circles, 
and let the arc BGC = the aic EHF 
then shall the chord BC = tlie clioid EF 
Find K, L the centres of the circles hi 1 

Join BK, KC, EL, LF 
Then m the equal O” ABC, DEF, 
because the arc BGC = the arc EHF, 

the l BKC = the u ELF nr 27 

Hence mtlie A 8 BKC, ELF, 

1 BK = EL, being radix of equal circles, 
KC as LF, for the same reason, 
and the l BKC = the L ELF, Proved 

BC = EF I 4 

Q E D 


EXERCISES 

ON PROPOSITIONS 26, 27 

1 If (ico chords of a circle are parallel, they intercept equal arcs 

2 The straight lines, ■winch join the extremities of two eqnnl 
arcs o! n circle tow nrds the Bamo parts, are parallel 

3 In a circle, or in equal circles, sectors are equal if their angles 
at the centres are equal 
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4 If two chords of a circle intersect at nght angles, the opposite 
arcs are together equal to a semicircumference 

5 If two chords intersect within a circle, they form an angle 
equal to that subtended at the circumference by the sum of the arcs they 
cut off. 

6 If Uca chords intersect without a circle, they form an angle 
equal to that subtended at the circumference by the difference of the arcs 
they cut off 

7 If AB is a fixed chord of a circle, and P any point on one 
of the arcs cut off by it, then the bisector of the angle APB cuts the 
conjugate arc xn the same point, whatever be the position of P. 

8 Two circles intersect at A and B , and through these points 
straight line® are drawn from anj point P on the circumference of 
one of the cire'es shew that when produced they intercept on the 
other circumference an arc which is constant for all positions of P 

9 A triangle ABC is inscribed in a circle, and the bisectors of 
the angles meet the cirenmferencc at X, Y, Z Find each angle of 
the triangle XYZ in terms of those of the original triangle 


OX PROPOSITIONS 28, 29 

10 The straight lines which join the extremities of parallel chords 
in a circle (i) towards the same parts, (n) towards opposite part*, are 
eqnal. 

11 Throngh A, a point of intersection of two eqnal circles two 
straight lines PAQ, XAY are drawn, shew that the diord PX is eqnal 
to the chord QY 

12 Through the points of intersection of two circles two parallel 
straight lines are drawn terminated by the circumferences shew that 
the straight lines which join their extremities towards the same parts 
are equal 

13 Two equal circles intersect at A and B , and through A any 
straight line PAQ is drawn terminated by the circumfeiences shew 
that BP=BQ 

14. ABC is an isosceles triangle inscribed in a circle, and the 
bisectors of the base angles meet the circumference at X and Y Shew 
that the figure BXAYC must lia\e four of its sides equal. 

What relation must subsist among the angles of the triangle ABC, 
in order that the figure BXAYC may be equilateral? 


H E, 


U 
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Luetic's EIiESIENTb 


Note "We have given Euclid's demonstrations of Propositions 
26, 27, 28, 29 , but it should be noticed that all these propositions 
also admit of direct proof by the method of superposition 

To illustrate tins method wo will apply it to Proposition 26 
Proposition 26 [Alternative Proof] 

In equal circles, the arcs winch subtend equal angles, whether at 
the centres or circumferences, shall be equal 



Lot ABC, DEF be equal circles, and let tho l 8 BGC, EHF at tho 
centres be equal, and consequently the i • BAC, EOF at tho O'®* 
equal m 20 

then shall the arc BKC=the arc ELF 

Por if the O ABC be applied to the O DEF, so that the centre G 
may fall on the centre H, 

then because the circles are equal, Hyp 

their 0°“ must coincide, 

lienco by revolving the upper cirolo about its centre, tho lower circle 
remaining fixed, 

B may be made to coincide with E, 
and consequently GB with HE 
And because the l BGC = the L EHF, 

• GC must coincide with HF 

and since GC=HF, Hyp 

C must fall on F 

Now B coinciding with E, and C with F, 
and tho o M of tho o ABC with the O 50 of the o DEF, 

• tho arc BKC must coincide with tho aro ELF 
tho nro BKC=the arc ELF 



Q t 0 
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Proposition 30 Problem 
To bisect a given me 
D 



Let ADB be the given me 
it is requhed to bisect it 
.Tom AB, nnd bisect it at C i 10 

At C draw CD at it angles to AB, meeting tho given 
arc at D ill 

Then shall the arc ADB bo bisected at D 


Join AD, BD 

Then in the A" ACD, BCD, 

AC = BC, Gonslr 

Because • and CD is common; 

and the l ACD = the L BCD, being 1 1 angles 

. . AD *= BD I 4 


And since m tho OADB, tho chords AD, BD aio equal, 
the aics cut off by them are equal, the mmoi aic equal 
to the minot, and tho nmjoi me to tho'major ill 28 
and tho. arcs AD, BD mo both minor mes, 
for each is less than a scim-cucumfci once, since DC, bisecting 
tho choid AB at rt angles, must pass tlnough the ccntio 
of the cuclc in 1. Cor 

. tho aic AD ss tho arc BD 
that is, tho arc ADB is bisected at D qhd 


EXERCISES 

1 If a tangent to a circle is parallel to a chord, the point of 
contact will bisect tho nrc cut o/I by tho chord 

2 Trisect a quadiant, or tho fourth pail of tho circumference, of 
a cucle 
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Proposition 31 Theorem 

The angle in a semicircle is a right angle 
the angle m a segment gi eater than a semicircle is less 
than a right angle , 

and the angle m a segment less than a semicircle is 
greater than a right angle 



Let ABCD be a circle, o£ winch BC is a diametei, and 
E the centre, and let AC be a chord dividing the cncle into 
the segments ABC, ADC, of which the segment ABC is 
greater, and the segment is ADC less than a semicircle 
then (i) the angle m the semicircle BAC shall be a rt angle, 
(n) the angle in the segment ABC shall be less than a 
rt. angle , 

(in) the angle m the segment ADC shall be gieatei 
than a it angle 

In the arc ADC take any point D, 

Join BA, AD, DC, AE, and pioduco BA to F 

(i) Then because EA = EB, iii Dcf 1 

the u EAB = tho L EBA I 5 

And because EA = EC, 

the l EAC = the l. ECA 

tho whole l BAC = the sum of the l" EBA, ECA 
but the ext L FAC = tho sum of the tw’o int L 8 CBA, BCA, 

. tho c BAC = the u FAC, 
these angles, being adjacent, arc it. angles 
tho l BAC, m the semicircle BAC, is a rt angle 
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(n) In tho A ABC, because the two l * ABC, BAC are 
together less than two 1 1 angles, i 17 

and of these, the BAC is a rfc. angle , Pi ovcd 
. tho l. ABC, which is the angle in tlio segment ABC, is 
less than a rt. angle 

(m) Because ABCD is a quadiilateral inscribed in the 
O ABC, 

the l * ABC, ADC together = tw o rt angles, m 22 
and of these, tlie l. ABC is less than a rt angle Proved 
\ the _ ADC, which is tho angle in the segment ADC, is 
greater than a rt. angle QED 


EXLRCISrS 

d 1 A circle detenbed on the hypotenuse of a right-angled triangle 
as diameter , parses through the opposite annular point 
42 A system of right-angled triangles is described upon a given 
straight line as hypotenuse • find the locus of the opposito angular 
points 

v! 3. A straight rod of gnen length slides between two straight 
rulers placed at right angles to one another, find the locus of its 
middle point, 

4 Two circles intersect at A and B , and through A two diameters 
AP, AQ are drawn, one m each circle show that the points P, B, Gt 
are callmcnr [See Def p 102 ] 

5 A circle is described on one of the equal sides of an isosceles 
triangle as diameter Show that it passes through the middle point 
of the base 

6 Of two circles which have internal contact, tho diameter of the 
inner is equal to the radius of tho outer. Shew that any chord of 
the outer circle, drawn from the point of contact, is bisected by tho 
circumference of tho inner circle 

7. Circles described on any two bides of a triangle ns dinmeters 
intersect on the third side, or the third sido produced 

8 Find the locus of the middle points of chords of a circle drawn 
through a fixed point 

Distinguish between tho cases when tho given point is within, on, 
or without tho circumference 

9. Descnbo a square equal to the difference of two given Bqnnrcs 

10 Through one of tho points of intersection of two circles draw 
a chord of one circle which shnli be bisected by tho other 

11 On a gnen straight lino aB base a system of equilateral four- 
sided figures is described find tho loous of tho intersection of their 
diagonals 
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euclid’s elemexts 


Note 1 The extension of Proposition 20 to straight and reflex 
angles famishes a simple alternative proof of 
the first theorem contained in Proposition 31, 
viz 

The angle in a semicircle is a right angle 

For, in the adjoining figure, the angle at 
the centre, standing on the aro BHC, is 
double the angle at the O c “, standing on the 
same aro 

Now the angle at the centre is the straight angle BEC , 
the L BAC is half of the straight angle BEC 
and a straight angle = two rt angles, 
the L BAC = one half of two rt angles, 

=oue rt angle q r n 


Note 2 From Proposition 31 we may deme a simple practical 
solution of Proposition 17, namely, 

To draw a tangent to a circle ft om a given external point 

Let BCD be the given 
circle, and A the given exter- 
nal point 

it is required to draw from 
A a tangent to the o BCD 

Find E, the centre of the 
circle, and join AE 

On AE describe the semi- 
circle ABE, to cut the given 
cirde at B 

Join AB 

Then AB shall be a tangent 
to the O BCD 

For the L ABE, being in a semicircle, is a rt angle m 31 

AB is drawn at rt angles to the radius EB, from its ex- 
tremity B, 

AB ib a tangent to the circle nr 16 

QEE 

Since the semicirole might be described on either side of AE, it is 
clear that there will be a second solution of the problem, as shewn by 
the dotted lines of the figure 
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PROPOSITION' 32. Thlokkm. 

If a straight line touch a circle , and /torn the point of 
contact a cho i d he drawn , the angles winch this choi d males 
with the tangent shall he equal to the angles in the alternate 
segments of the circle 


A 



Let EF touch the gnen OABC at B, and let BD he a 
chord draw-ii from B, the point of contact 

then shall (i) the L DBF = the angle m the alternate 
segment BAD: 

(u) the L DBE = the angle m the alternate 
segment BCD. 

Prom B draw BA perp to EF ill 

Take any point C m the me BD, 
and ]oin AD, DC, CB 

(i) Then because BA is diawn perp to the tangent EF, 
at its point of contact B, 

BA passes through the conti o of the circle hi 19 
the l ADB, being m a seimcnclc, is a it angle m 31 
in the A ABD, the othei l % ABD, BAD together = a x*t 
angle, j 32 

that is, the L* ABD, BAD together = the L ABF 
Prom these equals take tlio common L ABD, 
the £.DBF=the L BAD, which is m the alternate seg- 
ment 
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A 



(n) Because ABCD is a qundnlntcinl mscnbed in a 
circle, 

the l* BCD, BADtogothei = two rt angles jii 22 
but the i.* DBE, DBF togethei =t\vo rfc. angles, I 13. 
the i* DBE, DBF together = the a.’ BCD, BAD 
and of these the l DBF -the l BAD, Proved 
the l DBE = the L DCB, in Inch is m the alternate seg- 
ment q F D 


lAEncisrs 

1 State and prove the convcrso of tbiB proposition 

2 Use tins Proposition to shew that the tangents drawn to a 
circle from nn external point are equal 

3 If two circles touch one another, any straight Ime drawn 
through the point of contact cuts off similar segments 

Prove this for (l) internal, (u) external contact 

4 If two circles touch cue another, and from A, the point of con- 
tact, tw o chords APQ, AXY aro draw a then PX and QY are parallel 

Prove this for (i) internal, (u) external contact 

5 Two circles intersect at the points A, B and one of them 
passes through O, the ooutre of the other proio that OA bisects the 
angle between the common chord and the tangont to tho first circle 
at A 

6 Two circles intersect at A and B , and through P, any point 

on the oircumforenco of one of them, straight lines PAC, PBD are 
drawn to cut tho other circle at C and D show that GD is parallel 
to tho tangent at P ' 

7 If from tho point of contact of a tangent to a circle, a chord 
he drawn, the perpendiculars dropped on tho tangont and chord from 
the middle point of either arc out off by tho chord are equal 
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book m proi> 33 

Proposition 33. Problem 

On a ghcn straight line to desertba a segment of a cncle 
which shall contain an angle equal to a given angle 

H 


Let AB be the gnen st line, and C the given angle 
it is required to describe on AB a segment of a circle which 
shall contain an angle equal to C. 

At A m BA, make the l BAD equal to the z_ C i 23 
From A draw AE at rl angles to AD. ill 
Bisect AB at F, I 10 

and from F draw FQ at H angles to AB, cutting AE at G 

Join GB 

Then m the A* AFG, BFG 

( AF = BF, Constr 

and FG is common, 

and the L AFG =?the i. BFG, being rt angles, 
GA = GB I 4 

the circle descubed fiom centre G, with i.idius GA, will 
pass through B 

Desciibo this cnclc, and call it ABH: 
then the segment AHB shall contain an angle equal to C 
Because AD is drawn at it. angles to the ladius GA from 
its extremity A, 

. AD is a tangent to the circle m 16 

and from A, its point of contact, a chord AB is diawn, 

.. the l BAD = the angle in the alt segment AHB m 32 
But the L. BAD = the l C. Constr 

the angle in the segment AHB = the L o 

. AHB is the segment lcquited q e r 
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Note In the particular case when the given angle C is a rt angle, 
the segment lequired will he the 

semicircle described on the given ■ — - — H 

st line AB, for the angle in a 
semicircle is a rt angle in 31 



EXERCISES 

[The following exercises depend on the corollary to Proposition 21 
given on page 187, namely 

The locus of the vertices of triangles which stand on the same base 
and have a given vertical angle, is the arc of the segment standing on 
this base, and containing an angle equal to the given angle 

Exercises 1 and 2 afford good illustrations of the method of find- 
ing required points by the Intersection of Loci See page 117 ] 


1 Describe a triangle on a given base, having a given vertical 
angle, and having its vertex on a given straight line 


and 


Construct a triangle , having given the base, the vertical angle 

S one other side 
the altitude 

the length of the median which bisects the base 
the point at which the perpendicular from the vertex 
meets the base 


(mj 


3 Construct a triangle having given the base, the vertical angle, 
and the point at which the base is cut by the bisector of the vertical 
angle 

[Let AB he the base, X the given point in it, and K the given 
angle On AB describe a segment of a circle containing on angle 
equal to K, complete the O” by drawing the arc APB Bisect the arc 
APB at P join PX, and produce it to meet the a™ at C Then ABC 
ahull be the required triangle ] 


4 Construct a triangle having given the base, the vertical angle, 
and the sum of the remaining sides 

[Let AB bo the given base, K the given angle, and H tbo given line 
equal to the sum of the sides On AB describe a segment containing 
an angle equal to K, also another segment containing an angle equal 
to half the l K Prom centre A, with radius H, describe a circle 
cutting the last drawn segment at X and Y Jom AX (or AY) cutting 
the first segment at C Then ABC shall be the required triangle ) 

5 Construct a triangle having given the base, the vertical angle, 
and the difference of the remaining sides 
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Proposition 34 Problem 

From a given circle to cut off a segment winch shall 
contain an angle equal to a given angle 



Let ABC be the given circle, and D the given angle 
it is required to cut off from the O ABC a segment which, 
shall contain an angle equal to D 

Take any point B on the O cc , 
and at B draw the tangent EBF m 17 

At B, m FB, make the L FBC equal to the L D i 23 
Then the segment BAC shall contain an angle equal to D 

Because EF is a tangent to the cucle, and from B, its 
point of contact, a chord BC is drawn, 

the L. FBC = the angle m the alternate segment BAC 

hi 32 

But the l FBC = the L D, Gonsti 

the angle in the segment BAC = the L D 
Hence from the given OABC a segment BAC has been 
cut off, containing an angle equal to D qep 


exercises. 

1 The chord of a given segment of a cncleis produced to a fixed 
point on tins straight line so produced draw a segment of a circle 
similar to the given segment 

2 Through a given point without a cucle draw a straight line 
that will cut oil a segment capable of containing an angle equal to a 
given angle 
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Proposition 35 Theorem 

If two choi ds of a cm ch cut one another, the rectangle 
contained by the segments of one shall be equal to the rect- 
angle contained by the segments of the other 



Let AB, CD, two chords of the O ACBD, cut one another 
at E 

then shall the rect AE, EB » the rect CE, ED 

Find F the centre of the OACB in 1 

From F draw FG, FH perp respectively to AB, CD I 12 
Join FA, FE, FD 

Then because FG is drawn from the centre F perp to AB, 
AB is bisected at G III. 3 

For a similar reason CD is bisected at H 
Again, because AB is divided equally at G, and unequally at E, 
the reot AE, EB with the sq on EG = the sq on AG II 5 
To each of these equals add the sq on GF, 
then the rect AE, EB with the sqq on EG, GF=the sum of 
the sqq on AG, GF 

But the sqq on EG, GF = the sq on FE, I 47 

and the sqq on AG, GF = the sq on AF, 
for the angles at G are rt angles 
the rect AE, EB with the sq on FE=the sq on AF 
Similarly it may be shewn that 
the rect CE, ED with the sq on FE=the sq on FD 
But the sq on AF = tbe sq on FD, for AF = FD 
. the rect AE, EB with the sq on FE = the rect CE, ED 
with the sq on FE. 

From these equals take the sq on FE 
then the rect AE, EB = the rect CE, ED Q so 
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Corollary If through a fixed point within a circle 
any number of chords ai e drawn, the rectangles contained 
by their segments are all equal 

Note The following special cases of this proposition deserve 
notice 

(1) when the given chords both pass through the centre 
(u) when one chord passes through the centre, and cuts the 
other at right angles • 

(in) when one chord passes through the centre, and cuts the 
other obliquely. < 

In each of these cases the general proof requires some modifica- 
tion, winch may be left as an exercise to the student 


EXERCISES 

1. Two straight lines AB, CD intersect at E, so that the rectangle 
AE, EB is equal to the rectangle CE, ED shew that the four points 
A, B, C, D are concychc. 

2 The rectangle contained by the segments of any chord drawn 
through a given point within a circle is equal to the square on half 
the shortest chord which may be drawn through that point 

3 ABC is a triangle right-angled at C , and from C a perpen- 
dicular CD is drawn to the livpotenuso shew that the square on CD 
is equal to the rectangle AD, DB 

4c ABC is a triangle, and AP, BQ the perpendiculars dropped 
from A and B on the opposite sides, intersect at O shew that the 
rectangle AO, OP is equal to the rectangle BO, OQ 

5 .Two circles intersect at A and B, and through any point in AB 
their common chord two chords are drawn, one m each circle; shew 
that their four extremities are concyclic 

6 A and B are two points within a circle such that the rectangle 
contained by the segments of any chord drawn through A is equal to 
the rectangle contained by the segments of any chord through B 
shew that A and B are equidistant from the centre 

7 If through E, a point without a circle, two secants EAB, ECD 
are drawn , shew that the rectangle EA, EB is equal to the rectangle 
EC, ED 

[Proceed as m m 3o, using n 6] 

8 Through A, a point of intersection of two circles, two straight 
hnes CAE, DAF are drawn, each passing through a centre and termi- 
nated by the circumferences shew that the rectangle CA, AE is equal 
to the rectangle DA, AF 
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If from any point without a circle a tangent and a 
secant he diawn, thm the icctanglc contained by the whole 
secant and the part of it without the cucle shall he equal to 
the square on the tangent 



Let ABC be a cucle, anti fiom D a point without it, let 
theie bo ch awn the secant DCA, ancl the tangent DB 
then the rect DA, DC shall be equal to the sq on DB 

Find E, the centre of the OABC in 1 

and fiom E, diaw EF perp to AD I 12 

Jom EB, EC, ED 

Then because EF, passing through the centie, is perp 
to the chord AC, 

AC is bisected at F hi 3 

And since AC is bisected at F and pioduced to D, 
the lect DA, DC with the sq on FC =the sq on FD II C 
To each of those equals add the sq on EF 
then the icct. DA, DC with the sqq on EF, FC — tlio sqq on 
EF, FD 

But the sqq on EF, FC = the sq on EC , for EFC is a rt angle, 
= the sq on EB 

And tlio sqq on EF, FD =thc sq on ED , for EFD is a rt angle, 
= the sqq on EB, BD, for EBD is a, 
rt angle in M 

. the leefc DA, DC with the sq on EB = the sqq on Efe, 
From these equals take the sq on EB 
then the rect DA, DC = the sq on DB d 

Non. This proof may easily bo adopted to the case when the 
secant passes through tho centre of the circle 
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CoROiXAit\ If fiom a given point without a cxncle 
any numbei of secants are drawn, the rectangles contained 
by the whole secants and the pails of them without the cucle 
are all equal } for each of these i ectangles is equal to the 
square on the tangent drawn from the given point to the 
circle 

For instance, in the adjoining figure, 
each of the rectangles PB, PA and PD, PO 
and PF, PE is equal to the square on the 
tangent PQ* 

the rect PB, PA 

= the rect PD, PC 
= the rect PF, PE 

Note Bemembenng that the segments into which the chord AB 
is dmded at P, are the lines PA, PB, (see Part I page 131) we are 
enabled to include the corollaries of Propositions 35 and 36 in a 
single enunciation 

If any number of chords of a circle arc diawn thiouyh a given 
point within or without a circle, the rectangles contained by the 
segments of the chords are equal 



EXERCISES 

1 Use thib proposition to shew that tangents drawn to it circle 
from an external point are equal 

2. If two circles intersect, tangents drawn to them from any 
point in their common chord produced are equal 

3 If two circles intersect at A and B, and PQ is a tangent to 
both circles, shew that AB produced bisects PQ 

4 If P is any point on the straight line AB produced, shew that 
the tangents drawn from P to all circles which pass through A and B 
are equal 

5 ABC is a triangle right-angled at C, and from any point P in 
AC, a perpendicular PQis drawn to the hypotenuse, shew that the 
rectangle AC, AP is equal to the rectangle AB, AQ 

6 ABC is a triangle right-angled at C, and from C a perpen- 
dicular CD is drawn to the hypotenuse shew that the rect AB, AD 
is equal to the square on AC 
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Proposition 37 Theorem 

If from a point without a circle there be drawn two 
straight lines, one of which cats the circle, and the other 
meets it, and if the rectangle contained by the whole line 
which cuts the circle and the part of it t tnihout the elide be 
equal to the square on the line which meets the circle, then 
the line which meets the circle shall be a tangent to it 


D 


Let ABC be a circle, and fiom D, a pomt without it, 
let there he drawn two st lines DCA and DB, o£ winch 
DCA cuts the circle at C and A, and DB meets it, and let 
the rect DA, DC = the sq on DB 

then shall DB be a tangent to the circle 

From D draw DE to touch the O ABC III.J7 
let E he the point of contact 
Find the centre F, and join FB, FD, FE. in 1 

Then since DCA is a secant, and DE a tangent to the circle, 
the rect DA, DC = the sq On DE, III 36 
But, by Hypothesis, the lect DA, DC = the sq on DB, 
the sq on DE = the sq on DB, 

DE = DB 

Hence in the A* DBF, DEF 

1 DB = DE, 
and BF = EF, 
and DF is common, 
the l DBF - the l DEF 
But DEF is a rt angle , 

DBF is also a rt angle, 
and since BF is a radius, 

DB touches the OABC at the point B 

Q E.D 


Proved 
in Dcf 1 

i 8— 

nr 18 



NOTE ON THE METHOD OF LIMITS AS APPLIED TO TAXGENCY 


Euclid defines a tangent to a circle as a straight hue winch meets 
the circumference, hut being pioduccd, does not cut tt and from tins 
definition he deduces the fundamental theorem that a tangent is per- 
pendicular to the radius drawn to the point of contact Piop 16 
But this result may also he established by the Method of Limits, 
which regards the tangent as the ultimate position of a secant when its 
two points of vileisection with the circuinfeiciice are brought into coin- 
cidence [See Note on page lol] and it may bo shewn that e\ery 
theorem relating to the tangent may be domed from some moio 
general proposition relating to the secant, by considering tho ultimato 
case when the two points of intersection coincide. 

1 To prove by the Method of Limits that a tangent to a circle 
is at right angles to the radius drawn to the point of contact 

Let ABD bo a circle, whose centre 
is C, and PABQ a secant cutting the 
O" m A and B , and let P'AQ' be tho 
limiting position of PQ when the point 
B is brought into coincidence with A. 
then shall CA be perp to P'Q' 

Bisect AB at E and join CE 

then CE is perp to PQ hi 8 

Now let the .secant PABQ change 
its position m such a waj that while the 
point A remains fixed, the point B con- 
tinually approaches A, and ultimately 
coincides with it, 

then, however near B approaches to A, the st line CE is alwajs 
perp to PQ, since it joins tho centre to tho middle point of tho chord 
AB 



But in the limiting position, when B coincides with A, and tho 
secant PQ becomes the tangent P'Q', it is clear that the point E will 
also coincide with A , and the perpendioular CE becomes the radius 
CA. Hence CA is perp to the tangent P'Q' at its point of contact 
A. q e ». 

Norn It follows from Proposition 2 that a straight line cannot 
cut the circumference of a cucle at moic than two points Now when 
the two points in which a secant cuts a circlo move towards coinci- 
dence, tho secant ultimately becomes a tangent to the oncle we 
infer therefore that a tangent cannot meet a circle otherwise than 
at its point ofi contact Thus Euclid’s definition of a tangent may he 
deduced from that given by the Method of Limits 

H E. 
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2 By this Method Proposition 32 may he derived as a special case 
from Proposition 21. 

For let A and B be two points on the O'* 
of the O ABC , 

and let BCA, BPA he any two angles in 
the segment BCPA 

then the l BPA=tlie L BCA in 21 

Produce PA to Q. 

Now let the point P continually approach 
the fixed point A, and ultimately coincide 
with it, 

then, however near P may approach to A, 
the L BPGt=the L BCA lit 21 
But in the limiting position when 
P coincides with A, 

and the secant PAQ becomes the tangent AQ', 
it is clear that BP will coincide with BA, 
and the L BPQ. becomes the L BAQ' 

Hence the l BAQ'=the l BCA, in the alternate segment q e d 


The contact of circles may bo treated in a similar manner by 
adopting the following definition 

Definition If one or other of two intersecting circles altera its 
position in such a way that the two points of intersection continually 
approach one another, and ultimately comoide , in the limiting posi- 
tion they are said to touch one another, and the point in which the 
two points of intersection ultimately coincide is called the point of 
contact 

EXAMPLES ON LIMITS 

1 Deduce Proposition 19 from the Corollary of Proposition 1 
nnd Proposition 3 

2 Deduce Propositions 11 and 12 from Es 1, page 166 

8 Deduce Proposition 0 from Proposition 6 

4 Deduce Proposition 13 from Proposition 10 

5 Shew that a straight lino outs a circle in two different points, 
two coincident points, or not at all, according as its distance from the 
centre is less than, equal to, or greater than a radius 

6 Deduce Proposition 32 from Ex 3, page 188 

7 Deduco Proposition 30 from Ex 7, page 209 

8 The angle in a semi-circle is a right angle 

To what Theorem is this statement reduced, when tho vertex of 
the right angle is brought into coincidence with an extremity of tho 
diameter? 

, ® Prom Ex 1, page 190, deduce tho corresponding property of a 
triangle inscribed in a circle, ° * 
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THEOREMS A3s T D EXA3IPLES OH ROOK IIL 


I ON THE CENTRE AND CHORDS OP A CIRCLE 

See Propositions 1, 3, 14, 15, 25 

1 All circles which pass through a fixed point , and hate their 
centres on a given straight line, pass also through a second fixed point. 

Let AB be the given st line, and P tho given point. 



From P draw PR perp to AB j 
and produce PR to P', making RP' equal to PR 
Then all circles which pass through P, and have their centres on 
AB, shall pass also through P'. 

For let C be the centre of any one of these circles. 

Join CP, CP' 

Then in the a* CRP, GRP' 

( CR is common, 

Because t and RP=RP', Constr 

I and the L CRP=the L CRP', being rt angles, 

CP=CP', i 4 

the circle whose centre is C, and which passes through P, must 
pass also through P'. 

But C is tho centre of any circle of the system ; 
all circles, which pass through P, and have their centres m AB, 
pass also through P' q c j 

2 peso ibe a circle that shall pass though three given points not 
m the same straight line » 


15—2 
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3 Describe a circle that shall pass through two given points and 
have its centio m a giv on straight line. When ib this impossible? 

4 Describe a circle of given radius to pass through two given 
points When is this impossible? 

6 ABC is an isosceles tnangle , and from the vertex A, as centre, 
a circle is described cutting the base, or the base produced, at X and Y 
Shew that BX=CY 

G If two circles which intersect are cut by a straight lino 
parallel to the common chord, shew that the parts of it intercepted 
between the circumferences are equal 

7 If two circles cut one another, any two straight lines drawn 
through a point of section, making equal angles with tho common 
chord, and terminated by tho circumferences, arc equal [Ex 12, 
p 156] 

8 If two ciroles cat one another, of all straight lines drawn 
through a point of section and terminated by the circumferences, the 
greatest is that which is parallel to tho line joining the centres 

9 Two circles, whose centres arc C and D, intersect at A, B, 
and through A a straight line PAGl is drawn terminated by the 
circumferences if PC, CD intersect at X, shew that tho angle PXC 
is equal to the angle CAD 

10 Through a point of section of two circles which cut ono 
another draw a straight line terminated by the circumferences and 
bisected at the point of section 

11 AB is a fixed diameter of a circle, whoso centre is C, and 
from P, any point on the cironmference, PQ is drawn perpendicular 
to AB, shew that the bisector of the angle CPC always intersects the 
circle in one or other of two fixed points 

12 Circles arc described on the sides of a quadrilateral ns 
diameters shew that tho common chord of any two consecutive 
circles ib parallel to the common chord of the other two [Ex 9, 
P 97] 

13 Two equal circles touch one another externally, and through 
the point of contact two chords are drawn, one m each circle, at 
nght angles to each other shew that the straight line joining their 
other extremities is equal to the diameter of either circle 

14 Straight hues are drawn from a given external point to tho 

oircumferenee of a circle find the locus of their middle -points, 
[Ex 3,p 97] * 

15 Two equal segments of circles are describe! on opposite sides 
°Lri?? ne ° h .Pi d AB > 11114 through O, the middle point of AB, any 
straight line POO is drawn, intersecting the aics of the segments at 
Panel Cl shew that OP =OQU 



THEOREMS AND EXAMPLES OS BOOK III 


217 


II OX THE TAXGEXT AXD THE COXTACT OF CIRCLES 
See Propositions 11, 12, 16, 17, 18, 19 

1 All equal chords placed in a given circle touch a fixed concen- 
tric cncle 

2 If from an external point two tangents are drawn to a circle, 
the angle contained by them is double the angle contained by the 
chord of contact and the diameter drawn through one of the points of 
contact. 

3. Two circles touch one another externally, and through the 
point of contact a straight line is drawn terminated by the circum- 
ferences. shew that the tangents at its extremities are parallel 

4 Two circles intersect, and through one point of section any 
straight line is drawn terminated by the circumferences shew that 
the angle between the tangents at its extremities is equal to the angle 
between the tangents at the point of section 

5 Shew that two parallel tangents to a circle intercept on any 
third tangent a segment which subtends a right angle at the centre 

6 Two tangents are drawn to a given circle from a fixed external 
point A, and any third tangent cats them produced at P and Q. shew 
that PQ subtends a constant angle at the centre of the circle. 

7. In any qvadnlateral circumscribed about a circle, the sum of 
one pair of opposite sides is equal to the sum of the other pair. 

8 If the sum of one pair of opposite sides of a quadrilateral is 
equal to the sum of the other pair , shew that a circle may be inscribed 
in the figure 

(Bisect two adjacent angles of the figure, and so describe a circle to 
touch three of its sides Then prove indirectly by means of the last 
exercise that this circle must also touch the fourth side ] 

9. Two circles touch one another internally: shew that of all 
chords of the outer circle which touch the inner, the greatest is that 
which is perpendicular to the straight line joining the centres. 

10 In a right-angled triangle, if a circle is described from the 
middle point of the hypotenuse as centre and with a radius equal to 
half the sum of the s'des containing the right angle, it will touch 
the circles described on these sides as diameters 

11. Through a given point, draw a straight line to cut a circle, 
so that the part intercepted by the circumference maj be equal to a 
given straight line 

In order that the problem may be possible, between what limits 
must the given line lie, when the given point is (i) without the circle, 
(») within it? 
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12 A series of creoles touch a given straight line at a given point 
shew that the tangents to them at the points where they ent a given 
parallel straight line all touch a Used circle, whose centre is the given 
point 

13 If two circles tonch ono another internally, and any third 
circle he described touching both , then the sum of the distances of 
the centre of this third circle from the centres of the two green creoles 
is constant, 

14 Find the locus of points such that the pares of tangents 
drawn from them to a gnen circle contain a constant angle 

15 Find a point such that the tangents drawn from it to two 
given circles may be equal to two given straight lines "When is this 
impossible? 

16 If three circles touch ono another two and two, proie that 
the tangents drawn to them at the three points of contact are con- 
current and equal, 


The Comsioh Tavoents to Two Cincras 



17* To draw a common tangent to two circles 

First, if the green credos aro external to one another, or if they 
intersect 

Let A be the centre of the . D 

greater creole, and B the centro 
of the less 

From A, with radius equal 
to the diff“ of the radii of the 
given circles, describe a orecle 
and from B draw BC to touch 
the last drawn cirde Join AO, 
and produce it to meet the 
greater of the given circles at D 

Through B draw the radius BE par 1 to AD, and in the same 
direction 

Join DE 

then DE shall be a common tangent to the two green circles 

For since AC=the difi' 0 between AD and BE, Constr 

CD = BE 

and CD is par 1 to BE, Constr 

DE is equal and par 1 to CB i 33 

But since BC is a tangent to the creole at C, 

, , „ „ the z ACB is a rt angle, ui 18 

hence each of the angles at D and E is art angle j 29 

DE is a tangent to both circles q e e. 
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It follows from hypothesis that tlio point B is ontsido tlio circlo 
used m the construction 

two tangents such ns BC mnj always he drawn to it from B , 
hence two common tangents may alwajs bo drawn to the given 
circles by the above method. These are called the direct common, 
tangents 

"When the given circles arc external to one another and do not 
intersect, two more common tangents mnj bo drawn 

For, from centre A, with a radius equal to the sum of the radn of 
the given circles, describe a circle 

From B draw a tangent to this circle, 
and proceed as before, but draw BE m the direction opposite to AD. 

It follows from hypothesis that B is external to the circlo used in 
the construction , 

two tangents may he drawn to it from B 
Hence fire more common tangents may he drawn to tho given 
circles, these will he found to pass between tho given circles, and are 
called the transverse common tangents 

Thns, m general, four common tangents may be drawn to two 
given circles 

The student should investigate for lumself tho number ol common 
tangents which may be drawn m the follow mg special cases, noting 
in each case where the general construction fails, or is modified — 

( 1 ) 'When the given circles intersect • 

(ii) When the given circles liavo external contact 
(ui) When the given circles have internal contact . 

(iv) When ono of the given circles is wholly within tho othci. 

18 Draw the direct common tangents to two equal circles 

19 If tho two direct, or the two tiansverse, common tangents 
are drawn to two circles, the parts of tho tangents intercepted be- 
tween the points of contact are equal. 

20 If four common tangents are drawn to two circles external to 
one another, shew that tho two direct, and also tho two transverse, 
tangents intersect on the straight lino whioli joins the centres of the 
circles 


21. Two given circles have external contact at A, and a direct 
common tangent is drawn to touch them at P and Q show that PQ 
subtends a right angle at tho point A 

22. Two circles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q shew that a circle 
described on PQ as diameter is touched at A by the straight lino 
winch joins tho centres of the circles. 
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23 Two circles whose centres are C and C' have external contact 
at A, and a direct common tangent is drawn to touch them at P 
and Q shea that the bisectors of the angles PCA, QC'A meet at 
right angles m PQ And if R is the point of intersection of the 
bisectors, shew that RA is also a common tangent to the circles 

24 Two circles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q shew that the square 
on PQ is equal to the rectangle contained by the diameters of the 
circles 

23 Draw a tangent to a given circle, so that the part of it 
intercepted by another gu en circle may be equal to a given straight 
line When is tins impossible? 

2G Draw a secant to two given circles, so that the parts of it 
intercepted bj the circumferences- may be equal to two given straight 
lines 


ProBi.nns on Tangenci 

The following exercises are solved by the Method of Inter- 
section of Loci, explained on page 117 

The student should begin by making himself familiar with 
the following loci 

M The locus of ilic centres of circles which pass through two gnen 
points 

(nl The locus of the centres of circles icfucfc touch a given straight 
line at a gnen point 

(m) The locus of the centres of circles which touch a given circle at 
a qiren point 

(iv) The locus of the centres of circles which touch a given straight 
line, and have agn cii radius 

(\) The locus of the centres of circles which touch a given circle, 
and hare a given radius 

(vi) 2 he locus of the eentres of circles which touch tico given 
straight lines 

In each cxerciso the student should investigate the limits 
and relations among tho data, in order that the problem may ho 
possible 1 


27 Describe a circle to touch throe given straight lines 

*£ * e,, » » 4 ,OTd ‘ * 
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30 Describe a circle of giren radios to pass through a given 
point, and touch a gi\ en straight line 

31 Describe a circle of given radius to touch two given circles 

32 Describe a circle of given radius to touch two given straight 
lines 

33 Describe a circle of given radius to touch a gi\en circle and a 
gnen straight line 

34 Describe two circles of given radu to touch one another and 
a given straight line, on the same side of it 

35 If a circle touches a given circle and a given straight Ime, 
shew that the points of contact and an extremity of the diameter of 
the given circle at right angles to the given line are colhnear 

36 To describe a circle to touch a gnen circle, and also to touch a 
given straight line at a given point 

Let DEB be the given circle, PQ 
the given st line, and A the given 
point m it 

it is required to describe a circle to 
touch the o DEB, and also to touch 
PQ at A 

At A draw AF perp toPQ x 11 
then the centre of the required circle 
must lie in AF. in 19 

Find C, the centre of the o DEB, 

i 1 

and draw a diameter BD perp to 
PQ 

join A to one extremity D, cutting 
the o'* at E. 

Join CE, and produce it to cut AF at F 
Then F is the centre, and FA the radius of the required circle 
[Supply the proof and shew that a second solution is obtained by 
joining AB, and producing it to meet the O” . 

also distinguish between the nature of the contact of the circles, when 
PQ cuts, touches, or is without the given circle ] 

37. Describe a circle to touch a given straight line, and to tonch 
a given circle at a given point 

38 Describe a circle to touch a given circle, have its centre m a 
given straight line, and pass through a given point in that straight 
line 



' [F° r other piohlems of the same class see page 235 ] 
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rtfClID’H ELEMENTS 


0KEII000NAL Circles 

Definition Circles winch intersect at a point, so that the 
two tangents at that point arc at right angles to ono another, 
are said to ho orthogonal, or to cut one another ortho- 
gonally 

39 In two intersecting circles the angle between tho tangents 
r t one point of intersection is equal to tho angle between tho tangents 
rt the other. 

40 7/ tiro circles cut one another orthogonally, the tangent to 
each circle at a point of intersection Kill pass through the centre of 
the other circle 

41 If tiro circle* cut one another orthogonally, the square on the 
distance between their centres is equal to the sum of the squareB on 
their radii 

42 Find the locus of tho centres of all circles which cat a given 
circle orthogonally at n given point 

43 Describe a circle to pass through a given point nnd cut n 
given circle orthogonally at a given point 


HI ON ANGLES IN BrGMrNTS, AND ANGLES AT THE 
CENTRES AND CIRCUMFERENCES OF CIRCLES 

See Propositions 20, 21, 22 , 20, 27, 28, 29 , 31, 32, 33, 34 

1 If two chords intersect within a circle, they form an angle equal 
to that at the centre, subtended by half the sum of the arcs they cut off 

Let AB and CD he two chords, intersecting 
at E within the given oADBC 
then shall the I AEC bo equal to tho angle at 
the centre, subtended by half the sum of tho 
arcs AC, BD 

Join AD 

Then the ext L AEC = the sum of the int 
opp / ■ EDA, EAD , 

that is, the sum of the L * CDA, BAD 
But the L ’ CDA, BAD aro the angles at 
the o” subtended by the arcs AC, BD, 

* “half the sum of the angles at tho centre subtended by 

the same arcs, 

or, the L AEC « the angle at the centre subtended l>y half the sum of 
tho arcs AC, BD. o n D 
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2 If two chords when produced intersect outside a cd clc , they form 
an angle equal to that at the centie subtended by half the difference of 
the arcs they cut off 

3 The snm of the arcs cut off by two chords of a circle at right 
angles to one another is equal to the semi-circumference 

4 AB, AC are any two chords of a circle, and P, Glare the 
middle points of the minor arcs cut off by them if PQ is joined, 
cutting AB and AC at X, Y, shew that AX=AY. 

5 It one side of a quadnlateial inscribed in a circle is produced, 
the exterior angle is equal to the opposite inteiior angle 

6 If two circles intersect, and any straight lines are drawn, one 
through each point of section, terminated by the circumferences, 
shew that the chords which join their extremities towards the same 
parts are parallel 

7 ABCD is a quadnlateial inscribed in a circle , and the opposite 
sides AB, DC are produced to meet at P, and CB, DA to meet at Gl 
if the circles circumscribed about the triangles PBC, QAB intersect 
at R, shew that the points P, R, Q are colhnear 

8 If a circle is described on one of the sides of a right-angled 
tnangle, then the tangent drawn to it at the point where it cuts the 
hypotenuse bisects the other Bide 

9 Given three points not in the Bame straight hne shew how 
to find any number of points on the circle w’hich passes through them, 
without finding the centre 

10 Through any one of three given points not in the same 
straight line, draw a tangent to the circle which passes through them, 
without finding the centre 

11 Of two circles which intersect at A and B, the circumference 
of one passes through the centre of the other from A any straight 
line ACD is drawn to cut them both, shew that CB=CD 

12 Two tangents AP, AGl are drawn to a Circle, and B is the 
middle point of the arc PQ, convex to A, Shew that PB bisects the 
-angle APGt. 

13 Two circles intersect at A and B, and at A tangents are 
drawn, one to each circle, to meet the circumferences at C and D if 
CB, BD are joined, shew that the tnangles ABC, DBA are equi- 
angular to one another 

14 Two segments of circles are described on the same chord and 
on the same side of it < the extremities of the common chord are joined 
to any point on the arc of the extenor segment: shew that the aro 

■'intercepted on the interior segment is constant. 
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15 If a senes of triangles are drawn standing on a fixed base, 
and bavins a given \eitical angle, shew that tlio bisectors of tbo ■verti- 
cal angles all pass through a fixed point 

10 ABC is a trmnglo inscribed in a circle, and E tlio middle 
point of tbo arc subtended by BC on the side remote from A if 
through E a diameter ED is drawn, show that the angle DEA is half 
the difference of the angles at B and C [See Ex 7, p 101 ] 

17 If two circles touch each other internally at a point A, nny 
chord of the exterior circle which touches the interior is divided at its 
point of contact into segments which subtend equal angles at A 

18 If two circles touch one another internally, and a straight 
lino ib drawn to cut them, tlio segments of it intercepted between the 
circumferences subtend equal angles at the point of contact 


Tnr Onrnocrvran or k Tnuvnr 



10 The pcipciidiciifar* dratrn /rom the vertices of a triangle to 
the opposite side* are concurrent 

In the a ABC, let AD, BE he the 
perp" drawn from A and B to the oppo- 
site sides, and let them intersect at O 
Join CO, and produce it to meet AB 
at F 

It is required to sheic that CF is perp 
to AB 

Join DE 

Then, because the L ’ OEC, ODC are 
rt angles, IIup 

the points O, E, C, 0 ore concyclic 
the z D EC = tlio z DOC, m the same segment, 

= the v ert opp L FOA 

Again, because the L • AEB, ADB aro rt angles, Hyp 

the points A, E, D, B ore concyclic 
the Z DEB=tlio z DAB, in the same segment 
the sum of tlio Z * FOA, FAO=tIie sum of tho z* DEC DEB 

Hyp 

i J2 
flrj 


=n it angle 
Z AFO=a rt angle 


the remaining 

that is, CF is perp 'to AB 
Hence tho three perp* AD, BE, CF meet at tho point O 

[For an Alternative Proof seo page 100 } 
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Definitions 

(i) The mtei section of the perpendiculars diawn from the 
•vortices of a tuangle to the opposite sides is called its ortho- 
centre 

(n) The tnanglo foimed by joining the feet of the pcipcndi- 
culars is called the pedal 01 orthocentric triangle. 

20 In an acute-angled triangle the perpendiculars diawn fiom 
the veitices to the opposite sides bisect the angles of the pedal tuangle 
through which they pass 

In the acute angled A ABC, let AD, 

BE, CF he the perp* drawn from tho 
vertices to the opposite sides, meeting 
at the orthocentre O, and let DEF be 
the pedal triangle 

then shall AD, BE, CF Insect respect- 
ively the z » FDE, DEF, EFD 

For, as in the last theorem, it may 
he shewn that the points O, D, C, E aio 
- concychc, 

the z ODE=the z OCE, in the same segment 

Similarly the points O, D, B, F are eoncjclic, 

the z ODF=lhe Z OBF, in tho same segment 

But the z OCE = tho z OBF, each being the comp 1 of the z BAC 
the Z ODE=the z ODF 

Similarly it may be shewn that the z * DEF, EFD aie bisected by 
BE and CF q k » 

ConoLLAHT ( 1 ) Every two sides of the pedal tuangle aie equally 
inclined to that side of the onginal triangle in which they meet 

For the z EDO = the comp* of the I ODE 
= the comp* of the L OCE 
=tho z BAC 

Similarly it may be show n that the z FDB=tho L BAC, 
the z EDC=the z FDB=the z A 

In like manner it may be proved that 

the z DEC=the z FEA=tlie z B, 
and the z DFB^the z EFA=the z C 

CoholIiAht. (11) The triangles DEC, AEF, DBF aie equiangular 
to one anothci and to the tuangle ABC 

Note If the angle BAC is obtuse, then the perpendiculars BE, CF 
bisect externally the corresponding angles of the pedal triangle 


A 
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21 In any triangle, if the perpendiculars drawn from the vertices 
on the opposite sides are produced to meet the circumscribed circle, 
then each side Insects that portion of the line perpendicular to it which 
lies between the orthocentre and the circumference 

> 

Let ABC be a triangle in which the perpen- 
diculars AD, BE are drawn, intersecting at O the 
orthocentre, and let AD be produced to meet 
the o'* of the circumscribing circle at G 
then shall DO = DG 

Join BG 

Then in the two A’ OEA, ODB, 
the L OEA=the L ODB, being rt angles, 
and the l EOA=the vert opp / DOB, 

the remaining i EAO=the remaining / DBO. i 32 

But the L GAG =the L GBG, in the samo segment, 
the l DBO = the L DBG 

Then in the A* DBO, DBG, 

(the / DBO = the i DBG, Proved 

Because jthe L BDO=the i BDG, 

( and BD ib common, 

DO=DG i 26 

1)0 

22 In an acute angled, triangle the three sides are the external 
bisectors of the angles of the pedal Inangle and in an obtuse-angled 
triangle the sides containing the obtuse angle are the internal bisectors 
of the corresponding angles of the pedal triangle 

23 If O is the orthocentre of the triangle ABC, shew that the 
angles BOO, BAC arc supplementary 

24 If O is the orthocentre of the triangle ABO, then any one of 
the four points O, A, B, C is the orthocentre of the triangle whose 
vertices arc the other three 



25 The three circles which pass through two vertices of a triangle 
and its orthocentre are each equal to the circle circumscribed about the 
triangle 

26 D, E are taken on the circumference of a semicircle described 

on a given straight lino AB the chords AD, BE end AE BD 
intersect (produced if nccessarj ) nt F and G shew that TG is* per- 
pendicular to AB 1 


27 A BCD is a parallelogram, AE and CE are drawn at right 
angles to AB, and OB respectively show that ED, if produced, will 
bo perpendicular to AC 1 h , 
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28 ABC is a triangle, O is its OTtliocentre, and AK a diameter 
of the circumscribed circle shew that BOCK is a parallelogram 

29 The orthocentro of a triangle is joined to the middle point of 
the base, and tho joining line is produced to meet the circumscribed 
circle prove that it will meet it at the same point as tho diameter 
which passes through the vertex 

30 The perpendicular from tho vertex of a triangle on the base, 
and the straight line joining the orthocentre to the middle point of 
the base, are produced to meet the circumscribed circlo at P and Q . . 
shew that PQ. is parallel to tho base 

31 The distance of each vertex of a triangle fiom the orthocentre 
is double of the perpendicular drawn from the centre of the circum- 
scribed circle on the opposite side. 

32 Three circles are described each passing through the ortho- 
centro of a triangle and two of its > 0111003 * shew that the triangle 
formed by joining their centres is equal m all respeots to the original 
triangle. 

33 ABC is a triangle inscribed m a circle, nnd the bisectors of its 
angles which intersect at O are produced to meet the circumference in 
PQR shew that O is tho ortliocentrc of the triangle PGR 

34 Construct a triangle, having given a vertex, the ortliocentrc, 
and tho centre of tho circumscribed circlo. 


Loci 


35. Gncn the base and vertical angle of a triangle, find the locus 
of its orthocentre. 

Let BC be the gi\cn base, and X tho 
given angle , and let BAC be any triangle 
on the base BC, having its vertical 1 . A 
equal to the / X 

Draw* tho perp' BE, CF, intersecting 
at the ortbocentre O 

It is required to find the locus of O, 

Since the L * OFA, OEA are rt, angles, 
the points O, F, A, E are concyclic , 

the L FOE is tho supplement of the L A , m 

. the vert opp L BOC is the supplement of the l A. 

But the L A is constant, being always equal to the L X , 
its supplement is constant; 

that is, tho a BOC has a fixed base, nnd constant vertical angle; 
hence tho locus of its vertex O is the arc of a segment of which BC is 
the chord. [Sec p. 187 ] 
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3G Given the base and vertical angle of a triangle, find the locus 
of the uitei section of the bisectors of its angles 

Let BAC be any triangle on the given 
base BC, having its vertical angle equal to 
the given L X, and let Al, Bl, Cl be the 
bisectors of its angles [see Ex 2, p 103 ] 
it is required to find the locus of the 
point I 

Denote the angles of the A ABC by 
A, B, C , and let the / BIC be denoted by I 

Then from the A BIC, 

(i) l + ?B + ^C=two rt angles, i 32 

and from the A ABC, 

A+B + C=twort angles, i 32 

(li) so that ^A+^B + ^C= one rt angle, 

, taking the differences of the equals m (i) and (n), 
l-,\A=one rt angle 
or, l~onert angle+JA 

But A is constant, being always equal to the L X, 
i is constant 

, Bince the base BC is fixed, the locus of I is the arc of a segment 
of which BC is the choid 



37 Given the base awl vertical angle of a triangle, find the locus 
of the centroid , that is, the intersection of the medians 

Let BAC he any triangle on the given 
base BC, having its vortical angle equal A 

to the given angle S, let the medians AX, o /f\ 

BY, CZ intersect at the centroid G [see / ( \ 

Ev 4, p 105] /\ 7 / / \ 

it is required to find the locus of the point G * 

Through G draw GP, GQ par* to AB \ 

and AC respectively s' / > \\ 

Then ZG is a third part of ZC, B P X Q c 

Ex 4, p 105 

and since GP is par 1 to ZB, 

BP is a third part of BC. Ex 19 n 00 

Similar!} Q.C is a third part of BC, ’ P 

P and Q aro fixed pomts 

Now since PG, GQ are par 1 respectively to BA, AC, Conxtr 
the 1 PGQ=the L BAC, r gy 

=tho iS, 

that is, the l PGQ is constant, 
and since the base PQ is fixed, 

the locut, of G is the arc of a segment of which PQ is the chord 


Constr 

T 20 
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Ol<! In this problem tlie points A nncl G move on the arcs of 
similar segments. 

38 Given the base and the vertical angle of a triangle; find the 
loens of the intersection of the bisectors of the exterior base angles 

30 Through the extremities of ft given straight lino AB any two 
parallel straight hues AP, BGl are drawn ; find the locus of the inter- 
section of the bisectors of the nnglcs PAB, QBA, 

40 Find the locus of the middle points of chords of n circle drawn 
through d fixed point 

Distinguish between the cases when tho gi\en point is within, 
on, or without the circumference 

41 Find the locus of tho points of contact of tangents diawn 
from a fixed point to a system of concentric circles 

42 Find tho locus of the intersection of straight lines which pass 
through two fixed points on a circle and intercept on its cncunifcrence 
an arc of constant length. 

43 A and B are two fixed points on the circnmfercnco of a circle, 
and PQ is anj diameter find tho locus of tho intersection of PA mid 
QB 

44 BAC is am triangle described on the fixed base BC and 
having a constant vertical angle, nud BA is produced to P, so that 
BP is equal to flic sum of the sides containing the vertical angle find 
the locus of P 

43 AB is a fixed chord of a circle, nnd AC is a moveable chord 
passing through A if tho parallelogram CB is completed, find the 
locus of the intersection of its diagonals 

4G A straight rod PQ. slides between two rulers placed at right 
angles to one another, and from its extremities PX, QX are drawn 
perpendicular to the rulers find tho locus of X. 

47 Two circles who c e centres arc C nnd D, intersect at A and B 
through A, anj straight line PAG is draw n terminated bv the circum- 
ferences, and PC, QD intersect at X find the locus of X, nnd bhew 
that it passes through B [Ex 9, p 21C ] 

48 Two circles intersect at A nnd B, and through P, anj point 
on tho circumferenco of one of them, two straight lines PA, PB 
arc drawn, and produced if neccssarv, to cut the other circle at X 
and Y. find the locus of tlio intersection of AY and BX 

49 Two circles intersect at A and B , HAK is a fixed straight 
line drawn through A nnd terminated by tlio circumferences, nnd 
PAQ. is any other straight line similarly drawn find tho loens of tho 
intersection of HP nnd QK [Ex 8, p 18G ] 

HE. 1G 
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61 Tw o circles intersect at A and B, and through A two straight 
Iium HAK, PAQ are drawn terminated by the circumferences if 
HP and KQ intersect at X, shew that the points H, B, K, X are 
concyclio 

62 Describe a circle touching a given straight line at a given 
point, so that tangents drawn to it from two fixed pomts in the given 
line may be parallel [See Ex 10, p 183 ] 

63 C is the centre of a circle, and CA, CB two fixed radii if 
from any point P on the arc AB perpendiculars PX, PY are drawn to 
CA and CB, shew that the distance XY is constant 

64 AB is a chord of a circle, and P any point m its circum- 
ference , PM is drawn perpendicular to AB, and AN is drawn perpen- 
dicular to the tangent at P shew that M N is paiallel to PB 

65 P is any point on the circumference of a circle of which AB is 
a fixed diametei, and PN is diawn perpendicular to AB ; on AN and 
BN as diameters circles are described, which arc cut- by AP, BP 
at X and Y . shew that XY is a common tangent to these circles. 

66 Upon the same chord and on the same side of it three seg- 
ments of cucles are described containing respectively a given angle, 
its supplement nnd a right angle , shew that the intercept made by the 
two former segments upon any straight line drawn through an ex- 
tremity of the given choid is bisected by the latter segment 

67 Two straight lines of indefinite length touch a given circle, 
nnd any chord is diawn so as to be bisected by the chord of contact i 
if the former chord is produced, shew that the intercepts between the 
circumference and the tangents are equal, 

68 Two circles intersect one another' through one of the pomts 
of contact draw a straight line of given length terminated by the cu- 
cumferences 

69 On the three sides of any triangle equilateral triangles aie 
described remote from tbe given tnanglo shew that the circles de- 
scribed about them intersect at a point 

70 On BC, OA, AB the sides of a triangle ABC, any points 
P, Q, R are taken , shew that the circles described about the tnangles 
AQR, BRP, CPQ meet in a point 

71, Eind a point within a tnanglo at which the sides subtend 
equal angles, 

72 Describe an equilateral triangle so that its sides may pass 
through three given pomts 

73 Descnbe a tnanjgle equal m all respects to a given triangle, 
ana having its sides passing through three given points 


16—2 
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Simeon’s Lim. 

74 If from any point on the circumference of the circle circum- 
scribed about a triangle, perpendiculars are drawn to the three sides, the 
feet of these perpendiculars are colhnear 
■Let P be any point on the O' 0 of tho 
circle circumscribed nbout tho A ABC , 
nnd let PD, PE, PF bo tho peip* drawn 
from P to the three sides 

It is required to prove that tho points 
D, E, F are collinoar 

Join FD and DE 

then FD and DE shall be xn tho same 
st line 

Join PB, PC 

Bconuso tho L • PDB, PFB nro rt angles, Hyp 

the points P, D, B, F are concjhc 
the L PDF=thc L PBF, in tho same segment m 21 
But smeo BACP is n quad 1 inscribed in a cirolo, lin\ ing one of its 
sides AB produced to F, 

tlicoxt l PBF=tlie opp int L ACP Ex 3, p 183 
tho L PDF=tho / ACP 
To each add tho L PDE 
then tho z»PDF, PDE=the Z-ECP, PDE 
ButBincctlie i ■ PDC, PEC arc it angles, 
the points P, D, E, C nro concjhc , 
the L ’ ECP, PDE together = two rt angles 
the /’PDF, PDE togatlicr=two rt angles, 

FD nnd DE nro m the same st line, i 14 

that is, the points D, E, F are colhnear qed 

[This theorem is attnbuted to Bobert Simson, and accordingly 
the straight lino FDE is somctnnc3 spoken of as tho Shnson’s Line of 
tho triangle ABC for the point P some writers also call it the Pedal 
of tho triangle ABC for tho point P ] 

75 ABC is a triangle inscribed m a circle , nnd from any point P 
on tho circumference PD, PF nro diawn perpendicular to BC nnd AB 
if FD, or FD produced, cuts AC at E, show that PE is perpendicular 
to AC 

70 Find the locus of a point which moves so that if perpen- 
diculars me drawn from it to the sides of a given triangle, their feet 
are colhnear 

77 ABC and A’B’C’ are two triangles having a common vertical 
angle, and the circles circumscribed about them meet again at P shew 
that the feet of perpendiculars drawn from P to the four lmes AB. AC. 
BC, B'C' ore oollinear ’ ' 
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78 A triangle is inscribed m a circle, and any point P on the cir* 
cumference is joined to the orthocentre of the triangle j shew that this 
joining line is bisected by the pedal of the point P 


IV ON THE CIRCLE IN CONNECTION WITH RECTANGLES 
See Propositions 35, 36, 37 


1 If from any external point P two tangents are drawn to a 
given circle whose centre is O, and if OP meets the chord of contact 
at Q, then the rectangle OP, OQ. is equal to the square on the radius 


« 

Let PH, PK be tangents, drawn from 
the external point P to the c HAK, whose 
centre is O , and let OP meet HK the 
chord of contact at Q, and the CP at A: 
then shall the rect OP, 00=the sq on 
OA 

On HP as diameter describe a circle » 
this circle must pass through Q, since the 
L HOP is a rt angle xn 31 

Join OH. 

Then since PH is a tangent to the o HAK, 
the zOHPisart angle. 

And since HP is a diameter of the o HOP, 
*. OH touches the o HOP at H 
. . the rect OP, OQ=the sq on OH, 

=the sq. on OA 





Q E D. 


2 ABC is a triangle, and AD, BE, OF the perpendiculars drawn 
from the vertices to the opposite sides, meeting in the orthocentre O 
shew that the rect AO, OD=the rect BO, OE=tlie rect. CO, OF. 

3 ABC is a triangle, and AD, BE the perpendiculars drawn 
from A and B on the opposite sides, shew that the rectangle CA, CE 
is equal to the rectangle CB, CD. 

4 ABC is a triangle right-angled at C, and from D, any pomt m 
the hypotenuse AB, a straight hne DE is drawn perpendicular to AB 
and meeting BC at E • shew that the square on DE is equal to 
the difference of the rectangles AD, DB and CE, EB 

5 From an external pomt P two tangents are drawn to a 
given circle whose centre is O, and OP meets the chord of contact 
at Q. shew that any circle which passes through the points P, Q 
will cut the given circle orthogonally [See Def. p 222 ] 
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6 A scries of circle i pass through H to given points, and from a 
fixed point m the common chord produced tangents arc drawn to all the 
circles shew that the points of contact he on a circle which cuts 
all the gnen circles orthogonally. 


7 All circles which pass through a fixed point, and cut a guen 
circle orthogonally, pass also through a second fixed point 

8 Find ilio locus of the centrcB of all circles which pass through 
a given point and cut a gi\ on circle orthogonally 

9 Describe a circle to pass through two given points and cut a 
given circle orthogonally 

10 A, B, C, D are four points talon m order on a given straight 
line find a point O between B and C such that the rcctanglo 
OA, OB may be equal to the rectangle OC, 00. 


11 AB is a fixed diameter of a circle, and CD a fixed straight 
line of indefinite length cutting AB or AB produced at right angles, 
any straight line is drawn through A to cut CD at P and tlie circle at 
Q. shew that the rectangle AP, AQ is constant 

12. AB is a fixed diameter of a circle, and CD a fixed chord 
at nght angles to AB? any straight lmo is drawn through A to 
out CD at P and the circle at Q shew that the rectangle AP, AQ 
is equal to'-ihe square on AC, 

13 At s a fixed point and CD a fixed straight line of indefinite 
length, AP is any straight line drawn through A to meet CD at P, 
and in AP a point Q is taken such that the rectangle AP, AQ is 
constant find the locus of Q 

14 Two circles intersect orthogonally, and tangents arc drawn 
from any point on the circumference of one to touch tho other 
prove that the first circlo passes tlirough tho middle point of tho 
chord of contact of tho tangents [Ex 1, p 233 ] 

16 A semicircle is described on AP as diameter, and any two 
chords AC, BD ore drawn intersecting at P shew that 

AB S =AC AP+BD BP 


16. Two circles intersect at B and C, and the two direct common 
tangents AE and DF are drawn if tho common chord is produced to 
meet tho tangents at G and H, Bhew that GH S =AE S + BC= 

17 If from a point P, without a circle, PM is drawn perpcndiculnr 
to a diameter AB, and also a secant PCD, show that 

PM ! =:PC PD ± AM MB, 
according as PM intersects the circ’o or not 
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18 Three circles intersect at D, and their other points of 
intersection are A, B, C , AD*cnts the circle BDC at E, and EB, EO 
cut the circles ADB, ADC respectively at F and G : shew that tho 
points F, A, G are collmear. 

19 A semicircle is described on a gi\en diameter BC, and from 
B and C any two chords BE, CF are drawn mteiseetmg within 
the semicircle at O, BF and CE are produced to meet at A shew 
that the sum of the squares on AB, AC is equal to twice the squaie on 
the tangent from A togethei with the squaie on BC. 

20. X and Y are two fixed points in the diameter of a circle 
equidistant from the centre C thiough X any chord PXQ is drawn, 
and its extremities are joined to Y, shew that tho sum of tho 
squares on the sides of the triangle PYQ is constant [See p 147, 
Ex 24] 


Phoblems ox Taxgexct 


21 To describe a circle to pass through ttco given points and to 
touch a given straight line 

Let A and B be the given points, 
and CD the gi\ cn st line 
it is required to descubo a circle to 
pass through A and B and to touch 
CD 

Join BA, and produce it to meet 
CD at P 

Describe a squaie equal to the 
rect PA, PB, n 11 

and from PD (or PC) cut off PQ equal to a side of this square 

Through A, B and Q. describe a circle Ex 4, p 15C 
Then since the rect PA, PB = thesq on PQ, 

. tlie o ABQ touches CD at Q irt 37 

q e r 

Note (i) Since PQ may bo tahen on either side of P, it is 
clear that there are m general two solutions of the problem 

(u) "When AB is parallel to tho given line CD, tlie above method 
is not applicable In this case a simple construction follows from 
m 1, Cor and in. 1C', and it will be found that only one solution 
exists. 
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22 To describe a circle to pass through tvso given points and 
to touch a gucn circle 

Let A and B be the giv en 
points, and CRP the given 
circle 

it is required to describe a 
circle to pass through A and 
B, and to touch the O CRP 

Through A and B de- 
scribe any circle to cut the 
given circle at P and Q. 

Jom AB, PQ, and pro 
dace them to meet at D 

Prom D draw DC to touch tho given circle, and let C be tho point 
of contact 

Then the Circle described through A, B, C will touch the given 
circle 

Por, from the OAB&P therect DA, DB=the rect DP, DQ 


and from tho O PQC, the rect DP, DGL=the sq on DC, m 36 
the rect DA, DB=thc sq on DC 

DC touches the O ABC at C m 37 

But DC touches tho O PGC at C , Gonstr 

the oABC touches tho given circle, and it passes through the 
given points A and B q e.F. 


Note (i) Since two tangents may be drawn from D to the 
given circle, it follows that there will be two solutions of the problem 
(n) The general construction fails when the straight line bisect- 
ing AB at right angles passes through the centre of the given circle 
the problem then becomes symmetrical, and the solution is obvious. 


23 To describe a circle to pass through a given point and to 
touch two gncn straight lines 

Let P be tbe given point, and 
AB, AC the given straight hues 
it is required to describe a circle 
to pass through P and to touch 
AB, AC 

Now the centre of every circle 
which touches AB and AC must 
lio on the bisector of the L BAC 
Ex. 7, p 183 

Hence dravs AE bisecting the 
l BAC 

Prom P draw PK perp to AE, and produce it to P\ 
making KP' equal to PK * 
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Then every ende winch has its centre m AE, and passes through 
P, must also pass through P' E\ 1, p 215 

Hence the problem is now reduced to droning a circle through 
P and P' to touch cither AC or AB Ex 21, p 2do. 

Produce P'P to meet AC at S 
Describe a squire equal to the rect SP, SP’ t li. 1 

and out off SR equal to a side of the square 
Describe a circle through the points P', P, R. 
then since the rect SP, SP' = tlie sq. on SR, Coiixh 

the circle touches AC at R ; nr 37 

and since its centre is m AE, the bisector of the 1 BAC, 

it may bo shewn also to touch AB q t t 

Note (i) Since SR may he taken on either side of S, it follows 
that there will be two solutions of tho problem 

(u) If tho given straight lines are parallel, the centre lies on the 
parallel straight hno mid-way between them, and the construction 
proceeds as before 



24 To describe a circle to touch tiro {/lien straight lines ami a 
given circle 

Let AB, AC ho the two given 
st. lines, and D the centre of tho 
given circle 

it is lcquircd to describe a circle 
to touch AB, AC and llio circle 
whose centre is D 

Draw EF, GH par 1 to AB 
and AC respectively, on tlio sides 
remote from D, nnd at distances 
from them equal to tho radius of 
the given circle 

Describe tho oMND to touch EF and GH at M and N, and 
to pass through D Ex. 23, p 23G. 

Let O bo tho centre of this cirolc. 

Join OM, ON, OD meeting AB, AC and the given circle at P, Q 
nnd R 

Then a circle described from centro O with radius OP will touch 
AB, AC and the given circle, 

For Binco 0 is the ccntro of the o MND, 

OM=ON=OD. 

But PM==QN = RD ; Constr 

. . .OP=OQ=OR. 

„ n circle described from centra O, with radius OP, will pass through 
Q and R 

And since the / * at M and N are rt angles, nr, 18 

. tlio l * at P and Q are rt angles , r. 20, 

. . tho o PGR touches AB and AC, 
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And since R, the point jn winch the circles meet) is on the line of 
centres OD, 

the o PQR touches tho given circle q e t 

Note There will he two solutions of this problem, since two 
circles may be drawn to touch EF, GH and to pass through D 


25 To describe a circle to pass through a given point and touch a 
given straight line and a given circle 

Let P be the given point, AB the 
given st line, and DHE the given 
circle, of which C is the centre 
it is required to describe a circle to 
pass through P, and to touch AB 
and the o DHE 

Through C draw DGEF perp to 
AB, cutting the circle at the points 
D and E, of which E is between C 
and AB 

Join DP , 

and by describing a circle through 
F, E, and P, find a point K m DP (or DP produced) such that the 
reel DE, DF= the rect DK, DP 

Describe a circle to pass through P, K and touch AB Ex 21, p 233 

This circle shall also touch the given o DHE 



For let G be the point at which this circle touches AB 

Join DG, cutting the given circle DHE at H 
Join HE 

Then the l DHE is art angle, being in a semicircle in 31 
also the angle at F is a rt angle, Const! 

the points E, F, G, H are concjclio 
therect DE, DF=the rect DH, DG in 36 

but the rect DE, DF = tho rect DK, DP Constr, 

therect DH, DG = the rect DK, DP 
. the point H is on the o PKG 

Let O bo the centre of the o PHG 

Join OG, OH, CH 

Then OG and DF too par 1 , since they are both perp to AB 
and DG meets them 

tho z OG D = the /GDC i 23 

But since OG=OH, and CD=CH, 

, the l OGH =tlio L OHG , and the i CDH =the z CHD 
tho/OHG=thozCHD, 

OH and CH are m one st line 
tho O PHG touches the given o DHE. q, j f 



THEOREMS AND EXAMPLES ON BOOK III. 


239 


Note (i) Since two cn-cles maybe drawn to pass through 
P, K and to touch AB, it follows that there will be two solutions 
of the present problem 

(n) Two more solutions may be obtained by joining PE, and 
proceeding as before 

The student should examine the nature of the contact between the 
circles in each case. 

26 Describe a circle to pass through a gnen point, to touch 
a given straight line, and to have its centre on another gnen straight 
line 

27 Describe a circle to pass through a gnen point, to touch 
a given circle, and to have its centre on a given straight line 

28 Describe a cncle to pass through two given points, and to 
intercept an arc of given length on a gnen circle 

29 Describe a circle to touch a given circle and a given straight 
hue at a gnen point 

30 Describe a circle to touch two given circles and a given 
straight line 


V ON MAXIMA AND MINIMA 

We gather from the Theory of Loci that the position of an 
angle, line or figure is capable under suitable conditions of 
gradual change , and it is usually found that change of position 
involves a corresponding and giadual change of magnitude . 

Under these circumstances we may be required to note if 
any situations exist at which the magnitude in question, after 
increasing, begins to deciease, or after decreasing, to morease 
m such situations the Magnitude is said to have reaclied'a 
Maximum or a Minimum value, for m the former case it is 
greater, and in the latter case less than in adjacent situations 
on either side In the geometry of the cncle and straight line 
■we only meet with such cases of continuous change as admit of 
one tiansition from an increasing to a decreasing state — or vice 
versfl, — so that m all the problems with which we have to deal 
(where a single cncle is involved) there can be only one Maximum 
and one Minimum — the Maximum being the greatest, and the 
Minimum being the least yalne that the variable magnitude is 
capable of taking 
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Thus a variable geometrical magnitude reaches its maximum 
or minimum talue at a turning point, towards which the magni- 
tude may mount or descend from either side it is natural there- 
fore to expect a maximum or minimum value to occur when, m 
the course of its change, tho magnitude assumes a symmetrical 
form or position, and this is usually found to be the case. 

This general connection between a symmetucal form or posi- 
tion and a max imum or minimum value is not exact enough to 
constitute a proof in any particular problem , but by means of 
it a situation is suggested, which on further examination may bo 
shewn to give the maximum or minimum value sought for 

For example, suppose it is reqmred 
to determine the greatest straight line that mag he drawn perpen- 
dicular to the chord of a segment of a circle and intercepted 
between the chord and the arc 

we immediately anticipate that tho greatest perpendicular is 
that which occupies a symmetrical position m the hgure, namely 
the perpondiculai which passes through tho middle point of the 
chord , and on furthci examination this may bo proved to be tho 
case by means of I 19, and I 34. 

Again wo are able to find at what point a geometrical magni- 
tude, varying under certain conditions, assumes its Maximum or 
Minimum value, if we can discover a construction for drawing 
the magnitude bo that it may lia\o an assigned value for we 
may then examine between what limits tho assigned value must 
lie in order that the construction may be possible, and tho 
higher or lower limit will give the Maximum or Minimum 
sought for 

It was pointed out m the chapter on the Intersection of Loci, 
[see page 119] that if under ceitam conditions existing among 
tho data, two solutions of a problem aro possible, and under other 
conditions, wo solution exists, there will always bo some inter- 
mediate condition under which one and only one distinct solution 
is possible 

Under these circumstances this single or limiting solution 
will always be found to correspond to tho maximum or minimum 
value of the magnitude to be constructed 

1 For example, suppose it is required 
to divide a gnen straight line so that the rectangle contained by the 
two segments may be a maximum 

Vfo may first attempt to divide the given straight line so that the 
rectangle contained by its segments may have a given area— tliat is. 
bo equal to the squaro on a given straight line. 
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Let AB be tbe given straight line, and K the s*de of the given 
square: 



it is required to divide the st line AB at a point M, so that 
the rect AM, M B may be equal to the sq on K 
Adopting a construction suggested by ir. 14, 
describe a semicircle on AB, and at any point X in AB, or AB 
produced, draw XY perp to AB, and equal to K 

Through Y draw YZ par 1 to AB, to meet the arc of the semicircle 
at P. 

Then if the perp PM is drawn to AB, it may be shewn after the 
manner of n 14, or by in. 35 that 

the rect AM, MB=thesq on PM. 

=the sq on K 

So that the rectangle AM, MB increases as K increases 
Now if K is less than the radius CD, then YZ will meet the arc 
of the semicircle in two points P, P% and it follows that AB may be 
divided at tico points, so that the rectangle contained by its segments 
may be equal to the square on K. If K increases, the st line YZ 
will recede from AB, and the points of intersection P, P' will con- 
tinually approach one another , until, when K is equal to the radius 
CD, the st line YZ (now in the position Y'Z') will meet the arc in 
tiro coincident points, that is, will touch the semicircle at D, and 
there will be onlj one solution of the problem 

If K is greater than CD, the straight line YZ will not meet the 
semicircle, and the problem is impossible 

Hence the greatest length that K may have, in order that tho con- 
struction may be possible, is the radius CD 

the rect. AM, MB is a maximum, when it is equal to the square 
on CD , 

that is, when PM coincides with DC, and consequently when M 
is the middle point of AB 

Obs The special feature to be noticed in this problem is that tho 
maximum is found at the transitional pomt between two solutions 
and no solution j that is, when the two solutions coincide and become 
identical 
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The following example illustrates the same point 

2 To find at what point in a given straight line the angle subtended 
by the line joining two given points, which are on the same side of the 
given straight line, is a maximum 

Let CD be the given st line, and A, B the given points on the 
same side of CD 

it is required to find at what point in CD the angle subtended by the 
st lme AB is a maximum 

First determine at what point in CD, the st lme AB subtends a 
given angle 

This is done as follows — 

On AB describe a segment of a circle containing an angle equal to 
the given angle ni 33 

If the arc of this segment intersects CD, tiro points m CD are 
found at which AB subtends the given angle but if the arc does not 
meet CD, no solution is given 

In accordance with the principles explained above, we expect that 
a maximum angle is determined at the limiting position, that is, 
when the arc touches CD , or meets it at two coincident points 

[See page 213 ] 

This we may provo to be the case 

Describe a circle to pass through A and 
B, and to touch the st lme CD 

[Ex 21, p 235] 

Let P be the point of contact 

Then shall the z APB bo greater than 
any other angle subtended by AB at a point / 
in CD on the same side of AB as P. { 

For take Q, any other point in CD, on > 
the same side of AB as P , ' 

and join AQ, GB 

Sinco G is a point in the tangent other 
than the point of contact, it muBt ho with 
out the circle, 



either BQ or AG must meet the arc of the segment APB 
Let BG meet the arc at K join AK, 

Then the t APB = the z AKB, m the same segment 
but the ext z AKB is greater than the mt opp z AGB 
the Z APB is greater than AQB 


Similarly the z APB may bo shewn to be greater than any other 
angle subtended by AB at a point in CD on the same side of AB 

that is, the z APB is the greatest of all such angles o e n 


TSote Two circles may be described to 
uul to touch CD, the points of contact being 


pass through A and B, 
on opposite sides of AB 


s 
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hence two points in CD may bo found such that tho angle subtended 
by AB nt each of them is gi cater than tho nnglo subtended at any 
other point m CD on the tame tide of AB 

We add two more examples of considerable importance 

3 In a ttraiyht line of indefinite length find a jiontt such that the 
sum of its distances from ttco gnen points, on the tame title of the git cn 
hue, shall be a minimum. 

Let CD bo tho gneu st line of 
indefinite length, and A, B the gi\cn 
points on the same Ride of CD 
it is required to find a point P in 
CD such that the sum of AP, PB is 
n minimum 

Draw AF perp to CD, 
and produce AF to E, making FE 
equal to AF 

Join EB, cutting CD nt P. 

Join AP, PB 

Then of nil linos dmun from A 
and B to a point in CD, 

tho Rum of AP, PB filial! bo tho least 
Tor, let Q be any other point in CD 
Join AQ, BQ, EQ 

Kow in the a* AFP, EFP, 

( AF==EF, Conitr 

Because <nnd FP is common, 

(and tho zAFP=tlic / EFP, being rt angles 
AP = EP. , ,j 

Similarlj it may be shewn that 
AQ = EQ 



Sow m the a EQB, the two sides EQ, QB aro together greater 
than EB, 

hcnco, AQ, QB are together greater than EB, 
that in, greater than AP, PB 


Similarly the sum of the st lines drawn from A and B to any other 
point in CD may bo shewn to bo greater than AP, PB, 

. tho sum of AP, PB is a minimum 


"KoTr It follows from llio nboic pi oof that 
tho z APFathc z EPF 
=tlic Z BPD. 


Q r n. 

x 4 
i IS 


Thus tho Rum of AP, PB n> a minimum, when these lines aro 
equally inclined to CD, 
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4 Given tieo intersecting straight lines AB, AC, and a point P 
i between them, shew that of all straight lines which pass through P 
and are terminated by AB, AC, that which is bisected at P cuts off the 
triangle of minimum area 


Let EF be tbe at lute, terminated 
by AB, AC, winch is bisected at P 
then the a FAE shall be of mini- 
mum aiea 

For let HK be any other at line 
passing through P 

through E draw EM par 1 to AC 

Then in the A* HPF, MPE, 



( the L HPF=the / MPE, 
Becauso <and the l HFP=the i MEP, 
( and FP=EP, 

the A HPF=tbe a MPE 


i 15 
i 29 
Hyp 
I 26, Cor 


But the a MPE is less than the a KPE, 
the A HPF is less than the a KPE 
to each add the fig AH PE, 
then the a FAE is less than the a HAK 


Similarly it may be shewn that the A FAE is less than any other 
triangle fonnod by drawing a at hue through P 

that is, the a FAE is a minimum 


Examines 

1 Two sides of a triangle are given in length, how must they 
be placed m order that the area of the triangle may be a maximum? 

2 Of all triangles of given base and area, the isosceles is that 
which has the least perimeter 

3 Given the base and vertical angle of a triangle, construct it 
ao that its area may bo a maximum 

4 Find a point m a given Btraiglit line sueb that the tangents 
drawn from it to a given circle contain tbe greatest anglo possible 

5 A straight rod slips between two straight rulers placed at 

nght angles to one another, in what position is the tiiancle 
intercepted between the rulers and rod a maximum ? b 
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6 IHvide a given straight line into two parts, c o that the sum of 
the squares on the segments mar 

(i) be equal to a given square, 

(ii) nar be a minimum. 

7. Through a point of intersection of two circles draw a straight 
line terminated by the circumferences, 

(i) so that it may be of given length, 

(ii) so that it may be a maximum. 

8. Two tangents to a circle cut one another at right angle® ; 
find the point on the intercepted arc such that the sum of the 
perpendiculars drawn from it to the tangents may be a minimum. 

8. Siraigb; lines are drawn from two given points to meet 
one another on the circumference of n given circle: prove that their 
sum is a minimum when they make equal angles with the tangent 
at the point of intersection 

10. Of all triangles of given vertical angle and altitude, the 
isosceles is that which has the les*t area. 

11 Two straight hues CA, CB of indefinite length are drawn 
from the centre of a circle to meet the circumference at A and B ; 
then of all tangents that may be drawn to the circle at points on the 
arc AB, that whose intercept is bisected at the pomt of contact cuts 
off the triangle of minimum area 

12 Given two intersecrinp tangents to a circle, draw a tangent to 
the convex arc so that the triangle formed by it and the given tan- 
gents maj be of maximum area. 

13 Of all triangles of given base and area, the isosceles is that 
which has the greatest vertical angle 

14 Find a point on the circumference of a circle at which i^e 
stra’cht line joining two given points (of winch both are within, 
or both without the circle! subtends the greatest angle. 

15 A bridge consists of three arches, whose spans ate 49 ft , 
32 ft and 49 ft respectively : shew that the pom* on either bank 
of the river at which the middle arch subtends the greatest angle 
Is G3 feet distant from the bridge 

16 From a given point P without a circle whose centre is C, 
draw a straight line to cat the circumference at A and B, so that the 
triangle ACB may be of maximum area, 

17. Shew that the greatest rec*angle which can be inscribed 
in a circle is a square 

18 ^ A and B are two fixed points without a circle : find a point 
P on the circumference such that the sum of the squares on AP, PB 
mas he a minimum, [fk-o p. 147, Ex. 21.] 

1L E. 


17 
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19 A segment of n circle is described on the chord AB find a 
point P on its arc so that the sum of AP, BP may bo a maximum 

20 Of all triangles that can he inscribed in a circle that which 
has the greatest perimeter is equilateral 

21 Of all triangles that can he inscribed m a given circle that 
which has the greatest area is equilateral 

22 Of all triangles that can he inscribed m a given triangle that 
which has the least perimeter is the triangle formed by joining the feet 
of the perpendiculars drawn from the vertices on opposite sides 

23 Of all rectangles of given area, the square lias the least pon* 
meter 

24 Describe the triangle of maximum area, having its angles 
equal to thoso of a given tnanglo, and its sides passing through three 
given points 


M HARDER MISCELLANEOUS EXAMPLES 


1 AB is a diameter of a given circle , and AC, BD, two chords 
on the same side of AB, intersect at E shew that the oirole which 
passes through D, E, C cuts the given circle orthogonally 

2 Two circles whose centres are C and D intersect at A and B, 
and a straight line PAQ is drawn through A and terminated by the 
circumferences prove that 

(i) the angle PBQ=tho angle CAD 
(n) the angle BPC=the angle BQD 

3 Two chords AB, CD of a circle whose centro is O intersect at 
right angles at P show that 

(i) PA 2 +PB 2 +PC 3 +PD 3 =4 (radius) 2 
(n) AB 2 +CD 2 +40P 2 =8 (radius) 2 

4 Two parallel tangents to a circle intercept on any third 
tangent a portion which is so divided at its pomt of contact that the 
rectangle contained by its two parts is equal to the square on the 
radins 


6 Two equal oircles move between two straight Imp s p’aced 
at right angles, so that each straight line is touched by one circle 
and the two circles touch one another find the loous of the point 
of oontaot 1 


6 AB is a gnen diameter of a circle, and CD is any parallel 
shewthat P ° mt X “ AB * JOmed to the ®*«nifa* of CD, 
XC= |-XD 2 =:XA 2 +XB 2 
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7. PQ is a fixed chord in a cnele, and PX, QY any two parallel 
chords through A and B shew that XY touches a fixed concentno 
circle. 

8 Two equal circles intersect at A and B , and from C any point 
on the circumference of one of them a perpendioular is drawn to AB, 
meeting the other circle at O and O' shew that either O or O' is the 
orthocentre of the triangle ABC. Distinguish between the two cases. 

9 Three equal circles pass through the same point A, and their 
other points of intersection are B, C, D shew that of the four 
points A, B, C, D, each is the orthocentre of the triangle formed 
by joining the other three 

10 From a given point without a circle draw a straight line 
to the concave circumference so as to be bisected by the convex 
circumference "When is this problem impossible? 

11 Draw a straight hue cutting two concentrio circles so that 
the chord intercepted by the circumference of the greater circle may 
be double of the choid intercepted by the less 

12. ABC is a triangle inscribed in a circle, and A', B', C' are the 
middle points of the arcs subtended by the sides (remote from the 
opposite vertices) find the relation between the angles of the two 
triangles ABC, A'B'C' , and prove that the pedal triangle of A'B'C' is 
equiangular to the triangle ABC 

13. The opposite sides of a quadrilateral inscribed in a circle are 
produced to meet shew that the bisectors of the two angles so 
formed are perpendicular to one another 

14 If a quadrilateral can have one circle inscribed in it, and 
another circumscribed about it , shew that the straight lines joining 
the opposite points of contact of the inscribed circle are perpendicular 
to one another. 

15 . Given the base of a triangle and the sum of the remaining 
sides, find the locus of the foot of the perpendicular from one 
extremity of the base on the bisector of the exterior vertical angle. 

16. Two circles touch eaoh other at C, and straight lines are 
drawn through C at right angles to one another, meeting the 
circles at P, P' and Q, Q.' respectively if the straight line winch 
joins the centres is terminated by the circumferences at A and A', 
shew that 

P'P a + Q'Q 2 = A'A 2 . 

17 Two circles out one another orthogonally at A and B ; P 
is any point on the ara of one circle intercepted by the other, and 
PA, PB are produced to meet the circumference of the second circle 
at C and D sheiv that GD is a diameter 
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18 ABO is a triangle, and from any point P perpendtonlars 
PD, PE, PF are drawn to the aides if S 2 , S 3 are the centres 
of the circles circumscribed about the triangles DPE, EPF, FPD, 
shew that the triangle S 1 S a S 8 is equiangular to the triangle ABC, 
and that the sides of the one are respectively half of the sides of the 
other. 

19 Two tangents PA, PB are drawn from an external point P to 
a given circle, and C is the middle point of the chord of contact 
AB if XY is any ohord through P, shew that AB bisects the angle 
XCY 

20 Given the sum of two straight lines and the rectangle con- 
tained by them (equal to a given square) find the Imes 

21 Given the sum of the squares on two straight lmes and the 
rectangle contained by them find the lines 

22 Given the sum of two straight lmes and the sum of the 
squares on them find the lines. 

23 Given the difference between two straight lines, and the rect- 
angle contained by them find the lines 

24 Given the difference between two straight lines and the differ- 
ence of their squares find the lines 

25 ABC is a triangle, and the internal and external bisectors of 
the nngle A meet BC, and BC produced, at P and P' if O is the 
middle point of PP', shew that OA is a tangent to the oirole circum- 
scribed about the tnangle ABC 

2G ABC is a tnangle, and from P, any point on the circum- 
ference of the oirole oircumsonbed about it, perpendiculars are drawn 
to the sides BC, CA, AB meeting the cirole again m A', B', C’, 
prove that 

(i) the triangle A'B'G' is identically equal to the tnangle ABC 
(u) A A', BB', CC' are parallel. 

27 Two equal circles intersect at fixed points A and B, and from 
any point in AB a perpendicular is drawn to meet the circumferences 
on the Bamo side of AB at P and Q. show that PQ is of constant 
length 

28 The straight lmes whioh join the vertices of a triangle to the 
centre of its circumscribed circle, aro perpendicular respectively to the 
sides of the pedal tnangle 

29 P is any point on the circumference of a cirole ciroumscnbed 
about a tnnnglo ABC , and perpendiculars PD, PE aro drawn from P 
to the sides BC, CA Find the locus of the centre of the circle circum- 
scribed about the triangle PDE 
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30 P is nny point on tlie cuoumference of ft circle circumscribed 
about a triangle ABC * shew that the angle between Simson’s Line 
for the point P and the side BC, is equal to the angle between AP 
and the diameter of the circumscribed circle. 

31 Shew that the orthocentres of the four triangles formed by tw o 
pairs of intersecting straight lines are colhnear. 

32 Shew that the oircles cironmscnbcd about the four triangles 
formed by two pairs of intersecting straight lines meet m a point. 


Ox the Construction of Triangles 

33 Given tho vertical angle, one of the sides containing it, and 
the length of the perpendicular from the veitev on tho base • construct 
the triangle 

34 Given the feet of the perpendiculars drawn from tho vertices 
on the opposite sides construct the triangle 

35 Given the base, tho altitude, and tho radius of the circum- 
scribed circle construct tho triangle 

36 Given the base, the vertical angle, and the sum of the squares 
on the sides containing tho vertical angle construct tho triangle 

37 Given the base, the altitude and the sum of the squares on 
tho sides containing tho vertical angle, construct tho triangle 

38 Given the base, the vertical angle, and the difference of tho 
squares on the sides containing tho vertical angle, construct tho tri- 
angle 

39 Given tho vertical angle, and the lengths of the two medians 
drawn from the extremities of tho base * construct the triangle 

40 Given the base, the vertical angle, and tho difference of the 
angles at the base construct the triangle. 

41 Given the base, and the position of the bisector of tho vertical 
angle construct the triangle 

42 Given tho baBe, tho vertical angle, and the length of tho 
bisector of the vertical angle construct tho triangle 

43 Given the perpendicular from tho vertex on the base, the 
bisector of the vortical angle, and the median which bisects tho base 
construct the triangle 

44. Given the bisector of the vertical angle, the median bisect- 
ing the base, and tho difference of the angles at the base construct the 
tnangle 



BOOK IV 


Book IV consists entirely of problems, dealing with 
various rectilineal figures in relation to the circles "which 
pass through their angular points, or are touched by their 
sides 

Definitions 

1 A Polygon is a lectilmeal figure bounded by more 
than four sides 

A Polygon of five sides is called a Pentagon, 

„ six sides „ Hexagon, 

„ seven sides „ Heptagon, 

„ eight sides „ Octagon, 

„ ten sides „ Decagon, 

„ twelve sides „ Dodecagon, 

„ fifteen sides „ Quindecagon 

2 A Polygon is Regular when all its sides are equal, 
and all its angles are equal 

3 A rectilineal figure is said to be 
inscribed m a circle, when all its angulai 
points are on the circumference of the cncle 
and a circle is said to be circumscribed 
about a rectilineal figure, when the circum- 
ference of the circle passes through all the 
angular points of the figure 

4 A rectilineal figure is said to be 
circumscribed about a circle, when each side 
of the figure is a tangent to the circle 
and a circle is said to be inscribed in a recti- 
lineal figure, when the circumference of the 
circle is touched by each side of the figure 

5 A straight line is said to be placed in a cu cle, n hen 

its extremities are on the cueumference of the circle * 
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Proposition 1 Problem 

In a given circle to 'place a clioi d equal to a given 
straight- line , which is not greater than the diamctei of the 
cm cle 



Let ABC be tlie given circle, and D the given straight 
line not gi eater than the diameter of the circle . 

it is required to place m the O ABC a chord equal to D 


Draw CB, a diametei of the OABC 
Then if CB = D, the thing requn ed is done 
But if not, CB must bo gi eater than D //jyp. 
From CB cut off CE equal to D I. 3 

and from centre C, with ladius CE, descube the O AEF, 
cutting the given circle at A 
Join CA 

Then CA shall be the chord lequired 
For CA = CE, being radii of the O AEF 

and CE = D Coriblr 

CA = D 


Q E F 


EXERCISES 

1 In a giyen circle place a chord of given length so as to pass 
through a given point (i) without, (u) within the oirele 

When is this problem impossible ? 

2 In a given circle place a chord of given length so that it may 
be parallel to a given straight line. 



Euclid’s elements. 


Pboposition 2 Pboblbm 

In a given circle to inscribe a triangle equiangular to a 
given triangle. 



Let ABC be the given circle, and DEF the given triangle, 
it is required to inscribe m the O ABC a triangle equiangular 
to the A DEF 

At any point A, on the 0“ of the OABC, draw the 
tangent GAH III 17 

At A make the l GAB equal to the L DFE ; i 23 

and make the L HAC equal to the u DEF I 23 

Join BC 

Then ABC shall be the triangle required 

Because GH is a tangent to the OABC, and from A its 
point of contact the chord AB is drawn, 

the l GAB =the l ACB m the alt. segment hi 32 
. the L ACB = the l DFE Gonstr 

Similarly the c. HAC = the l ABC, in the alt segment 
the l ABC = the l DEF Constr 

Hence the third l BAC = the thud l EDF, 
for the three angles m each tnangle are together equal to 
two rt angles j 32 

. the A ABC is equiangular to the A DEF, and it is 
mscribed m the OABC. 


Q b p 
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Proposition 3 Problem 

t 

About a given cfo cle to circumscribe a triangle equi- 
angular to a given triangle 



Let ABC "be the given, circle, and DEF the given A . 
it is required to circumscribe about the OABC a triangle 
equiangular to the A DEF. 

Produce EF both ways to G and H 
Pind K the centre of the OABC, hi 1. 

and draw any radius KB 

At K make the l BKA equal to the u DEG , i 23 
and make the L BKC equal to the L DFH 
Through A, B, C draw LM, MN, NL perp to KA, KB, KC 
Then LMN shall be the triangle required 

Because LM, MN, NL are drawn perp to radii at theii 
extremities, 

LM, MN, NL are tangents to the circle in 16. 

And because the four angles of the quadrilateral AKBM 
together = four rt angles , I 32 Coi 

and of these, the l 8 KAM, KBM, are rt angles, Constr 
the L 8 AKB, AMB, together = two rt angles 
But the L 8 DEG, DEF together = two rt angles, I 13 
the L* AKB, AMB =the z. 8 DEG, DEF; 
and of these, the z. AKB = the z. DEG , Constr 

the L AMB = the L DEF. 

Similarly it may be shewn that the l LNM = the L DFE 
the tim’d z. MLN = the third z. EDF. I 32 

- the A LMN is equiangular to the A DEF, and it is 
circumscnbed about the OABC. Q E p. 



Euclid’s elements 


2")4 


Proposition 4 Problem 
To inscribe a circle m a given triangle 



Let ABC be the given triangle 
it is required to inscribe a circle in the A ABC 

Bisect the l * ABC, ACB by the st lines Bl, Cl, which 
intersect at I I 9 

From I draw IE, IF, IQ perp to AB, BC, CA I 12 

Then in the A* EIB, FIB, 

( the L EBI = the L FBI , Conslr 

and the L BEI = the L BFI, being rt angles , 
and Bl is common , 

IE = IF I 26 

Similarly it may be shewn that IF = IG 
IE, IF, 1G are all equal 

From centre I, with radius IE, describe a circle 
this circle must pass through the points E, F, G , 
and it will be inscribed in the A ABC 

For since IE, IF, IG are radii of the OEFG , 
and since the u ■ at E, F, G are rt. angles , 
the OEFG is touched at these points by AB, BC, CA 

in 16 

the O EFG is inscribed in the A ABC 

Q E F 

Note From page 103 it is seen that if A! bo joined, then Al 
bisects the angle BAC ’ 
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Hence it follows that the bisectois of the angles of a ti tangle are 
concurrent, the point of intersection being the centre of the inscribed 
circle 

The centre of the circle inscnbed in a triangle is sometimes called 
its ln-centre 


Definition. 


A cncle which touches one side of a tuaijgle and the 
other two sides produced is said to be an escribed circle of 
the triangle 


To draw an escribed circle of a given triangle 

Let ABC he the given triangle, of which 
the two sides AB, AC are produced to E 
and F 

it is required to describe a circle touching 
BC, and AB, AC produced 
Bisect the l * CBE, BCF by the st lines 
Bl lt Clj, which intersect at h i 9 

From h draw IjG, l x H, ljK perp. to AE, 

BC, AF i 12 

Then in the A" I.BG, IjBH, 

(the Z hBG^rthe t IjBH, Constr 
land the L IjGB = the L l x HB, 
being rt angles, 

also KB is common , 
l 1 G = l 1 H 

Similarly it may be shewn that l x H = l x K ; 

IjG, l 1 H, ljK are all equal. 

From centre I. with radius I.G, describe a circle 

this circle must pass through the points G, H, K 
and it will be an escribed circle of the a ABC 
For since IjH, IjG, ! X K are radii of the o HGK, 
and since the angles at H, G, K are rt angles, 
the o GHK is touched at these points by BC, and by AB, AC 
produced 

the o GHK is an escribed circle of the a ABC qei 
It is clear that every tnongle has three escnbed circles 


Because 



Note From page 104 it is seen that if Al x be joined, then AI X 
bisects the angle BAC hence it follows that 

The bisectors of two exterior angles of a triangle and the bisectoi of 
the third angle are concurrent, the point of intersection being the centre 
of an escnbed circle 
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Proposition o. Problem 


To circumscribe a circle about a given triangle 



Let ABC be the given triangle • 
it is required to circumscribe a circle about the A ABC 

Draw DS bisecting AB at rt angles, I 11. 
and draw ES bisecting AC at rt angles, 
then since AB, AC are neither par’, nor m the same st line, 
OS and ES must meet at some point S 
Jam SA, 

and if S he not in. BC, 30m SB, SC 
Then in the A* ADS, BDS, 

! AD = BD 
and DS is common to both ; 
and the l ADS = the L BDS, being rt angles , 

* SA = SB 

Similarly it may be shewn that SC = SA 
SA, SB, SC are all equal 

From centre S, with radius SA, describe a circle 
tins circle must pass through the points A, B, C, and is 
therefore circumscribed about the A ABC q e f 

It follows that 

(1) when the centre of the circumscribed circle falls 
vnlhin the triangle, each of its angles must be acute, for 
each angle is then m a segment greater than a semicircle * 

(11) when the centre falls on one of the sides of the 
triangle, the angle opposite to this side must he a n"ht 
angle, for it is the angle m a semicircle . 
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(uft whea the centre falls without the triangle, the 
angle opposite to the side beyond which the centre falls, 
must be obtuse, for it is the angle in a segment less than a 
semicircle. 

Therefore , conversely, if the given triangle he acute-angled, 
the centre of the circumscribed circle falls within it: if it be 
a right-angled triangle, the centre falls on the hyjwtcnuse • 
if it be an obtuse-angled triangle, the centre falls without the 
triangle. 

Note. From p3ge 103 it is seen that if S be joined to the middle 
po.nt of BC, then the joining line is perpendicular to BC. 

Hence the perpendiculars drawn to the sides of a trianile front their 
middle pmnts are concurrent, the point of intersection being the centre 
of the circle circumscribed about the triangle 

The centre of the circle dreamsenoed about a triangle is some- 
times called its dream -centre. 


EXERCISES 


CK tut Ik scribed, CnxroiscrnsED, axd Escribed Ciecees or a 

Teiasgee. 

1. An equilateral triangle is inscribed in a circle, and tangents 
are drawn at its vertices, proio that 

(i) the resalting figure is an equilateral triangle* 

(u) its area is four tunes that of the given triangle. 

2 Describe a circle to touch two parallel straight lines and a 
third straight line which meets them. Shew that two such circles 
can be drawn, and that they are equal 

3 Triangles which hate equal bases and equal vertical angles 
haie equal circumscribed circles. 

4. ! is the centre of the circle inscribed in the triangle ABC, and 
I, is the centre of the circle which touches BC and AB, AC produced' 
shew that A, I, lj are colhnear. 

5. If the inscribed and circumscribed circles of n triangle are con- 
certric, shew that the triangle is equilateral, and that the diameter of 
the circumscribed circle is double that of the inscribed circle. 

ABC is a triangle, and 1, S are the centres of the inscribed 
and cireumscnbed circles: if A, I, S are collinear, shew that AB=AC 



258 


EUCLID’S ELEMENTS 


7. The sum of the diameters of the inscribed and circumscribed 
oircles of a right-angled triangle is equal to the sum of the sides 
containing the nght angle 

8 If the circle inscribed in a tnangle ABC touches the Bides at 
D, E, F, shew that the triangle DEF is acute-angled, and express its 
angles in terms of the angles at A, B, C 

9 If I is the centre of the cirole inscribed in the tnangle ABC, 
and (, the centre of the escnbed circle which touches BC , shew that 
1, B, t lf C are concyclic 

10 In any tnangle the difference of two sides is equal to the dif- 
ference of the segments into winch the third side is divided at the 
point of contact of the inscnbed circle 

11 In the tnangle ABC the bisector of the angle BAC meets the 
hase at D , and from T the centre of the inscribed circle a perpendicular 
I E is drawn to BC shew that the angle B I D is equal to the angle Cl E 

12 In the tnangle ABC, I and S axe the centres of the inscnbed 
and circumscribed circles shew that IS subtends at A an angle equal 
to half the difference of the angles at the hase of the tnangle 

13 In a triangle ABC, l and S are the centres of the inscnbed 
and circumscnbed circles, and AO is drawn perpendicular to BC 
shew that Al is the bisector of the angle DAS 

14 Shew that the area of a triangle is equal to tho rectangle 
contained by its semi penmeter and the radius of the insonbed circle 

15 The diagonals of a quadrilateral ABCO mterseot at O shew 
that the centres of the circles circumscnbed about the four triangles 
AOB, BOC, COD, DOA are at the angular points of a parallelogram 

16 In any tnangle ABC, if I is the centre of the inscnbed circle, 
and if Al is produced to meet the circumscnbed circle at O , shew that 
O is the centre of the cirole circumscnbed about the tnangle BIC 

17 Given tbe baBe, altitude, and the radius of the circumscribed 
circle, construct the tnangle 

18 Describe a circle to intercept eqnal chords of given length on 
three given straight lines 

19 In an equilateral tnangle the radii of the circnmsonbed and 
eBcnbed oircleB are respectively double and treble of the radius of the 
insonbed oirole 

20 Two circles whose centres are A, B, C touch one another 
externally two by two at D, E, F shew that the insonbed circle of 
the tnangle ABC is the circumscnbed circle of the triangle DEF 
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PltOl’OSJTlON fi PllOM.Mf 
To tU'-crib* a tgu/ne tw « given circle. 
A 


Lot AOCD bo the gn on circle . 
it is required to inscribe a square m the O ABCD 

Find E the centre of the circle : m. 1. 

anil draw two diameters AC, BD perp to one another I. 11. 
Jom AB, BC, CD, DA. 

Then the fig ABCD shall be the squni o required. 

For in the A* BEA, DEA, 

BE = DE, 

Because • and EA is common , 

and the L BEA = the l DEA, being 1 1 angles , 

BA = DA 1 4. 

Sumlaily it maj' be shew u that CD = DA. and that BC ~ CD. 
. . the fig. ABCD is equilateral 
And since BD is a diameter of the Q ABCD, 

.. BAD is a scniiciicle, 
the l BAD is ft it. angle. hi, 31 

Similarly the other angles of the fig ABCD aro 1 1, angles, 

\ the fig ABCD is a square, 
and it is inscribed in the given circle 

<i i, F. 



[Foi Exoicihuj bco page 205 j 
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Proposition 7 Problem 
To cm cumscribe a square about a given cn cle 



Let ABCD be tbe given circle . 
it is required to circumscribe a square about it 

find E tbe centre o£ tbe O ABCD in 1. 

and draw two diameters AC, BD perp to one anothei ill 
Through A, B, C, D draw FG, GH, HK, KF perp to EA, EB, 
EC, ED 

Then the fig GK shall be the square required 
Because FG, GH, HK, KF are drawn peip to radii at then 
extremities, 

FG, GH, HK, KF are tangents to the circle III 16 
And because the L “ AEB, EBG are both rt angles, Conslr 
G H is par 1 to AC I 28 

Similarly FK is par 1 to AC 
and m like manner GF, BD, HK are par 1 . 

Hence the figs GK, GC, AK, GD, BK, GE are par” 8 
GF and HK each = BD , 
also GH and FK each = AC . 
but AC = BD , 

GF, FK, KH, HG are all equal 
that is, the fig GK is equilateral 
And since the fig GE is a par”, 

the l. BGA = the l. BEA , I 34 

but the l BEA is a rt angle , Conslr 

' the l at G is a rt angle 
Similarly the u ‘ at F, K, H are rt angles 
the fig GK is a squaic, and it has been cncumscnbed 
about the OABCD. o E p 



noojv i\ mor 8 


2(51 


Proposition 8 Proiim m 
Tn i (i *cribt' a rut/-* in a r/in’u squat? 


A £ D 


r 

G 

X 

N 


j 


B H C 


Let ABCD b " the ghcn square 
it is, required to iuscribc n circle in tlio sq ABCD 


Bisect the hides AB, AD nt F nnd E I. 10. 

Through E draw EH pnr 1 to AB or DC . I 31. 

nnd through Fdrnv. FK par’ to AD or BC, meeting EH nl G. 

Non AB as AD, being the sides of n squat e , 

nnd t licit hnhes n»e equal , Const) 

. . AF — AE. Ax 7. 

But the fig AG is a par*"; Const r 

’ AF — GE, and AE = GF, 

GE = GF. 


Similarly it maj be shewn that GC =- GK, and GK ~ GH 
• GF, GE, GK, GH are all ‘equal. 

Fiom centie G, with radius GE, descube a cncle; 
tilth circle must pass through the points F, E, K, H . 
and it will bo touched by BA, AD, DC, CB, HI, 1G. 

for GF, GE, GK, GH ate radii , 
and the angles nt F, E, K, H me it angles I 29 
Hence the ©FEKH ib inscribed in the sq. ABCD. 

<i J..J 


[I*or Emcihcb r>co p 20 J J 
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Proposition 9 Problem 
To circumscnbe a circle about a qnen square 



Let ABCO be tbe given square 
it is required to circumscribe a circle about the sq ABCD 

Join AC, BD, intersecting at E. 

Then in the A 8 BAC, DAC, 

) BA = DA, 1 J>qf 28. 

and AC is common , 
and BC = DC, i Dcf 28 

, the 4. BAC = the L DAC I 8 

that is, the diagonal AC bisects the l BAD 
Similarly the remaining angles of the square are bisected 
by the diagonals AC or BD. 

Hence each of the l 1 EAD, EDA is half ait angle , 
the l EAD w the L EDA * 

EA = ED x <3 

Similarly it may be shewn that ED = EC, and EC = EB 
EA, EB, EC, ED are all equal 
From centre E, with radius EA, describe a circle 
this circle must pass through the points A, B, C d and is 
therefore circumscribed about the sq ABCD ’ ’ Q E F 
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>J Definition A lectilineal figme about which a circle 
may be described is said to be Cyclic. 


EXERCISES ON PROPOSITIONS 6 — 9. 

1 If a circle can be tnscnbed m a quadnlatei al, sheio that the 
sum of one pair of opposite sides i s equal to the sum of the other pair. 

2 If the sum of one pair of opposite sides of a quadrilateral is 
equal to the sum of the other pair, sheio that a circle may be inscribed 
in the figure 

[Bisect two adjacent angles of the figure, and bo describe a oircle to 

touch three of its Bides Then prove indirectly by means of the 

last exeroise that this oircle must also tonch the fourth Bide ] 

3 Prove that a rhombus and a square are the only parallelograms 
in which a circle can be inscribed 

4. All cyclic parallelograms arc rectangular. 

5 The greatest rectangle which can be inscribed in a given circle 
is a square 

6 Circumscribe a rhombus about a given oirole 

7 All squares circumscribed about a given circle are equal 

8 The area of a square circumscribed about a ciicle is double of 
the area of the inscribed square 

9 ABCD is a square inscribed in a oircle, and P is any point on 
the arc AD shew that the side AD subtends at P an angle thiee times 
aB great as that subtended at P by any one of the other sides. 

10 Inscribe a square m a given square ABCD so that one of its 
angular points should be at a given point X in AB 

11 In a given square inscribe the equate of minimum aiea 

12. Describe (i) a circle, (u) a square about a given rectangle 

13 Inscribe (i) a oirole, (u) a square m a given quadrant 

14 In a given circle inscribe a rectangle equal to a given reoti- 
lineal figure 

15 ABCD is a square msonbed in a oircle, and P is any point on 
the circumference, shew that the sum of the squaies on PA, PB, PC, 
PD is double tho square on the diameter [See Ex 24, p 147 ] 

18—2 
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Peoposition 10 Problem 

To describe an isosceles triangle having each of the angles 
at the base double of the third angle 



Take any straight line AB 

Divide AB at C, so that the reet BA, BC = the sq Qn AC 

n 11 

From centre A, ■with radius AB, describe the O BDE , 
and in it place the chord BD equal to AC r\ 1 
Join DA 

Then ABD shall be the tnangle required 
Join CD , 

and about the A ACD circumscribe a circle iv 5 
Then the rect BA, BC = the sq on AC Gonsti 
= the sq on BD Constr 
Hence BD is a tangent to the OACD ni 37 
and from the point of contact D a chord DC is ch-awn , 
the L BDC = the z. CAD m the alt segment m 32 

To each of these equals add the l CDA 
then the •whole L BDA=the sum of the z. 8 CAD, CDA 

But the ext z. BCD = the sum of the L 8 CAD, CDa 1 32 
the z. BCD = the z. BDA 
And since AB = AD, being radn of the O BDe 
1 the z.DBA = the L BDA ’ x g 

* the L DBC = the z. DCB , 
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DC = DB , I 6. 

that is, DC = CA. Constr 

' the l CAD = the L CDA , I 5 

the sum of the L 8 CAD, CDA = twice the angle at A 
But the z. ADB = the sum of the z_ 8 CAD, CDA , Proved 
each of the l 8 ABD, ADB = twice the angle at A 

Q E.F 


EXERCISES OX PROPOSITION 10 

1 In an isosceles tnangle in which each of the angles at the 
base is double of the vertical angle, shew that the vertical angle is 
one-fifth of two right angles 

2 Divide a right angle into Jive equal parts 

3 Describe an isosceles triangle whose vertical angle shall be 
three tunes either angle at the base Point out a triangle of this kind 
in the figure of Proposition 10 

4. In thejigure of Proposition 10, if the tico circles intersect at F, 
shew that BD=DF 

5 In the figure of Proposition 10, shew that the circle ACD is 
equal to the circle circumscribed about the triangle ABD 

6 In the figure of Proposition 10, if the two circles intersect at F, 
shew that 

(i) BD, DF are sides of a regular decagon inscribed m the 
circle EBD 

(u) AC, CD, DF are sides of a regular pentagon inscribed 
in the circle ACD 

7. In the figure of Proposition 10, shew that the centre of the 
circle circumscribed about the tnangle DBC is the middle point of 
the arc CD 

8 In the figure of Proposition 10, if I is the centre of the circle 
inscnbed in the tnangle ABD, and V, S' the centres of the inscnbed 
and circumscnbed circles of the tnangle DBC, shew that S'l =ST. 
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Proposition 11 Problem 
To inscribe a regular pentagon m a given circle 

A 



Let ABC be a given circle 

it is required to inscribe a regular pentagon in the O ABC 
Describe an isosceles A FGH, having each of the angles 
at G and H double of the angle at F iv 10 

In the OABC inscribe the AACD equiangular to the 
AFGH, IV 2 

so that each of the L * ACD, ADC is double of the 4 CAD 
Bisect the 4 s ACD, ADC by CE and DB, which meet the 
O c6 at E and B I 9 

Join AB, BC, AE, ED 

Then ABODE shall be the required regular pentagon 
Because each of the 4 8 ACD, ADC = twice the 4 CAD , 
and because the 4 8 ACD, ADC are bisected by CE, DB, 
the five 4 s ADB, BDC, CAD, DCE, ECA are all equal 
the five arcs AB, BC, CD, DE, EA aie all equal m 26 
* the five chords AB, BC, CD, DE, EA are all equal m 29 
the pentagon ABODE is equilateral 
Again the arc AB=the aic DE , Proved 
to each of these equals add the arc BCD , 
the whole arc ABCD = the whole arc BCDE 
hence the angles at the O co which stand upon these 
equal arcs are equal , ni 27 

that is, the 4 AED = the 4 BAE 
In like manner the remaining angles of the pentagon 
may be shewn to be equal , 

\ the pentagon is equiangular 
Hence the pentagon, being both equilateral and equi- 
angular, is regular, and it is inscribed m the OABC q 1 F 
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Proposition 12. Problem. 


To circumscribe a regulai pentagon about a given circle. 


G 



Let ABCD be the given circle : 
it is lequired to circumscribe a regular pentagon about it. 

Inscribe a regular pentagon m the OABCD, iv. 11. 
and let A, B, C, D, E be its angular points. 

At the points A, B, C, D, E draw GH, HK, KL, LM, MG, 
tangents to the circle in. 17. 

Then shall GHKLM be the required regular pentagon 


Because { 


V. 


Bind F the centre of the OABCD; hi 1 

and join FB, FK, FC, FL, FD. 

Then in the two A 8 BFK, CFK, 

BF = OF, being radn of the cucle, 
and FK is common : 

and KB = KC, being tangents to the circle from 
the same pomt K. in 17 Cor 


the L BFK = the L CFK , I. 8. 

also the L BKF = the L CKF i. 8. Cor. 

Hence the l BFC = twice the z. CFK, 
and the L BKC = twice the z. CKF. 


Similarly it may be shewn 

that the L CFD = twice the L CFL, 
and that the L CLD = twice the l CLF 

But since the arc BC = the arc CD, iv. 11. 

* the l BFC = the u CFD ; in. 27. 

and the halves of these angles are equal, 
that is, the L CFK = the l. CFL. 
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Then in the A 8 CFK, CFL, 

{ the l. CFK = the L CFL, Proved 

and the u FCK = the L FCL,beragrt angles, m IS 
and FC is common , 

CK= CL, i 26. 

and the _ FKC =the u FLC 

Hence KL is double of KC , similarly HK is double of KB 
And since KC = KB, III 17 Cor. 

KL = HK 

In the some way it may be shewn that every two con- 
secutive sides are equal , 

the pentagon GHKLM is equilateral 
Again, it has been proved that the i. FKC = the i. FLC, 
and that the i. 8 HKL, KLM are respectively double of these 
angles 

the l. HKL = the L KLM 

In the same way it may be shewn that every two con- 
secutii e angles of the figure aie equal , 

the pentagon GHKLM is equiangular 
the pentagon is regular, and it is circumscribed about 
the OABCD Q E F 

Corollaei Similarly il maybe proved that if tangents 
are drawn at the vertices of any regular polygon inscribed in 
a circle, tiny will form another regular polygon of the same 
'-peen's circumscribed about the circle 


[rar Ewrcises see* p 27C ] 
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Proposition 13. Problem 


To tnsenbe a ciicle in a given o egular pentagon 



Let ABCDE be the given legulai pentagon . 
it is required to insciibe a circle within it 
Bisect two consecutive L 8 BCD, CDE by CF and DF 


wlucli intersect at F. I 9. 

Join FB, 

and draw FH, FK perp to BC, CD I 12 

Then m the A 8 BCF, DCF, 

BC = DC, Jlyp. 

Because - and CF is common to botli , 

and the L BCF = the L DCF, Constt 
. the L CBF = the L CDF. I 4 


But the l. CDF is half an angle of the regular pentagon 
. also the L CBF is half an angle of the regular pentagon 
that is, FB bisects the L ABC 
So it may be shewn that if FA, FE were joined, these 
lines would bisect the l 8 at A and E 

Again, m the A 8 FCH, FCK, 

( the L FCH = the L FCK, Constr 

and the L FHC = the L FKC being rt angles , 
also FC is common , 

. . FH = FK I 26 

Similarly if FG, FM, FL be drawn perp. to BA, AE, ED, 
it may be shewn that the five perpendiculars drawn from F 
to the sides of the pentagon ai e all equal 
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From centre F, with radius FH, describe a circle, 
this circle must pass through the points H, K, L, M, G , 
and it will be touched at these points by the sides of the 
pentagon, for the z_" at H, K, L, M, G are rt L* Conatr 
the OHKLMG is inscribed in the given pentagon qef 

Corollary The bisectors of the angles of a regular 
'pentagon meet at a point 

la the same way it may bo shown that tho bisectors of the angles 
of any regular polygon meet at a point [See Ex 1, p 274] 

[For Exercises on Regular Polygons see p 276 ] 


MISCELLANEOUS EXERCISES 

1 Two tangents AB, AC are drawn from an external point A to 
a given circle describe a circle to touch AB, AC and tho convex are 
intercepted by them on the given circle 

2 ABC is an isosceles triangle, and from the vertex A a straight 
line is drawn to meet the base at D and the circumference of tho cir- 
cumscribed circle at E shew that AB is a tangent to the circle 
circumscribed about the triangle BDE 

3 An equilateral triangle is inscribed in a given circle shew 
that twice the square on one of its Bides is equal to three tunes the 
area of the square inscribed in the Bame circle 

4 ABC is an isosceles triangle m whioh each of the angles at B 
and C is double of the angle at A bIicw that the square on AB is 
equal to the rectangle AB, BC with the square on BC 
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Proposition 14. Problem. 

To circumsci ibe a circle about a given regular pentagon. 


A 



Let ABCDE be the given regular pentagon : 
it is required to circumscribe a circle about it 

Bisect the z. 8 BCD, CDE by CF, DF intersecting at F. I. 9. 
Join FB, FA, FE 
Then in the A 8 BCF, DCF, 

j BC = DC, Hyp. 

Because < and CF is common to both , 

( and the L BCF = the L DCF , Gonstr 

. the l. CBF = the l. CDF. I 4. 
But the L CDF is half an angle of the regular pentagon 
. also the L CBF is half an angle of the regular pentagon 
that is, FB bisects the l. ABC. 

So it may be shewn that FA, FE bisect the l 8 at A and E 
Now the l b FCD, FDC are each half an angle of the 
given legular pentagon , 

. . the L FCD = the L FDC, iv. Def. 

FC=FD I 6“ 

Similarly it may be shewn that FA, FB, FC, FD, FE are 
all equal 

Prom centre F, with radius FA describe a circle : 
this circle must pass through the points A, B, C, D, E, 
and therefore is circumscribed about the given pentagon 

Q E.F. 

In tho same way a circle may be circumscribed about any regular 
polygon 


2 


Euclid's i i.lmfsts 
Proposition 15 Puoblfm 
To inscribe a regular hexagon m a given emit 



Let ABDF 1)0 tho gnen circle 
it is required to mscribo R logular hexagon m it 

Find G tlio centre of the OABDF , nr 

and draw a diameter AGD 

Prom centre D, vitli radius DG, describe the OEQCH 
Join CG, EG, and produce them to cut the O 

mien circle at F and B _ __ _ A 

Join AB, BC, CD, DE, EF, FA 
Then ABCDEF shall bo the required regular hexagon 


cc of the 


Now GE = GD, being radii of the OACE, 
and DG = DE, being radii of tlio O EHC 
Qjr £q dg are all equal, and the A EGD is cquil.itci.il 
Hence the l EGD = one-third of two rt angles i 32 
Similarly the l DGC = onc-tlmd of ti\o rt angles 
But the u' EGD, DGC, CGB together = two rt angles, r 13 
the remaining L. CGB = one-thud of two rt angles 
tlio three i- n EGD, DGC, CGB are equal to one anotlioi 
And to these angles the vert opp BGA, AGF, FGE 
.ire respectively equal 

the L* EGD, DGC, CGB, BGA, AGF, FGE are all equal , 
the arcs ED, DC, CB, BA, AF, FE are all equal , III 26 
the chords ED, DC, CB, BA, AF, FE are all equal m 29 
the hexagon is equilateral 


Agam the arc FA = the arc DE Piovcd 

to each of these equals add the arc ABCD , 
then the whole arc FABCD =tlie whole aic ABCDE 
hence the angles at the O cc which stand on these equal arcs 
aie equal, 
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that is, the l. FED = the L AFE Hi 27 

Tn like manner the remaining angles of the hexagon 
may be shewn, to be equal 

.* the hexagon is equiangular 
the hexagon is regular, and it is inscribed m the O ABDF 

QEP 

Corollary The side of a i egular hexagon inscribed in 
a circle is equal to the radius of the circle 


Proposition 16 Problem 

To inscribe a i egulao quindecagon in a given circle 

A 



Let ABCD be the given circle 
it is lequned to inscribe a regular quindecagon m it 

In the OABCD inscribe an equilateral triangle, IV 2 
and let AC be one of its sides 
In the same circle inscribe a regular pentagon, iv. 1 1 
and let AB be one of its sides 

Then of such equal parts as the whole 0“ contains fifteen, 
the arc AC, which is one-tlmd of the O co , contains five, 
and the arc AB, which is one-fifth of the O ce , contains three, 
their difference, the arc BC, contains two 

Bisect the arc BC at E * in 30 

then each of the arcs BE, EC is one-fifteenth of the O cc 
af BE, EC be joined, and st lines equal to them be 
placed successively lound the circle, a regular quindecagon 
will be inscribed m it q n f 
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NOTE ON REGULAR POLYGONS 


The following propositions, proved by Euclid for a regular penta- 
gon, hold good for all regular polygons 

1 The bisectors of the angles of any regular polygon are con- 
current 

Let D, E, A, B, C be conseoutive angular 0» 
points of a regular polygon of any number of 
sides 

Bisect the z ' EAB, ABC by AO, BO, which 
interseat at O » — d 

Join EO * B 

It is required to prove that EO bisects the / DEA 
For m the a* EAO, BAO, 
fEA=BA, being sides of a regular polygon, 

Because -{ and AO is common, 

(. and the / EAO = the Z BAO, Gonstr 

the /OEAsthe /OBA i 4. 



But the / OBA is half the / ABC, Gonstr . 

also the Z ABC=the l DEA, since the polygon is regular, 
the / OEA IB half the / DEA' 
that is, EO bisects the / DEA 

Similarly if O be joined to the remaining angular points of the 
polygon, it may be proved that each joining line bisects the angle 
to whose vertex it is drawn 


That is to say, the bisectors of the angles of the polygon meet at 
the point O <j b n 


CoroltiAIueb Since the Z EAB = the / ABC, Hyp 

and sinco the / * OAB, OBA are respectively half of the / * EAB, ABC 
the /OAB=the /OBA 

.* OA=OB i 6 

Similarly OE=OA 

Hence The bisectors of the angles of a regular polygon arc all equal 

and a circle described from the centra O, with radius OA will be 
oircumsaribed about the polygon ’ 


Also it may be shewn, as in Proposition 13, that perpendiculars 
drawn from O to the sides of the polygon are all equal, therefore a 
circle described from centre O with anyone of these perpendiculars us 
radiuB will he inscribed in the polygon 1 
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2 If a polygon inscribed in a circle is equilateral, it is also 
equiangular 

Let AB, BO, CD be consecutive sides of an 
equilateral polygon inscribed m the o ADK, 
then shall this polygon be equiangular 
Because the chord AB=the chord DC, Hyp 
.• the minor arc AB=the minor aro DC in 28 
To each of these equals add the aro AKD : 
then the arc BAKD=the arc AKDC , 

.*. the angles at the O 0 , which stand on these 
equal arcs, are equal , 

that is, the / BCD=the / ABC in. 27 
Similarly the remaining angles of the polygon may be shewn to be 
equal. 

the polygon is equiangular q E d 

3 If a polygon inscribed in a circle is equiangular , it is also 
equilateral, provided that the number of its sides is odd 

[Observe that Theorems 2 and 3 are only true of polygons inscribed 
in a circle. 

The accompanying figures are sufficient to shew that otherwise a 
polygon may be equilateral without being equiangular, Fig 1, or 
equiangular without being equilateral, Fig 2 ] 



Fig I 



Ffg 2 



Note The following extensions of Euclid's constructions for 
Begular Polygons should be noticed 

By continual bisection of arcs, we are enabled to divide the 
circumference of a circle, 

by means of Proposition 6, into 4, 8,16,,, 2.2 n , equal parts, 

by means of Proposition 15, into 3, 6,12, , 3.2”, equal parts, 

by means of Proposition 11, into 5,10,20, , 5 2”, equal parts, 

by means of Proposition 16, into 15, 30, 60, , 15 2”, equal parts. 

Hence we can inscribe m a circle a regular polygon the number of 
whose sides is included m any one of the formulas 2 2”, 3 . 2”, 5 . 2”, 
16 . 2", n being any positive integer In addition to these, it has been 
Bhewn that a regular polygon of 2”+l sides, provided 2"+l is a 
prime number, may be inscribed in a circle. 
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EXERCISES OX PROPOSITIONS 11 — 16 

1 Express m terns of a right angle tho magnitude of nn angle of 
the following regular polygons 

(i) a pentagon,, (u) a hexagon, (in) nn octagon, 

(it) a deoagon, (v) a qmndecagon 

2 The angle of a regular pentagon is trisected by the straight 
lines which join it to tho opposite \ertices 

3 In a polygon of n sides the straight lines winch join nny 
angular point to the vertices not adjacent to it, dindo the nnglc into 
n-2 equal parts 

4 Shew how to construct on n given straight lino 

(i) a regular pentagon, (u) a regular hexagon, (in) a regular oolagon 

5 An equilateral triangle and a regular hexagon are inscribed in 
a given circle, shew that 

(i) the area of the tnangle is half that of the hexagon, 

(u) the square on the side of the tnangle is threo times tho 
square on the side of the hexagon 

6 ABODE is a regular pentagon, and AC, BE intersect at H 
shew that 

(i) AB=CH = EH 

(u) AB is a tangent to tho circle circumsciibod about the 
tnangle BHC 

(m) AC and BE cut one another in medial section 

7 The straight linos which jom alternate vertices of a regular 
pentagon intersect so aB to form another regular pentagon 

8 The straight lines which jom alternate vertices of a regular 
polygon of n sides, intersect so as to form another regular polygonum 
ii sides 

If «=6, shew that the area of the resulting hexagon is dnctlurd of 
the given hexagon 

9 By means of rv 16, inscribe in a circle a tnangle whose 
angles aTe as the numbers 2, 5, 8 

10 Shew that the aiea of a regular hexagon inscribed in a circle 
is three-fourths of that of the corresponding circumscribed hexagon 


THEOREMS AND EXAMPLES ON BOOK IV. 


I ON THE TRIANGLE AND ITS CIRCLES 


1 D, F, E arc the point s of contact of the inscribed cncle of the 
ti tangle ABC, and D lt Fj, Ej the points of contact of the escubed 
circle, which touches BC and the otliei sides pioduced a, b, c denote 
the lengths of the sides BC, CA, AB, s the scmi-pei imetei of the 
triangle, and r, r x the ladn of the inscribed and escribed circles 


Prove the following equalities — 

(i) AE=AF=s-«, 

BD = BE=s-I>, 
r CD=CF —s—c 

(u) AE 1= =AF 1= =8 

(m) CD,=CF 1 =s-i, 
BD 1 =BE 1 =8 - c 

(iv) CDsBDj^ and BD=CDj 

(v) EE 1 =FF 1 =a 

(vi) The area of the a ABC 
=js=rj (s-rt) 



H, E 
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2 In the triangle ABC, I u the centre of the inscribed circle, and 
I i„, | the centre s of the escribed circles touching respectiichi the 
sides BC, CA, AB and the oilier sides produced 



M The points A, l, lj nre collmcar, so fire B, t, l 3 , mid C, l, lj 
(u) The points l s , A, I 3 are collmcar; so are l 3 , B, I,, anti 
•n C, lj, 

(ui) The triangles BljC, CI,A, AI 3 B arc equiangular to one 
another 


(iv) The triangle 1,U 3 is equiangular to the triangle formed lu 
joining the points of contact of the inscribed circle 

(y) , Of the four points I, l lt l„, \ 3 each is the orlhocentre of the 
triangle whose vertices arc the other three 


(vi) The four circles, each of which passes 
points 1, l lt t s , 1„, are all equal. 


through three of the 
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3 With the notation of page 277, shew that m a tnangle ABC, 
if the angle at C is a nght angle, 

r=s-c, r^s-b, r.=s-a, r 3 =? 

4 With the figure gi\en on page 278, shew that if the circles 
whose centres are 1, l x , I 2 , l 3 touch BC at D, D lt D„, D 3 , then 

(i) DD.= DjD 3 =6 (u) DD a =DjD 2 =c 

(m) D 2 Dj=6+c (iv) DDj = 6~t 

5 Shew that the orthocentre and vertices of a triangle are the 
centres of the inscribed and escribed circles of the pedal triangle 

[See Ex 20, p 225 ] 

6 Given the base and i ertical angle of a tnangle, find the locus of 

the centre of the inscribed circle [See Ex 36, p 228 ] 

7. Given the base and vertical angle of a tnangle, find the locus of 
the centre of the escribed circle which touches the base. 

8 Given the base and vertical angle of a triangle, shew that the 
centre of the circumscribed circle is fixed 

9 Given the base BC, and the •vertical angle A of a tnangle, find 
the locus of the centre of the esenbed cirole which touches AC. 

10 Given the base, the vertical angle, and the radius of the 
insenbed circle , construct the tnangle 

11 Given the base, the vertical angle, and the radius of the 
escribed circle, (i) which touches the base, (u) which touches one 
of the sides containing the given angle , construct the tnangle 

12 Given the base, the vertical angle, and the point of contact 
with the base of the insenbed circle , construct the tnangle 

13. Given the base, the vertical angle, and the point of contact 
with the base, or base produced, of an esenbed circle , construct the 
tnangle 

14 From an external point A two tangents AB, AC are drawn to 
a given circle , and the angle BAC is bisected by a straight line which 
meets the circumference m I and l x . shew that I is the centre of the 
circle insenbed m the tnangle ABC, and I, the centre of one of the 
esenbed circles 

15 I is the centre of the circle insenbed in a triangle, and I, , f 2 , 1 , 
the centres of the escribed circles, shew that l! lf ll 2 , Il 3 are bisected by 
the circumference of the circumscribed circle 

16 ABC is a tnangle, and l 2 , l 3 the centies of the esenbed 
circles which touch AC, and AB respective^ * shew that the points 
B, C, l 2 , l 3 lie upon a circle whose centre is on the circumference of 
the circle circnmsenbed about ABC. 


19—2 
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17 "With thrco given points ns contrcB describe throe circles 
touching ouo another tv, o by U , o How many solutions will there be? 

18 Two tangents AB, AC are drawn to a given circle from an 
external point A, and m AB, AC two points D and E nrc tnlcn 
so that DE is equal to the Bum of DB and EC Bhew that DE touches 
the cirole 

10 Given the perimeter of a triangle, and one angle in magnitude 
and position shew that the opposite side alvva>s touches a fixed circle 

20 Given the centres of the three escribed circles , construct tlio 
triangle 

21 Given tbo centre of tbe inscribed circlo, and the centics of 
two escribed circles, construct the triangle 

22 Given the vertical angle, perimeter, and the length of the 
bisector of the vertical angle , construct the triangle 

23 Given the vertical angle, penmetor, and altitude , construct 
the triangle 

2i Given the vortical angle, perimeter, and radius of the m 
sonbed circle , construct tbe triangle 

25 Given tlio vertical angle, the radius of the inscribed circle, 
nnd the length of the perpendicular from tho vertex to the baso, 
construct the tnangle 

20 Given the base, the difference of tho sides containing the 
vertical angle, and the radius of the inscribed circle, construct the 
triangle [Sec Ex 10, p 258] 

27 Given the baso and vertical angle of n tnangle, find the loctiB 
of the centre of the circle which passes through the thrco escribed 
centres 

26 In a tnangle ABC, 1 is the centre of tho inscribed circle , shew 
that the centres of the circles circuroscnbcd about the triangles BIO, 
CIA, AIB ho on the circumference of the circle circumscnhod about 
the given tnangle 

29 In a tnangle ABC, the msonbed circle touches the base BC at 
D, and r, r y are the ladn of the insenbed circle and of tlio escribed 
circle which touches BC show that r rj=BD DC 

80 ABC is a trianglo, D, E, F the points of contact of its inscribed 
circle, and D'E'F' is the pedal tnangle of the tnangle DEF shew 
that the sides of the tnangle D'E'F' are parallel to those of ABC 

31 In a tnangle ABC the inscribed circle touches BC at D 
Show that the circles insenbed in tbe tnanglos ABD, ACD touch one 
another. 
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On the Nine-Points Chicle 


32 In any triangle the middle points of the sides, the feet of the 
perpendiculars drawn from the vertices to the opposite sides, and the 
middle points of the lines joining the orthocentre to the vertices are 
concyclic 

In the A ABC, let X, Y, Z be the 
middle points of the sides BC, CA, 

AB , let D, E, F ho the feet, of the 
perp" drawn to these sides from A, 

B, C ; let O he tlio orthocentre, and 
a, p, y the middle points of OA, 

OB, OC. 

then shall the nine points X, Y, Z, 

D, E, F, a, p, y he concyclic 

Join XY, XZ, Xa, Ya, Za 
Nowfrom the a ABO, since AZ = ZB, 
and Ao=aO, Hyp 

Za is pir 1 to BO Ex 2, p 915 
And from the a ABC, since BZ = Z A, 
and BX=XC, Ilyp 

* ZX is par* to AC 

But BO mnh.es a rt angle with AC , Ilyp. 

the i, XZa is a rt angle 

Similarly, the l XV a is a rt angle i 29 

. the points X, Z, a, Y are concyclic * 
that is, a lies on the o” of the circle, which passes through X, Y, Z , 
and Xa is a diameter of this circle 

Similarly it may be shewn that p and y he on the o“ of the circle 
which passes through X, Y, Z 

Again, since aDX is a rt angle. Hyp 

' the circle on Xa as diameter passes through D, 

Similarly it may be shewn that E and F lie on the circumference 
of the same circle 

tlio points X, Y, Z, D, E, F, a, p, y are concyclic deb 

From this property the cncle which passes throngli the middle 
points of the sides of a triangle is called the Nine Points Circle , many 
of its properties maj be derived from the fact of its being the circle 
circumscribed about the pedal triangle 
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33 To prove that ' 

( 1 ) the centre of the nine-points circle is the middle point of 
the straight line which joins the orthocentre to the circumscribed centre 
(u) the radius of the nine points circle is half the radius of the 
circumscribed circle 

(iu) the centroid is colltnear with the circumscribed centre , the 
nine-points centre, and the orthocentre 


In the A ABC, let X, Y, Z be the 
middle points of the sides, D, E, F 
the feet of the perp«, O the ortho 
centre, S and N the centres of the 
circumscribed and nine-points circles 
respectively 

( 1 ) To prove that N is the 
middle point of SO 

It may be shewn that the perp 
to XD from its middle point bisects 
SO, Ex 14, p 98 

Similarly the perp to EY at its 
middle point bisects SO 

that is, these perp' intersect at the middle point of SO 
And since XD and EY are chords of the nine-points cirele, 
the intersection of the lines vrhicli biBect XD and EY at rt angles 
is its centre hi 1 

the centre N is the middle point of SO 



(u) To prove that the radius of the nine points circle is half 
the rachu3 of the circumscribed circle 


By the last Proposition, Xa is a diameter of the nine-points circle 
> the middle point of Xa is its centre 
but the middle point of SO is also the centre of the nine-points circle 

{ Proved ) 

Hence Xa and SO bisect one another at N 


Then from the a' SNX, ONa 
f SN = ON, 

Because ( and NX = Na, 

(and the zSNX=the zONa, 

SX=Oa 
= Aa 

And SX is also par’ to Aa, 

SA=Xa 

But SA is a radius of the circumscribed circle, 
and Xa is a diameter of the nine points circle 
tho radius of the nine points circle is half the radius of the 
senhed circle 


i IS 
i 4 


i 33 
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(in) To prov c that the centroid is colhnear with points S, N, O. 

Join AX and draw ag par 1 to SO 
Let AX meet SO at G 

Then from the A AGO, since Aa=aO and ag is par 1 to OG, 

• A^=eG Ex 13, p 98. 

And from the a Xap, since aN = NX, and NG is par 1 to ag, 

gG = GX Ex. 13, p 98 

. AG=3 of AX, 

.* G is the centroid of the tnangle ABC 

That is, the centroid is collinear with the points S, N, O q f d 

34. Given the base anil vertical angle of a tnangle, find the locus 
of the centre of the nine-points circle. 

35 The mne-points circle of any tnangle ABC, whose centre is 
O, is also the nine-points circle of each of the tnangles AOB, BOC, 
COA 

36 If I, I], I., I, are the centres of the msenbed and escribed 
circles of a tnangfe ABC, then the circle circumscribed about ABC is 
the nine-points circle of each of the four tnangles formed by joining 
tliree of the points 

37. All tnangles which have the same orthocentro and the same 
circumscnbed circle, ha\c also the same ninc-pomts circle. 

38 Tf S, 1 are the centres, and R, r the radii of the circumscribed 
and msenbed circles of a triangle , and if N is the centre of the ntne- 
pomts circle, prove that 

(i) SI 4 5 =R s -2Rr, 

(u) NJ =4R-r. 

And establish corresponding properties for the esenbed circles. 

39 Employ the preceding theorem to shew that the nine-points 
circle touches the inscribed and escribed circles of a triangle. 


II MISCELLANEOUS EXAMPLLS 

1 If four circles arc desenbed to touch every three sides of a 
quadrilateral, shew that their centres are concyclic, 

2. If the straight lines which bisect the angles of a rectilineal 
figure are concurrent, a circle may be msenbed in the figure. 

3 Within a given circle desenbe three equal circles touching one 
another and tho given circle 

4 The perpendiculars drawn from the centres of the three 
escribed circles of a tnanglo to the sides which they touch, are con- 

current 
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5 Given an angle and the radii of the inscribed and circumscribed 
circles, construct the triangle 

6. Given the base, an angle at the base, and the distance between 
the centre of the inscribed circle and the centre of the escribed circle 
which touches the base, construct the triangle 

7 In a given circle inscribe a triangle Buch that two of ita sides 
may pass through two given points, and the third side be of gi\en 
length 

8 In any triangle ABC, 1, l It I., I 3 are the centres of the in- 
scribed and escribed circles, and Sjj S 2 , S 3 are the centres of the 
circles circumscribed about the triangles B1C, CIA, AIB shew that 
the triangle S 1 S J S 3 has its sides parallel to those of the tnanglo I|l s l 3 , 
and is one fourth of it in area also that the triangles ABC and 
SjSnSj have the Bame circumscribed circle 

9 O is the orlliocentrc of a triangle ABC shew that 

A0 2 + BC 2 *= BO 2 + CA 2 = CO 2 + AB 2 =d 2 , 
where d is the diameter of tho circumscribed circle 


10 If from any point within a regular polygon of n sides perpen- 
diculars are drawn to .the sides the sum of the perpendiculars is equal 
to n times the radius of the inscribed circle 

11 The sum of the perpendiculars drawn from tho vertices of a 
regular polygon of n sides on any straight line is eqnal to n times the 
perpendicular drawn from the centre of the inscribed circle 


12 The area of a cyclic quadrilateral is independent of the order 
m which the sides are placed in the circle 

13 Of all quadrilaterals which can ho formed of four straight 
lines of given length, that which is cj die has the maximum area 

14 Of all poljgons of a given number of sides, which may be 
inscribed in a given circle, that which is regular has the maximum 
area and the maximum perimeter 


16 Of all polygons of a given number of sides circumscribed 
about a given circle, that which ib regular has the minimum area and 
the minimum perimeter 


1C Given the vertical angle of a triangle m position and magni- 
tude, and tho sum of the sides containing it find the locus of the 
centre of the circumscribed oirole 


17 P 
about nn 
constant 


is any point on the circumference of a circle circumscribed 
equilateral triangle ABC shew that PA s +PB 2 -f-PC 2 is 


BOOK V. 


Book V. treats of Batio and Proportion 
INTRODUCTORY 

The first four books of Eucbd deal with the absolute equality 
or inequality of Geometrical magnitudes In the Fifth Book 
magnitudes are compared by considering then i alio, or relative 
greatness * 

The meaning of the woids latio and proportion m their 
simplest arithmetical sense, as contained m the following defini- 
tions, is probably familial to the student 

The ratio of one number to another is the multiple , part, or 
parts that the first number is of the second, and it may therefore be 
measured by the fraction of winch the first number is the numerator 
and the second the denominator 

Four numbers are m proportion when the ratio of the first to 
the second is equal to that of the third to the fourth 

But it will be seen that these definitions are inapplicable to 
Geometrical magnitudes for the following reasons 

(1) Pure Geometiy deals only -with concrete magnitudes, le- 
presented by diagrams, but not referred to any common unit m 
terms of which they are measured m other words, it makes 
no use of number for the purpose of comparison between different 
magnitudes 

(2) It commonly happens that Geometrical magnitudes of 
the same kind are incommensurable, that is, they are such that 
it is impossible to express them exactly m teims of some common 
unit 

Foi example, we can make comparison between the side and 
diagonal of a square, and ve may form an idea of their relative gieat- 
ness, but it can be shewn that it is impossible to divide eithei of them 
into eqnal parts of which the other contains an exact number And 
as the magnitudes we meet with m Geometry are more often incom- 
mensurable than not, it is clear that it would not alwajs be possible 
to exactly represent such magnitudes by numbers, even if reference to 
a common unit were not foreign to the principles of Euclid 

It is therefore necessary to establish the Geometrical Theory 
of Proportion on a basis quite independent of Arithmetical 
principles This is the aim of Euclid's Fifth Book 
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We shall employ the following notahon 

Capital letters, A, B, C, will he used to denote the magnitudes 
themselves, not any numerical or algebraical measures of them, and 
nrr.ni! letters, m, it, p, will he med to denote whole nnmhers Also 
it will he assumed that multiplication, m the sense of repeated 
addition, can be applied to any magnitude, so that m A or mA will 
denote the magnitude A taken m times 

The symbol > will bo used for tho wordB greater than, and < for 
less than 


Definition's 

1 A greater magnitude is said to be a multiple of ft 
less, when the greater contains the less an pxacl number of 
times 

2 A less magnitude is said to be a submultiple of a 
greater, when the less is contained an exact number of 
times m the greater 

The following properties of multiples will he assumed ns self e\ ident 

(1) mA > as or < mB according ns A > =■ or < B , and 
conversely 

(2) mA+mB+ =siu(A+B+ ) 

(3) If A>B, then mA-mB=m(A-B) 

(4) mA+nA + =(m+n+ )A 

(5) If jn>«, then »iA-nA=(»i-n) A 

(6) m «A=s am A=nm A =n mA 

3 The Ratio of one magnitude to another of the same 
kind is the lelation which the first bears to the second in 
respect of quanZuplicity 

The latio of A to B is denoted thus, A B, and A is 
called the antecedent, B the consequent of the ratio 

The term quantuphcity denotes the capacity of the first magnitude 
to contain the second with or without remainder If the magnitudes 
are co mmen surable, their quantuphcity may he expressed numerically 
by observing what multiples of the two magnitudes are equal to one 
another 

Thus if A ~ma, and B=na, it follows that «A=mB In this case 
A = ^B, and the quantuphcity of A with respect to B is the arith- 
metical fraction — 
n 



DEFINITIONS. 


287 


But if the magnitudes are incommensurable, no multiple of the 
first can be equal to any multiple of the second, and therefore the 
quantuphcity of one with respect to the other cannot exactly be 
expressed numerically in this case it is determined by examining 
how the multiples of one magnitude are distributed among the 
multiples of Hie other 

Thus, let all the multiples of A be formed, the scale extending ad 
infinitum , also let all the multiples of B be formed and placed in their 
proper order of magnitude among the multiples of A Tins forms the 
relative scale of the two magnitudes, and the quantuphcity of A with 
lespeot to B is estimated by examining how the multiples of A are 
distributed among those of B in their relative scale 

In other words, the ratio of A to B is known, if for all mtegial 
values of m we know the multiples «B and (n+1) B between which 
mA lies 

In the case of two given magnitudes A and B, the relative soale of 
multiples is definite, and is different from that of A to C, if C differs 
from B by any magnitude however small 

For let D be the difference betw een B and C ; then however small 
D may be, it will be possible to find a number m such that mD>A 
In this case, niB and ?nC would differ by a magnitude greater than A, 
and therefore could not lie between the same two multiples of A , so 
that after a certain point the relative scale of A and B would differ 
from that of A and C 


[It is worthy of notice that we can always estimate the arithmetical 
ratio of two incommensurable magnitudes within any required degree 
of accuracy 


For suppose that A and B are incommensurable , divide B into m 
equal parts each equal to jS, so that B=«i/3, where m is an integer 
Also suppose jS is contained m A more than n times and less than 
(n+ 1 ) times, then 


A njS , 

5 - > — and < 
B m/3 


7H/S 


9 


that is, p hes between — and , 

B mm 

so that — differs fiom — by a quantity less than — And since we 
ti m m 

can choose p (our unit of measurement) as small as we please, m can 

be made as great as we please Hence — can be made as small as we 

m 

please, and two integers n and m can be found whose ratio will express 
that of a and h to any required degree of accuracy ] * , 
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4 The ratio of one magnitude to another is equal to 
that of a tlmd magnitude to a fourth, when if any equi- 
multiples whatever of the antecedents of the ratios are 
taken, and also any equimultiples whatever of the con- 
sequents, the multiple of one antecedent is greatci than, 
equal to, or less than that of its consequent, according as 
the multiple of the other antecedent is greater than, equal 
to, 01 less than that of its consequent 

Tlius the ratio A to B is equal to that of C to D when 
mC > = oi < nD accoi ding as m A > = or < «B, w hatc\ er w hole 
numbeis m and n may be 

Again, let m be anj whole number whatever, and n another whole 
number determined in such a way that either jiiA ib equal to wB, or 
ni A lies between 71 B and (n+1) B , then the definition asserts that the 
ratio of A to B is equal to that of C to D if 7iiC=7iD when 7iiA=7iB, 
or if 7nC hes between «D and (n+1) D when ?; 1 A lies between «B and 
(n+1) B 

In other words, the ratio of A to B is eqnal to that of C to D when 
the multiples of A are distributed among those of B in the same 
manner ns the multiples of C are distributed among those of D 

5 When the ratio of A to B is equal to that of C to D 
the four magnitudes are called proportionals This is ex- 
pressed by saying “ A is to B as C ?s to D”, and the proportion 
is written 

A B C D, 

01 A B = C D 

A and D are called the extremes, B and C the means, also 
D is said to be a fourth proportional to A, B, and C 

Two terms 111 a pioportion are said to be homologous 
when they are both antecedents, 01 both consequents of the 
ratios 

[It will be useful hero to compare the algebraical and geometneal 
definitions of proportion, and to shew that each may bo deduced from 
the other 

According to the geometneal definition A, B, C, D are m propor- 
tion, when mC> = -=7iD according as 7fiA> = < 7 iB, m and n being 
any positive integers whatever 0 

According to tlio algebraical definition A, B, C, D are m proportion 

when — = — 

B D 
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(i) To deduce the geomotrical definition of proportion from 
the algebraical definition 

A C 7)1 

Since Q = K , by multiplying botli sides by - , we obtain 
B v « 

«» A _ wiC 

nB ~ nD ' 


hence fiom the nature of fractions, 

mC> as <n D according ns i»A> = <mB, 
which is the geometrical teat of proportion 

(n) To deduce the algebraical definition of proportion from 
tlio geometrical definition 

Given that mC> = <nD according as «tA> = <nB, to prove 


A _C 
B ~D* 


A C 

If - is not equal to — , one of them must be the grentei 
B D 

Suppose ■= * then it will bo possible to find some fiaotion — 

D P VI 


which hes between them, n and m being positive integers 
Hence 

C 


A « 
B vi 


and 


n 

D < m 


( 1 ). 

(2) 


From (1), »iA>7iB, 

from (2), >«C<nD, 

and these contradict the hypothesis 

AC AC 

Therefore = and =r are not unequal, that is, — = — ; which pro\es 

o U D U 

the proposition ] 


G The ratio of one magnitude to another is greater 
than that of a third magnitude to a fouith, when it is 
possible to find equimultiples of the antecedents and equi- 
multiples of the consequents such that while the multiple 
of the antecedent of the hist ratio is greater than, or equal 
to, that of its consequent, the multiple of the antecedent 
of the second is not greater, or is less, than that of its 
consequent 
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Tins definition n«sqrts tlint if whole niimbcrsin and n can bo found 
such that while int Tis greater than «B, mC is not greater than «D, 
or wlnlo mA=nB, mC is less than 11 D, then the ratio of A to B is 
greater than that of C to D 

7 If A is equal to B, the ratio of A to B is called .t 
ratio of equality. 

If A is greater tlwn B, the l.atio of A to B is called a 
ratio of greater inequality 

If A is less than B, the latio of A to B is called a ratio 
of less inequality. 

8 Two latios me said to ho reciprocal when the ante- 
cedent and consequent of one arc the consequent and ante- 
cedent of the other respectively, thus B A is the reciprocal 
of A B 

9 Three magnitudes of tho same kind ai e said to be 
propoitionals, when the ratio of the first to the second is 
equal to that of the second to the third 

Thus A, B, C me proportionals if 
A B B C 

B is called a mean proportional to A and C, and C is 
called a third proportional to A and B 

10 Tlnee oi more magnitudes are said to be in con- 
tinued proportion when tho ratio of tho first to tho second 
is equal to that of tho second to the third, and the latio of 
the second to the thud is equal to that of the third to the 
fourth, and so on 

11 When theie aio any number of magnitudes of the 
same kind, the fiist is said to hoae to the last the ratio 
compounded of the ratios of the first to the second, of tho 
second to the third, and so on up to the ratio of the last 
but one to the last magnitude 

Por example, if A, B, C, O, E be magnitudes of the same 
kind, A E is the latio compounded of the ratios A B 
B C, C D, and D E. * 
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This is .sometimes expressed by the following notation 


A 


E = 


IB C 
1C • D 

Id e. 


12 If tlieie aie any number of ratios, and a set of 
magnitudes is taken such that the ratio of the fiist to the 
second is equal to the first latio, and the latio of the second 
to the third is equal to the second latio, and so on, then 
the first of the set of magmtudes is said to hare to the 
last the ratio compounded of the given ratios 

TJius, if A B, C : D, E . F be given ratios, and if P, Q, 
R, S be magnitudes taken so that 

P Q A • B, 

Q R C • D, 

R‘ S E F, 

(\ B 

then P S « 4 C D 


13 When tlnee magmtudes aie proportionals, the fust 
is said to have to the third the d uplic ate ratio of that 
which it has to the second 

Urns if A B . B C, 

then A is said to ha\e to C the duplicate ratio of that winch 
it has to B 

Since A C= ® 

it is clear that the ratio compounded of two equal ratios is the dupli- 
cate ratio of either of them 

1 1 When four magmtudes are m continued propot tion, 
the first is said to have to the fourth the triplicate ratio of 
that which it lias to the second. 

It may be shewn as abate that the ratio compounded of thiee equal 
ratios is the triplicate ratio of any one of them 
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Although an algebraical treatment of ratio and proportion when 
applied to geometrical magnitudes cannot be considered exact, it will 
perhaps be useful here to summarise in algebraical form the principal 
theorems of proportion contained m Book V The student will then 
perceive that its leading propositions do not introduce new ideas, but 
merely supply rigorous proofs, based on the geometrical definition of 
proportion, of results already familiar m the study of Algebra 

TPe shall only hero gi\e those propositions which are afterwards 
referred to m Book ¥1. It mil be seen that in their algebraical form 
many of them are so simple that they hardly require proof 


Summary of Principal Theorems of Book V 


Proposition 1 

llalios which arc equal to the game ratio are equal to one another 

That is, if A B=X Y and C D=X Y, 
then A B=C D 

Proposition 3 

If four magnitudes are proportionate, they are also proportionals 
when talen inversely 

That is, if A B=C D, 

then B A=D C 

Tins inference is referred to as lnvertendo or Inversely 

Proposition 4 

W. Equal magnitudes have the same ratio to the same magnitude. 

Font A = B, 

then A C= B c 

(u) The same magnitude has the same ratio to equal magnitudes 

For if A=B, 

then C . A=C B 
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' Pboposition 6. 

(1) Magnitudes which have the same ratio to the same magnitude 
are equal to one another 

That is, if A : C= B , C, 

then A=B 

(u) Those magnitudes to which the same magnitude has the same 
ratio are equal to one another 

That iB, if C A=C B, 

then A= B. 


Pboposition 8 

Magnitudes have the same ratio to one another which their equi- 
multiples have 

That is, A B=inA ;«B, 

where m is any whole number 


Pboposition 11 


If four magnitudes of the same land are pi oportionals, they are also 
proportionals when taken alternately 

If A B=C D, 

then shall A C=B D 


Por since 


A _ C 
B ”D’ 


multiplying by — 


3 


. A B 
we hare g . ^ 


_C B 
“D ' C’ 


that is, C“D’ 

or A:Cs=B.D. 

This inference is referred to as altemando or alternately 
he 20 
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PnoroBirio'? 12 

If any number of magnitudes of the same Kind are proportionals, 
then as one of the antecedents is to its consequent, so is the sum of the 
antecedents to the sum of the consequents 

Let A B=C D = E F= , 

then shall A B=A+C+E+ B+D+F+ 

ACE 

For put each of the equal ratios g » q i p > eiunl to 1, 

then A = B1, C = D7, E=F k, 

A+C+E+ B&+D7+FI-F 7 _A __C _E_ 

B+D+F+ ~ B+D+F+ ~ B 5 F ’ 

A B=A+C+E+ B+D+F+ 

This inference is sometimes referred to as addendo 


PnorosmoN 13 


(l) If four magnitudes art proportionals, the sum of the first and 
second is to the second as the sum of the third and fourth is to the fourth 

Let A B=C D, 

then shall A + B B=C+D D 

r, AC 

For since - = — , 


that is, 
or 



A+B _C±D 
B ~ D ’ 
A+B B=C + D D 


This inference is referred to as componendo 


(n) If four magnitudes are proportionals, the difference of the first 
and second is to the second as the difference of the third and fourth is to 
the fourth 

That ib, if A B=C D, 

then A~B B=C~ D D 

The proof ib similar to that of the former case 
This inference ib referred to as dlvldendo 
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Proposition 14 

. If there are two sets of magnitudes, such that the first as to the 
second of the first set as the first to the second of the other set , and the 
second to the third of the first set as the second to the third of the othei , 
and so on to the last magnitude then the first as to the last of the first 
set as the first to the last of the other 

First let there be three magnitudes, A, B, C, of one set, and three, 
P, Q, R, of another set, 

and let 

A B=P a, 

and 

B C=Q R, 

then shall 

A . C=P . R 

Foi since 

A P , B Q 

B - Q , and c _ R , 


A B P Q 

B * C — Q R ’ 

that is, 

A P 

C — R ’ 

or 

A C=P R 

Similarly if 

A B=P a, 

B C=a R, 

L • M=Y Z, 

it can he proved that 

A : M = P : Z 

This inference is referred to as ex aq.uali 

COBOLLABT If 

A B=P.a, 

and 

B C=R P, 

then shall 

A . C=R . a 

For since 

A P , B R 

B = a> and C = p ; 


A B. P R 

B’C - a P’ 


A R 

o _ a’ 

or _ 

A • C=R : a 


20—2 
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if 

and 

then shall 
For smce 


that is, 


Proposition 16 
A B=C D, 

E B=F D, 
A+E B=C+F D 
AC . E r 
B = D’ nnd B = D’ 
A+E C+F 
B ~ D ’ 
A+E*B=C+F D 


Proposition 16 

If two ratios are equal, their duplicate ratios are equal, and 
conversely 

Let A B = C D, 

then shall the duplicate ratio of A B he equal to the duplicate ratio 
ofC D 

Let X he a third proportional to A, B , 
so that A B = B X, 

B _ A 
X ~ B ’ 

B A _ A A 

X B“B B’ 

.. . A A 3 

that is, v = n" 


But A X is the duplicate ratio of A B , 
the duplicate ratio of A B=A 2 B- 
But since A B=C D, 

A _ C 
B~ D’ 

A 2 _£ 3 
B 3 — D 2 ' 

or A 3 B 2 =C B D s , 

that is, the dupheate ratio of A B = the duplicate ratio of C D 

Conversely, let the dupheate ratio of A B he equal to the dupli- 
cate ratio of C D , 1 

then shall A B=C D, 

for since A 5 B a =C 3 D 2 

A B=C D 


n. 
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Proofs of thf Propositions of Book V. nritn t n rnoM 

THE GEOMETRICAL DEFINITION' OF PROPORTION 


Ohs The Propositions of Book V arc all tlicoicnis 
Proposition 1 

Jiatios i thick are equal to the name latio aic equal to one 
nnothci. 

Let A B . P • Q, and also CD P Q, then shall 
A . B . C . D. 

For it is evident that two scales oi arrangements of 
multiples vluch agree m oiei) respect vith a thud scale, 
Mill agree with one anothci. 


Proposition 2 

If two i altos aic equal, the antecedent of the second is 
qi eater than, equal to, oi less than its consequent accoidtng 
as the antecedent of the first is greater than, equal to, or less 
than its consequent 

Let A . B C • D, 

then C> = or <D, 

according as A > = oi < B 

This follows at once from Def 4, by taking m and n 
each equal to unity. 
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Proposition 3 

If two ratios at e equal, then reciprocal latios are equal 

Let A B C D, 

then shall BA DC 

For, bj hypothesis, the multiples of A are distributed 
among those of B in the same manner as the multiples of 
C are among those of D, 

therefore also, the multiples of B are distributed among 
those of A in the same manner as the multiples of D are 
among those of C 

That is, B A D C 

Note This proposition is sometimes enunciated thus 

If four magnitudes are proportionals, they arc also proportionals 
when taken inversely, 

and the inference is referred to as Invertendo or Inversely. 


Proposition 4 

Equal magnitudes hate the same ratio to the same mag- 
nitude, and the same magnitude has the same i atio to equal 
magnitudes 

Let A, B, C be three magnitudes of the same land, and 
let A be equal to B, 

then shall AC B C 

and C A C B 

Smcc A = B, thou multiples are identical and therefore 
are distributed m the same nay among the multiples of C 

AC B C, J)qf 4 

also, vnertendo, C A C B . > 
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Proposition 5 

Of two unequal magnitudes, the greater has a gt eater 
ratio to a thud magnitude than the less has , and the same 
magnitude has a greater latio to the less of two magnitudes 
than it has to the greater 

First , let A be > B, 

then shall A • C be > B • C, 

Since A > B, it •will be possible to find m such that ?nA 
exceeds mB by a magnitude greater than C; 

hence if wiA hes between nC and (n + 1)C, mB < nC 
and if mA=nC, then mB < nC', 

\ A : C =» B • C JDef 6. 

Secondly , let B be < A ; 

then shall O Bbe>C A 

For taking m and n as before, 

nO > mB, while nC is not > ink , 

C B>C • A JDef G 

Proposition 6 

, Magnitudes which ha/ve the same ratio to the same mag- 
nitude are equal to one anothei, and those to which the same 
magnitude has the same ratio a/re equal to one another 

First, let A • O • B : C, 

then shall A= B 

For if A > B, then A . C > B . C, 
and if B > A, then B C > A : C, v 5 

which contradict the hypothesis, 

A= B 
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Secondly, let C A ; C B, 

then shall A = B 

Because C A * C B, 

, mverlendo, AC B C, 

A = B, 

by the first p<nt‘ of the proof 


Proposition 7 

That magnitude which has a gi eater ratio than another 
has to the same magnitude is the greatei of the two , and 
that magnitude to which the same has a greater ratio than it 
has to another magnitude is the less of the two 


First , let A C be > B 

c, 


then shall A be > B 



For if A = B, then A C B 

c, 

v 4 

winch is contrary to the hypothesis 



And if A < B, then A C < B 


v 5 

which is contrary to the hypothesis. 



A> B 

* 

* 

* 

Secondly, let C A be > C 

B, 


then shall A be ■< B 



For if A= B, then C A C 

B, 

v 4 

which is contrary to the hypothesis 



And if A > B, then C • A < C 

B, 

v 5. 


which is contrary to the hypothesis, 


A< B 



PROOFS OF THE PROPOSITIONS OF BOOK V. 


301 


Proposition 8 

Magnitudes have the same ratio to one another which 
their equimultiples have. 

Let A, B be two magnitudes, 
then shall A : B • mA : mB 

If p, q be any two whole numbeis, 
then m.pA> — or < m qB 
according as pA > = 01 < qB 

But m.pA ~p mA, and m qB — q mB, 
p . mA > — or <q mB 
accoidmg as pA > - or < qB, 

A B * mA mB Bef 4 

Cob Let A B C D 

Then since A • B mA • mB, 
and C * D nC nD, 
mA m B uC nD v 1 

Proposition 9 

Jf two ratios aie equal, and any equimultiples ' of the 
antecedents and also of the consequents at e tahen , the multiple 
of the first antecedent has to that of its consequent the same 
ratio as the multiple of the other antecedent has to that of its 
consequent 

Let A B * C : D, 

then shall mA : nB mO . nD 

Let p, q be any two whole numbers, 
then because A B . C D, 

pm C > = or < qn D 

according as pm A > = oi < qn . B, Bef 4 

that is, p . mC > = or cq nD, 
according as p mA > = or cq nB , 
mA nB mC wD. 


Bef 4 
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Proposition 10 

If four magnitudes of the same hind ai c propoi Uonals, 
the first is gi eater than , equal to, or less than the third, 
accoi ding as the second is greater than , equal to, or less than 
the fourth 

Let A, B, C, D 1)0 four magnitudes of the same kind sucli 
that 

A B C D, 
then A > = oi <C 
according as B > = or < D 

If B >• D, then A B < A D , v5 

hut A B C * D, 

C D < A D, 

A D > O D, 

A> c v 7 

Similarly it may he shewn that 

if B< D, then A<C, 
and if B= D, then A = C 


Proposition 11 


If four magnitudes of the same land are pi opoi tionals, 
they are also proportionals when taken alternately 

Let A, B, C, D he four magnitudes of the same land such 
that 


then shall 


A B 

C D, 


A C 

B D 


Because A B 

mA mB, 

v 8 

and C D 

mC rcD, 


- , mA mB 

nO «D 

v 1 

wiA > 

— or cnC 


according as mB > 

= 01 <?iD 

v 10 

and m and n aie any whole numbers, 

A C 

B D 

-Def 4 


Note This inference is usually referred to 
alternately 


ns alternando oi 
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Proposition 12. 

If any number of magnitudes of the same hmd are pro- 
portionals, as one of the antecedents is to its consequent , so 
is the sum of the antecedents to the sum of the consequents 

Let A, B, C, D, E, F, be magnitudes of the same kind 
such that 

A B C D E . F , 

then shall A B A+C + E+ .B + D + F + 

Because A B . C D E F : , 

according as ?nA > = 01 < ?iB, 
so is mC > = or < nO, 
and wiE > = or -s «F, 

' so is niA + mC + mE + > = or -= »B + wD + nP + 

or m (A + C + E+ J>=oi <w(B + D + F+ 
and m and n are any whole numbers, 

A : B A + C + E+ B + D+ F+ Def 4 

Note This inference is usually referred to as addendo 


Proposition 13 

If four magnitudes are proportionals, the sum or diffei- 
ence of the jvrst and second is to the second as the sum oi 
difference of the third and f ‘out th is to the fourth 

Let A : B CD, 

then shall A + B B C + D D, 

and A ~ B : B C~D D 

If-m be any whole number, it is possible to find anothei 
number n such that mk — nB, oi lies between nB and 
(?t + l)B, 

«iA + mB =«iB + »iB, or lies between mB + nB and 
n»B + (n + 1) B 
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But mA + mB = m (A + B), and mB + «B = (m + «) B , 
to (A + B) = (m + n) B, or lies between (to + n) B 
and (to + ?i + 1)B 
Also because A B C D, 
toC = nD, or lies between «D and («+ 1)D, Def 4 
m(C + D) = (uh n) D or lies between (m + n) D and 
(to + » + l)D, 

that is, tlie multiples of C + D are distributed among those 
of D in the same way as the multiples of A + B among 
those of B, 

A+B B C+D D 
In the same way it may be proved that 
A-B B C-D D, 

01 B-A B D — C D, 

according as A is > 01 < B 

Note These inferences are referred to as componendo and dlvi- 
dendo respectively 


Proposition 14 


If there are two sets of magnitudes, such that the first is 
to the second of the first set as the first to the second of the 
other set, and the second to the third of the first set as the 
second to the third of the other, and so on to the last magni- 
tude then the first is to the last of the first set as tlw first to 
the last of the other 


First, let there be three magnitudes A, B, C, of one set 
and three, P, a. R, of another set. 


and let A B 
and B C 
then shall A C 
Because A B 
toA toB 
and because B C 
mB nC 

, invertendo, nO mB 


P Q, 


Q R, 


P R 


P 


TOP TOQ, 

v 8, Cm 

a r, 


ma tiR, 

v 9 

wR ma 

v 3 
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Now, if JttA > ttC, 

then mA toB > nC toB , v 5 

toP TOC>/tR mQ., 

and mP > «R v 7 

Similarly it may be shewn that mP = 01 < «R, 
according as toA = 01 < nC, 

A . C PR Def 4 


Secondly, let theie be any number of magnitudes, A, B, 
C, L, M, of one set, and the same numbei P, Q, R, Y, Z , 
of another set, such that 

A B P Q, 

B C Q R, 

L M Y Z, 
then shall AM P Z 

For A C P R, 
and CD R S, 

by the fust case A D P S, 
and so on, until finally 

A . M = P Z. 

Note This inference is referred to as ex ssquall 

Corollary If a b • p q, 
and B . C R P , 

then AC R Q 


Proved 

Hyp 


Proposition 15 

If A b CD, 

and E B F D, 

then shall A + E B C + F D 

Foi smce E • B F D, 

, invertendo, BE D F 

Also A B C D, 

, ea, tequah, A . E . C . F, 


Hyp 
v 3 


v 14 
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rncwn’s FiaairsTS 


, eomponendo , A 4- E E 

Again, E B 
, ex ccquali, A + E B 


C4-F F 
F D, 
C+ F D 


v 13 
Hyp 
\ 14 


Proposition 16 

If two ratios are equal, then duplicate t attos are equal, 
and conversely , if the duplicate i atios of two ratios are equal, 
the o atios themselves are equal 

Let A B CD, 

then shall the duplicate ratio of A to B be equal to that of 
C to D 

Let X be a third proportional to A and B, and Y a third 
piopoitional to C and D, 

so that A B B X, and CD D Y, 
then because A B C D, 

B X D Y, 

, ex cequalt, AX C Y 

But A X and c Y are respectively the duplicate latios of 
A B and C D, Def 13 

the duplicate ratio of A B = that of C D 


Conversely, let the duplicate ratio of A B = that of C D, 
then shall A B CD 


Let P be such that A B c P, 

, mvertendo, BA PC 

Also, by hypothesis, AX C Y, 

, ex cequah, B X P Y, 

but A B B X, 

A B P Y, y 

C P P Y, , 

that is, P is the mean proportional between C and Y 
P = D, 

A B C D 


1 

1 . 
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Definitions 

1 Two rectilineal figures aie said to be equiangular 
when the angles of the first, taken m older, are equal 
respectively to those of the second, taken m order Each 
angle of the first figure is said to correspond to the angle 
to which it is equal in the second figuie, and sides adjacent 
to corresponding angles are called corresponding sides. 

2 Rectilineal figures are said to be similar when they 
aie equiangular and have the sides about the equal angles 
proportionals, the corresponding sides being homologous. 

[See Def 5, page 288 ] 

Thus the two quadrilaterals ABCD, EFGH are Bimilni if the 
angles at A, B, C, D are respec- 
tively equal to those at E, F, G, H, 
and if the following proportions 
hold 

AB BC EF FG, 

BC CD FG GH, 

CD DA GH HE, 

DA AB HE EF 

3 Two figures are said to have their sides about two 
of their angles reciprocally proportional when a side of the 
first is to a side of the second as the remaining side of the 
second is to the remaining side of the first. 

4 A straight line is said to be divided m extreme 
and mean ratio when the whole is to the greatei segment 
as the greater segment is to the less 

5 Two similar rectilineal figures are said to be similarly 
situated with respect to two of then sides when these 
sides are homologous. 
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Euclid’s flejiems 


Proposition 1 Theorem 

The areas of triangles of the same altitude are to one 
another as their bases 



Let ABC, ACD be two triangles of the same altitude, 
namely the perpendicular from A to BD 

then shall the A ABC the A ACD BC CD 
Produce BD both ways, 

and fiom CB produced cut ofi any number of parts BG, GH, 
each equal to BC, 

and from CD produced cut off any number of parts DK, 
KL, LM each equal to CD 

Join AH, AG, AK, AL, AM 

Then the A a ABC, ABG, AGH are equal in area, for they 
are of the same altitude and stand on the equal bases 
CB, BG, GH, i 38 

the A AHC is the same multiple of the A ABC that HC 
is of BC, 

Similarly the A ACM is the same multiple of ACD that CM 
is of CD 

And if HC = CM, 

the A AHC = the A ACM, I 38 

and if HC is greater than CM, 
the A AHC is greater than the A ACM , i 38, Cor 
and if HC is less than CM, 
the A AHC is less than the A ACM i 38, Cor 

Now smce there are four magnitudes, namely, the 
A* ABC, ACD, and the bases BC, CD , and. of the antecedents, 
any equimultiples have been taken, namely, the A AHC 
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and the base HC, and of the consequents, any equi- 
multiples hai e been taken, namely the A ACM and the 
base CM, and since it has been shewn that the A AHC is 
greater than, equal to, oi less than the A ACM, according 
as HC is gi eater than, equal to, 01 less than CM, 

*. the four original magnitudes aie proportionals, v Def 4 
that is, 

the A ABC • the A ACD . the base BC : the base CD qld 

Corollary The areas of pat aUclogi avis of the same 
altitude aic to one another as their bases 



Let EG, CF be par’"' of the same altitude, 
then shall the par"’ EC-: the par™ CF BC : CD. 

Join BA, AD 

Then the A ABC . the A ACD . BC : CD, Ftovcd 
but the par" 1 EC is double of the A ABC, 
and the par" 1 CF is double of the A ACD, 

the pai m EC • the par" 1 CF . BC . CD v. 8 

Note Two straight linos are cut proportionally when tlio seg- 
ments of one line arc m the same ratio as the corresponding segments 
of tlio other [See definition, page 131 ] 

Fl e i FI e 2 

A X B A B X 

C _Y_ DC D Y 

Thus AB and CD aie cut propoi tionally at X and Y, if 
AX • XB CY . YD 

And the same definition applies equally whethei X and Y dn ldo AB, 
CD internally as m Pig 1 oi externally as in Pig. 2 

H V 
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EOCIilD’B ELEMENTS 


Proposition 2 Theorem 

If a straight line be drawn pai allel to one sule of a 
triangle , it shall cut the other sides, or those sides produced, 
propoi tionatty 

Conversely, if the sides or the sides produced be cut pi o- 
portionally, the straight line which joins the points of section, 
shall be parallel to the remaining side of the triangle 



Let XY be drawn par* to BC, one of the sides of the 
A ABC 

then shall BX XA CY YA 

Join BY, CX 

Then the A BXY = the A CXY, being on the same base XY 
and between the same parallels XY, BC, I 37 

and AXY is another triangle, 
the A BXY the A AXY • the A CXY the A AXY v 4 

But the A BXY the A AXY BX XA, Vi 1 

and the A CXY the A AXY CY YA, 

BX XA CY YA V 1 

Conversely, let BX XA CY YA, and let XY he joined 
then shall XY he par' to BC 
As before, join BY, CX 
By hypothesis BX XA . CY YA, 

hut BX XA the A BXY the A AXY, VI 1 

and CY YA • the A CXY the A AXY, 

the A BXY the A AXY the A CXY the A AXY v 1 

the A BXY = the A CXY, V 6 

and they are triangles on the same base and on the same 
side of it 

XY is par 1 to BC x 39 

Q E.D 
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EXERCISES 

1 Shew that every quadrilateral is divided by its diagonals into 
four triangles proportional to each other. 

2 If any two straight lines are cut by three parallel straight lines, 
they are cut proportionally. 

3 From a point E in the common base of two triangles AOB, 
ADB, straight lines are drawn parallel to AC, AD, meeting BC, BD at 
F, G . shew that FG is parallel to CD. 

4 In a triangle ABC the straight line DEF meets the sides 
BC, CA, AB at the points D, E, F respectively, and it makes 
equal angles with AB and AC prove that 

BD : CD • BF . CE 

5 If the bisector of the angle B of a triangle ABC meets AD at 
right angles, shew that a line through D parallel to BC will bisect 
AC 


6- From B and C, the extremities of the base of a triangle ABC, 
lines BE, CF are drawn to the opposite sides so as to intersect on 
the median from A: shew that EF is parallel to BC 

7. From P, a given point in the side AB of a triangle ABC, 
draw a straight line to AC produced, so that it will be bisected 
by BC 

8 Find a point within a triangle such that, if straight lines be 
drawn from it to the three angular points, the triangle will be divided 
into three equal triangles 


21—2 
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EUCIjTD’B ELEMENTS 


PltOPOSITIOS 3 TllKOHI At 

If the vertical angle of a triangle be bisected by a straight 
line which cuts the base, the segments of the base shall hair 
to one another the same ratio as the remaining sides of the 
triangle „ 

Qonversrly, if the base be divided so that its segments 
hate (done another the same ratio as the remaining sides of 
the triangle have, the straight line drawn from the vertex to 
the point of section shall bisect the vertical angle 



B X C 


In the A ABC let the u BAC he bisected by AX, winch 
meets the base at X , 
then shall BX XC BA AC 

Through C diaw CE par 1 to XA, to meet BA produced 
afcE i 31 

Then because XA and CE are par', 

the u BAX = the int opp l AEC, x 29 

and the l XAC = the alt l ACE i 29 

But the l BAX = the l. XAC, Hyp 

. the L AEC = the L ACE, 

AC = AE ! 6 

Again, because XA is par 1 to CE, a side of the A BCE 

BX XC BA AE, VI *2 

that is, BX XC BA AC 
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Conversely, let BX XC , BA AC, and let AX be joined, 
tlien shall the L BAX = L XAC. 


For, -with the same construction as before, 

because XA is par 1 to CE, a side of the A BCE, 
\ BX XC BA AE 
But by hypothesis BX . XC BA • AC, 

.. BA . AE :: BA : AC; 

AE = AC, 

.. the L ACE = the l. AEC 
But because XA is par 1 to CE, 

..the L. XAC = the alt l ACE 
and the ext. L BAX = the int opp. L AEC; 
the l BAX = the l XAC. 


u. 2 

v. 1. 

r 3 . 

i 29. 
i. 29. 


Q E D. 


EXERCISES 

1. The side BC of a tnangle-ABC is bisected at D, and the angles 
ADB, ADC are bisected by the straight lines DE, DF, meeting AB, 
AC at E, F respectively . shew that EF is parallel to BC. 

2 Apply Proposition 3 to trisect a given finite straight line. 

3 If the line bisecting the vertical angle of a triangle be divided 
into parts which are to one another ns the base to the sum of the 
sides, the point of division is the centre of the inscribed circle 

i ABCD is a quadrilateral. Ehew that if the bisectors of the 
angles A and C meet m the diagonal BD, the bisectors of the angles 
B and D will meet on AC 

5 Construct a triangle having given the hase, the vertical angle, 
and the ratio of the remaining *idcs. 

6 Employ this proposition to shew that the bisectors of the 
angles of a tnangle are concurrent 

7. AB is a diameter of a circle, CD is a chord at right angles to 
it, and E any point in CD. AE and BE are drawn and produced to 
cut the circle in F and G . fIicw that the quadrilateral CFDG has any 
two of its adjacent sides m the same ratio as the remaining two 
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Proposition A Theorem 

If one side of a triangle be produced, and the extenor 
angle so formed be bisected by a straight line which cuts the 
base produced, the segments betioeen the bisector and the 
extremities of the base shall have to one another the same 
ratio as the remaining sides of the triangle have 

Conversely, if the segments of the base produced have to 
one another the same ratio as the remaining sides of the tri- 
angle have, the straight line drawn from the vertex to the 
■point of section shall bisect the exterior vertical angle 



In the A ABC let BA be produced to F, and let the 
exterior L CAF be bisected by AX ■winch meets the base 
produced at X 

then shall BX XC BA AC 


Through C draw CE par' to XA, i 31 

and let CE meet BA at E 

Then because AX and CE are par 1 , 
the ext l FAX = the mt opp L AEC, 
and the l XAC = the alt. u ACE I 29 

But the u FAX = the Z.X AC, Hyp 

the l AEC = the Z.ACE, 

AC = AE x 0 

Again, because XA is par 1 to CE, a side of the A BCE, 

Constr 

BX XC BA AE, VI 2 

" - __ that is, BX XC . BA . AC 


t 

'■{ 
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Conversely , let BX XC . BA AC, and let AX be joined 
then shall the a FAX = the l XAC 

For, with the same construction as before, 

because AX is par 1 to CE, a side of the A BCE, 


.*. BX XC . BA AE VI 2 

But by hypothesis BX XC BA AC, 

. BA • AE BA : AC, V. 1. 

.. AE = AC, 

' the l ACE = the l. AEC. i 5. 

But because AX is par 1 to CE, 

. the l. XAC = the alt L ACE, 
and the ext a. FAX = the int opp a. AEG, 1.29 
the A. FAX = the A XAC. QED 


Propositions 3 and A may be both inclnded in one enunciation 
as follows 

If the mtenor or extenor vertical angle of a tnangle be bisected 
by a straight line which also cuts the base , the base shall be divided 
internally or externally into segments winch have the same ratio as 
the sides of the tnangle 

Conversely , if the base be divided internally or externally into seg- 
ments which have the same latio as the sides of the tnangle, the straight 
line drawn from the point of division to the vertex will bisect the 
interior or exterior vertical angle. 


EXERCISES 

1 In the circumference of a circle of which AB is a diameter, a 
point P is taken , straight lines PC, PD are drawn equally inclined 
to AP and on opposite sides of it, meeting AB in C and D , 

shew that AC • CB AD DB 

2 From a point A straight lines are drawn making the angles 
BAC, CAD, DAE, each equal to half a right angle, and they are cut 
by a straight line BCDE, which makes BAE an isosceles triangle: 
shew that BC or DE is a mean proportional between BE and CD. 

3 By means of Propositions 3 and A, prove that the straight 
lines bisecting one angle of a triangle internally, and the other two 
externally, are concurrent 
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foci/id’b rirsnMS. 


Pjioi’Ositiov i Tiiroiu si 

If tuo triangles be equiangular to one another , the sides 
about the equal angles shall be propoi tionah, tho«c sides 
which arc opposite to equal angles being homologous 



Let tlie A ABC bo equiangular to the A DCE, having the 
l. ABC equal to the L DCE, the U BCA equal to the U CED, 
and consequently the L CAB equal to the u EDC I 32 
then shall the sides about these equnl angles be propor- 
tionals, namely 

AB BC DC CE, 

BC CA CE ED, 

and AB AC DC DE 

Let the A DCE be placed so that its side CE may be 
contiguous to BC, and in. tiie same straight lino u ith it 
Then because the i. 8 ABC, ACB are togetlici less than 


two rt angles, I 17 

and the l ACB = the l DEC, Ilyp 

the L " ABC, DEC aio togetlici less than two rt angles, 
BA and ED will meet if produced Ax 12 
Let them be produced and meet at F 
Then because the u ABC = the L DCE, Ilyp 
f BF is pai 1 to CD, j 28 

and because the L ACB = the L. DEC, Jhyp, 
AC is par* to FE, j 28* 

FACD is a pai m , 

AF *= CD, and AC = FD 


l U 
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Again, because CD is par 5 to BF. a side of the £. EBF. 


.*. BC . CE :: FD : DE; 

vi. 2. 

but FD = AC; 


BC . CE :: AC : DE; 


and, alternately, BC : CA :: CE * ED. 

v. 11 

Again, because AC is par 2 to FE. a side of 

tbe A FEE. 

BA : AF :: BC : CE. 

vi. 2. 

but AF=CD; 


BA : CD BC : CE. 


and. alternately AB . BC :. DC : CE. 

v. 11. 

Also BC : CA :: CE : ED. 

Proved. 

ex cequaU. AB * AC :: DC : DE. 

r. 14. 

Q.E.D. 


{For Alternative Proof see Pace 320 ] 


EXERCISES. 

1. If one of the parallel sues of a trapezium is doable the 
other, shew that the diagonals intersect one another at a point of 
trisec tion. 

2 In the side AC of a triangle ABC anj point D is taken . shew 
that if AD, DC, AB, BC are bisected in E, F, G, H respectively, 
then EG is equal to HF. 

3. AB and CD are two parallel straight lines; E is the middle 
point of CD , AC and BE meet at F, and AE and BD meet at G : 
shew that FG is parallel to AB 

4. ABCDE is a regular pentagon, and AD and BE intersect in F : 
shew that AF * AE :: AE : AD. 

5. In the figure of i. 43 shew that EH and GF are parallel, and 
that FH and GE frill meet on CA produced. 

6. Chords AB and CD of a circle are produced towards B and 
D respectively to meet in the point E, and through EL, t he line EF is 
dis'-n parallel to AD to rs^ei GB produced in F. prove that EF is a 
mean proportional between FB and FC. 
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lOCMD’S EI.EMEXT3 


PnoposiTiov 3 TnroitFM 


If the sides of (ico triangles , taken \n order about each of 
their angles, be proportionals, the triangles shall be equi- 
angular to one another , having those angles equal which are 
opposite to the homologous sides 



Let the A* ABC, DEF have their sides proportionals, 
so that AB BC DE EF, 

BC • CA . EF : FD, 
and consequently, ex aqiuxlx, 

AB CA .. DE FD 

Then .shall the triangles bo equiangular 
At E m FE make the L FEG equal to the u ABC, 
and at F in EF make the U EFG eqnnl to the l. BCA, I 23 
then the remaining L EGF s* the remaining s~ BAC i 32 
the A GEF is equiangular to the A ABC, 

GE EF AB BC M 4 

ButAB BC DE EF, Hyp 

GE EF DE EF, V 1. 

GE = DE. 

Similarly GF = DF 
Then in the triangles GEF, DEF 
( GE = DE, 

Because < GF = DF, 

(and EF is common, 
the l GEF = the l. DEF, I S 

and the jL GFE = the L DFE, * 

and the u EG F = the l EDF 

But the u GEF = the l ABC, Constr 

the L DEF =the l. ABC 
Similarly, the L EFD = the l. BCA, 
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. the remaining u FDE=tlic remaining l. CAB, I. 32. 
that is, tlio ADEF is equiangular to the A ABC 

Q E D 


Proposition' 6 Theorem 


If ttio triangles hare one angle of the one equal to one 
angle of the other, and the sides about the equal angles pro- 
portionals, the triangles shall be similar. 



In the A* ABC, DEF let tlio L BAC = the L EDF, 
and let BA • AC : ED . DF 

Then shall the A" ABC, DEF ho similar 
At D in FD make the u FDG equal to one of the L 8 EDF, BAC * 
at F in DF make the L DFG equal to the L ACB, I. 23 
. the remaining l FGD * the remaining jlABC i 32 
Then the A ABC is equiangular to the ADGF, 

. BA • AC GD * DF. \I 4. 

But BA AC ED . DF, Hyp 

GD : DF : ED . DF, 

. GD — ED. 

Then in the A® GDF, EDF, 

( GD = ED, 

and DF is common, 

and the L GDF = the L EDF, Conslr 

tiie A® GDF, EDF arc equal in all respects, i 4 
so that the A EDF is equiangular to the AGDFj 
but the A GDF is equiangular to the ABAC, Conslr. 
. the AEDF is equiangular to the ABAC, 
their sides about the equal angles are proportionals, vi. 4 
that is, the A® ABC, DEF arc similai 


Q E.D. 
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euclid’s elements 


Note 1 Prom Definition 2 it is seen tlint tuo conditions are 
necessary for similarity of roctilineal figures, namely (1) the figures 
must lie equiangular, and (2) the sides about the equal angles must 
he proportionals In the case of triangles we learn from PropB 4 
and 6 that each of these conditions follows from the other this how- 
ever is not necessarily the case with reotihneal figures of more than 
three sides 

Note 2 We have given Euclid’s demonstrations of Propositions 
4, 5, 6 , but these propositions also admit of easy proof by the method 
of superposition 

As an illustration, we will apply this method to Proposition 4 


Proposition 4 [Alternative Proof] 


If two triangles he equiangular to one another, the sides about the 
equal angles shall he proportionals, those sides which are opposite to 
equal angles being homologous 




Let the A ABC bo equiangular to the A DEF, having the / ABC 
equal to the z DEF, the / BCA equal to the I EFD, and conse- 
quently the z CAB equal to the / FDE i 32 

then shall the sides about these equal angles be proportionals 

Apply the a ABC to the a DEF, so that B falls on E and BA 
along ED 

then BC will fall along EF, since the z ABC=the z DEF Hyp 
Let G and H be the points m ED and EF, on which A and C fall 
Join GH 


Then because the z EGH=tlie Z EDF, Hvv 

GH is par 1 to DF 
DG GE FH HE, 

, componcndo, DE GE FE HE, y 13 

, alternately, DE FE GE HE, v 11 

that is, DE EF AB BC 


Similarly by appljing the a ABC to the a 
C may fall on F, it may be proved that 

EF FD BC CA 
, ex aqual 1, DE DF AB AC 


DEF, so that the point 


Q F D, 
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V Proposition 7. Thkori m 

Jf hco it Inngbi t haie one angle of the one equal to one 
angle of the other and the sides about one other angle in each 
proportional, so that the sides opposite to the equal angles are 
homologous, thm the tlthd angles are either equal or sup- 
plementary ; and in the former case the h tangles ore similar 



Let ABC, OEF be two triangles having the u ABC equal to 
the i. DEF, and the sides about the angles at A and D pro- 
portional, so that 

BA AC * ED DF, 

then shall the ACB, DFE be eithei equal oi supple- 
mentary, and in the formei case the triangles shall be 
similar 

If the i. BAC ss. the L EDF, 
then the £.BCA = the jlEFD, i 32 

and the A* are equiangular and theiefore siimlai. w 4 
But if the t. BAC is not equal to the i. EDF, one of them 
must be the greater 

Let the L EDF be greater than the l BAC 
At D m ED make the u EDF' equal to the l BAC I. 23 
Then the A* BAC, EDF' arc equianguiai, Consir 


..BA AC \ ED * DF', VI 4 

but BA * AC -ED DF, Hyp 

. ED • DF ED DF', V 1 

.. DF = DF', 

* the L DFF's= the z.DF'F. I 5 

But the z.* DF'F, DF^ are supplementaiy, i 13 
. the L * DFF', DF'E aie supplementary 


that is, the L * DFE, ACB are supplementary 

<i E T> 
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COROLLARIES TO PROPOSITION 7 



Three caBes of this theorem deserve special attention 

It has been proved that if the angles ACB, DFE are not supple- 
mentary, they are equal 

and wo know that of angles which are supplementary and unequal, 
one must be acute and the other obtuse 

Hence, m addition to the hypothesis of this theorem, 

(1) If the angles ACB, DFE, opposite to the two homologous 
sides AB, DE are both acute, both obtuse, or if one of 
them is a right angle, 
it follows that these angles are equal , 
and therefore the triangles are similar 

(u) If the two given angles are nght angles or obtuse angles, 
it follows that the angles ACB, DFE must be both acute, 
and therefore equal, by (z) 
so that the triangles are similar 

(in) If in each triangle the side opposite the given angle is not 
less than the other given side, that is, if AC and DF are 
not less than AB and DE respectively, then 
the angles ACB, DFE cannot be greater than the angles 
ABC, DEF, respectively , 

therefore the angles ACB, DFE, are both acute, 
hence, as above, they are equal , 
and the triangles ABC, DEF similar 
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EXERCISES 

on Pbopositions 1 to 7 

1 Shew that the diagonals of a trapezium cut one another in 
the same ratio. 

2 If three straight lines drawn from a point cut two parallel 
straight lines m A, B, C and P, Q, R respectively, prove that 

AB . BC . PC . QR. 

3 From a point O, a tangent OP is drawn to a given circle, and 
OQR is drawn cutting it m Q and R ; shew that 

Oft OP OP OR 

4. If two triangles are on equal bases and between the same parallels, 
any straight line parallel to their bases will cut off equal areas from the 
two triangles 

5 If two straight lines PQ, XY intersect m a point O, so that 
PO OX . YO . OQ, prove that P, X, Q, Y are concyclic 

6 On the same base and on the same side of it two equal 
triangles ACB, ADB are described , AC and BD intersect in O, and 
through O lines parallel to DA and CB are drawn meeting the base 
in E and F. .Shew that AE= BF 

7 BD, CD are perpendicular to the sides AB, AC of a triangle 
ABC, and CE is drawn perpendicular to AD, meeting AB in E shew 
that the triangles ABC, ACE are similar 

8 AC and BD are drawn perpendicular to a given straight line 
CD from two given points A and B , AD and BC intersect m E, and 
EF is perpendicular to CD shew that AF and BF make equal angles 
with CD 

9. ABCD is a parallelogram , P and Q are points in a straight 
line parallel to AB , PA and QB meet at R, and PD and QC meet at 
S . shew that RS is parallel to AD 

10 In tide sides AB, AC of a triangle ABC two points D, E are 
taken such that BD is equal to CE , if DE, BC produced meet at F, 
shew that AB : AC EF DF. 

11. Fmd a point the perpendiculais from which on the Bides of a 
given triangle shall he in a given ratio. 



324 


eocmd’s rnEMFiws 


Pttoposraoi 8 Theorem 

In a i u/ht-angled triangle if a pnpchthcular be drawn 
from the i ighl angle to the hypotenuse, the ti tangles on each 
side of it are similar to the whole triangle and to one another 



Let ABC be a triangle right-angled at A, and let AD be 
perp to BC 

then shall the A* DBA, DAC bo similar to the A ABC and 
to one another 

In the A* DBA, ABC, 
the l. BDA = the l. BAC, being it angles, 
and the L. ABC is common to both, 
the lemauung u BAD = the remaining l. BCA, I 32 
that is, the A 8 DBA, ABC are equiangulai , 

they are similar m 4 

In the samo nay it may be proved that the A" DAC, 
ABC are similar 

Hence the A 8 DBA, DAC, being equiangulai to the same 
A ABC, are equiangular to one anotliei , 

they are similar u 4 

Q E D 

ConoHiAUY Because the A 9 BDA, ADC aie similar, 

. BD DA , DA DC, 
and because the A 8 CBA, ABD are smnlai, 

CB BA BA BD, 

and because the A 8 BCA, ACD are similar, 

BC CA CA CD 


EYERCISES 

1 Prove that the hypotenuse is to one side ns the second side is 
to the perpendicular 

2 Shew that the radius of a circle is a mean proportional between 

5tf3S£43 r " 9ent hetKeen its po,nt 0/c « — « “ 
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Definition. A less magnitude is said to be a sub- 
multiple of a greater when the less is contained an exact 
number of times in the greater [Book v. Def 2 ] 


Proposition 9 Problem 

From a given straight line to cut off any required sub- 
multiple 



Let AB be the given straight line 
It is lequzred to cut off a certain submultiple from AB 

Prom A draw a straight line AG of indefinite length making 
any angle with AB 

In AG take any point D , and, by cutting off successive 
parts each equal to AD, make AE to contain AD as many 
times as AB contains the' required submultiple. 

Join EB 

Through D draw DF par 1 to EB, meeting AB m F 
Then shall AF be the required submultiple. 

Because DF is par 1 to EB, a side of the AAEB, 

. BF FA ED DA, VL 2. 

componendo, BA . AF .. EA AD v 13. 

But AE contains AD the required number of times, Constr 
. AB contains AF the required number of times, 
that is, AF is the required submultiple q e f. 

exercises 

1. Divide a straight line into five equal parts 

2, Give a geometrical construction for cutting off two-sevenths of 
a given straight line 


11 E 


22 
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EUCLID'S ELEMENTS 


PnorosiTiON 10 PnoBLrM 

To divide a straight line similarly to a given divided 
straight hue 



Let AB be the given stiaiglit lino to bo divided, and AC 
the given straight line divided at tho points D and E 
It is required to divide AB similarly to AC 

Let AB, AC bo placed so as to form any angle 
Join CB 

Through D diaw DF par 1 to CB, I 31 

and through E diaw EG par 1 to CB, 
and through D draw DHK par 1 to AB 
Then AB shall bo divided at F and G similarly to AC 


For by construction each of tho figs FH, HB is a pai m , 
DH = FG, and HK=GB I 3d 

Now since HE is pai’ to KC, a side of tho A DKC, 


KH : HD 

CE ED 

vi 2 

But KH = BG, ; 

and HD = GF, 


BG • GF 

CE ED 

v 1 

Again, because FD is par 1 to GE, a side of the A AGE, 

GF FA 

ED DA, 

vi 2 

and it has been shewn that 



BG GF 

CE ED, 


, cu O’quali, BG FA 

CE DA 

v. 14 

AB is divided 

similarly to AC 

Q P F 


E\rncisE 

Divide a straight line internally and externally m a given ratio Is 
tTas always possible ! 
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Proposition* 11 Problem. 

To find a third pi oportional to two given sh aighl Ivies 


L 

Let A, B be two given straight lines 
It is required to find a third proportional to A and B. 

Take two st lines DL, DK o£ indefinite length, containing 
any angle 

from DL cut off DG equal to A, and GE equal to B, 

and from DK cut off DH equal to B I 3 

Jom GH 

Through E draw EF par 1 to GH, meeting DK in F. I 31 
Then shall HF be a thud proportional to A and B 

Because GH is par* to EF, a side of the A DEF, 

/. DG GE ' DH : HF VI 2 

But DG = A, and GE, DH each == B, Conitr 
A • B B HF, 

that is,.HF is a thud pi oportional to A and B 

Q n P 



exercises 

1 AB w a diameter of a circle, and through A any straight lino 
is drawn to cut the circumference m C and the tangent at B m D 
shew that AC is a third proportional to AD and AB 

2 ABC is an isosceles triangle having eaoh of the angles at the 
base doublo of the vci tical angle B AC ; tho bisector of the angle BCA 
meets AB at D Shew that AB, BC, BD are three proportionals 

3 Two circles intersect at A and B, and at A tangents are 
drawn, one to each circle, to meot tho cncumferenccs at C and D 
shew that if CB, BD are joined, BD is a third proportional to CB, 
BA. 



328 


euomd’b elements 


Proposition 12 Problem 
To find a fourth proportional to three given straight lines 



Let A, B, C be the tluee given straight lines 
It is required to find a fourth proportional to A, B, C 

Take two straight lines DL, DK containing any angle 
from DL cut off DG equal to A, GE equal to B, 

and from DK cut off DH equal to C I 3 

Join GH 

Through E draw EF par 1 to GH I 31. 

Then shall HF be a fourth proportional to A, B, C 

Because GH is par’ to EF, a side of the A DEF, 

DG GE DH HF VI 2 

But DG = A, GE = B, and DH =C, Conslr 
A B C HF, 

that is, HF is a fourth proportional to A, B, C 

Q E F 


EXERCISES 


1 If from D, ouq of tho angular points of a parallelogram 
ABCD, a straight lino is drawn mooting AB at E and CB at F , shew 
that CF is a fourth proportional to EA, AD, and AB 


2 In a triangle ABO tlio bisector of the lertioal an gle BAG 
meets tho base at D and the circumference of the circumscribed cirole 
at E shew that BA, AD, EA, AC are four proportionals 


8 From a pomt P tangents PQ, PR are drawn to a circle whose 
centre is C, and QT is drawn perpendicular to RC produced ' 
that QT is a fourth proportional to PR, RC, and RT 
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Proposition' 13 Problem 

To find a mean proportional between tvo given straight 
lines 



Let AB, BC be the two given straight lines 
It is required to find a mean proportional between them 

Place AB, BC in a straight line, and on AC describe the 
semicircle ADC 

From B draw BD at rt. angles to AC ill. 

Then shall BD be a mean proportional between AB and BC 

Join AD, DC 

Now the c. ADC being in a semicircle is a rt angle, hi. 31 
and because in the right-angled A ADC, DB is drawn from 
the rt angle perp to the hypotenuse, 

the A® ABD, DBC are similar, vi. 8. 

' AB • BD ♦ BD BC, 

that is, BD is a mean proportional between AB and BC. 

Q E F. 


EXERCISES 

1. If from one angle A of a parallelogram a straight lino be 
drawn cutting the diagonal in E and the sides in P, Q, shew that AE 
is a mean proportional between PE and EQ 

2. A, B, C are three points in order in a straight line . find a 
pomt P m the straight line so that PB may be a mean proportional 
between PA and PC. 

3 The diameter AB of a semicircle is divided at any point C, 
and CD is drawn at ngbt angles to AB meeting the circumference in 
D , DO is drawn to the centre, and CE is perpendicular to CD . shew 
that DE is a third proportional to AO and DC 
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4 AC is tlie diamef or of a scmioirelo on which a point B is taken 
so that BC is equal to the radius shew that AB ib a mean propor- 
tional between BC and the sum of BC, CA 

5 A is any point in a senucirclo on BC as diameter, from D any 
point in BC a perpendicular is drawn meeting AB, AC, and the cir- 
cumference in E, G, F respectively, bIiow that DG is a third propor- 
tional to DE and DF 

6 Two circles touch externally, and a common tangent touches 

them at A and B prove that AB is a moan proportional between tho 
diameters of the circles [See Ex 21, p 210 ] 

7 If a straight line ho divided in two given points, determine 
a third point sueh that its distances from the extremities may be 
proportional to its distances from the given points 

8 AB is a straight lino divided at C and D bo that AB, AC, AD 
are m continued proportion, from A a lino AE is drawn in any direc- 
tion and equal to AC , shew that BC and CD subtend equal angles at E 

9 In a given triangle draw a straight line parallel to one of tho 
sides, so that it maj bo a mean proportional between the segments of 
the base 

10 On the radius OA of a quadrant OAB, a Bemieirclo ODA is 
described, and at A a tangent AE is drawn , from O any line ODFE is 
drawn meeting the circumferences in D and F and the tangent in E 
if DG is drawn perpendicular to OA, shew that OE, OF, OD, and OG 
are m continued proportion 

11 From any point A, in the ciroumference of the oxrcle ABE, as 
centre, and with any radius, a circle BDC ib described cutting the 
former circle in B and C', from A any line AFE is drawn meeting the 
chord BC m F, and the circumferences BDC, ABE in D, E respec- 
tively shew that AD is a mean proportional between AF and AE 


Defimtion Two figures are said to hate then sides 
about two of their angles reciprocally proportional, when 
a side of the first is to a side of the second as the re mainin g 
side of the second is to the remaining side of the first ° 

[Book vi Def 3 ] 
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Proposition 14 Theorem. 

Parallelograms which aie equal in area , and winch have 
one angle of the one equal to one angle of the other , have 
their sides about the equal angles reciprocally pi oportional * 
Conversely, jiarallelograms which have one angle of the 
one equal to one angle of the other, and the sides about these 
angles reciprocally pi oportional, are equal in area. 



Let the par"” AB, BC bo of equal area, and have the 
L DBF equal to the L GBE: 

then shall the sides about these equal angles be reciprocally 
proportional, 

that is, DB .BE GB . BF 

Place the par™ so that DB, BE may be in the same straight 
line, 

*. FB, BG aie also in one straight line I. 14 
Complete the par™ FE 

Then because the par™ AB = the par® BC, Hyp 
and FE is another par®, 

the par® AB the par® FE . the par® BC the par™ FE, 
but the pai™ AB the pai® FE : DB BE, Vi 1 

and the par™ BC • the par™ FE GB • BF, 

.. DB . BE .. GB BF. V 1 

Comeisely, let the L DBF be equal to the L GBE, 
and let DB BE GB • BF 

Then shall the par® AB be equal m area to the par™ BC 
Por, with the same construction as before, 
by hypothesis DB : BE : GB • BF, 
but DB BE • the par® AB : the par® FE, vi 1 

and GB BF • the pai® BC the pai™ FE, 

the par® AB the pai™ FE the par™ BC the par™ FE; v 1. 
the par™ AB = the par® BC 


Q E D 
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Proposition 15. Theorem 

Triangles which are equal in area, and which have one 
angle of the one equal to one angle of the other, have their 
sides about the equal angles reciprocally proportional 

Conversely, triangles winch have one angle of the one 
equal to one angle of the othei, and the sides about these 
angles reciprocally proportional , are equal m area 



Let the A* ABC, ADE be of equal area, and have the 
L CAB equal to the L EAD 

then, shall the sides of the tnangles about these angles bo 
reciprocally proportional, 

that is, CA AD EA AB 

Place the A" so that CA and AD may be in the same st lino, 
/ BA, AE are also m one st line t 14 

Join BD 

Then because the A CAB = the A EAD, Hyp 
and ABD is another triangle, 
the A CAB the A AJ3D tho A EAD the A ABD, 

but the A CAB the A ABD CA AD, Ai 1 

and the A EAD the A ABD . EA AB, 

CA AD EA AB V 1 

Conversely , let the l CAB be equal to the l EAD, 
and let CA AD EA AB 
Then shall the A CAB = A EAD 
For, vath the same construction as before, 
by hypothesis CA AD EA AB , 

but CA AD the A CAB theAABD,vil 
and EA AB the A EAD the A ABD 
the A CAB the A ABD • the A EAD the A ABD* v 1 
the A CAB = the A EAD A L D 
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lArncisj s. 

ON PilOrOSITIOVE li AMI I 5 

1 Parallelograms which are equal in area mid which have thctr 
sides reciprocally proportional, hai t their angles respectively equal 

2 Triangles which arc equal in area, and which have the sides 
about a pair of angles reciprocally proportional, have those angles equal 
or supplementary, 

3. AC, BD tiro tlio diagonals of a trapezium which intersect m 
O ; if the aide AB is parallel to CD, uso Prop 15 to provo that the 
triangle AOD is equal to the triangle BOC. 

4. Prom the extremities A, B of the hypotenuse of a right- 
angled triangle ABC lines AE, BD are dravm perpendicular to AB, 
and meeting BC and AC produced m E and D respectively employ 
Prop. 15 to shew that tho triangles ABC, ECD aro equal in area 

5 On AB, AC, two sides of any tnnngle, squares are described 
externally tp tho triangle. If tho squares nro ABDE, ACFG, shew 
that tho triangles DAG, FAE aro equal in nrca 

6. ABCD is a parallelogram, from A and C any two parallel 
straight lines nro drawn meeting DC and AB in E and F respectively; 
EG, which is parallel to tho diagonal AC, meets AD in G * show that 
the tnnnglea DAF, GAB are equal in area 

7. Describe an isosceles trianglo equal in area to a given trianglo 
and having its vertical angle equnl to one of tho angles of tho given 
triangle 

8. Provo that tho equilateral triangle described on the hypotenuse 
of a right-angled triangle is equal to tho sum of tho equilateral 
triangles described on tho sides containing tho right angle. 

[Let ABC he the triangle right-angled nt C , and let BXC, CYA, 
AZB ho the equilateral triangles. Draw CD perpendicular to AB , 
and join DZ Then shew by Prop 15 that tho a AYC=the a DAZ, 
and similarly that tho A BXC=tlie a BDZ ] 
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Peoposition 16 Theorem 

Jf four straight lines m e propoi tional , the i ectangle 
contained by the exh ernes is equal to the rectangle contained 
by the means 

Conversely , if the rectangle contained by the extremes is 
equal to the rectangle contained by the means, the foui 
straight lines are pi opoi tional 



Let the st lines AB, CD, EF, GH be pioportional, so that 
AB CD EF GH 

Then shall the rect AB, GH =the lect CD, EF 
From A draw AK perp to AB, and equal to GH I 11, 3 

Fiom C draw CL perp to CD, and equal to EF 

Complete the par™’ KB, LD 

Then because AB CD EF GH, Uyp 

and EF = CL, and GH = AK, Constr 

AB CD CL AK, 

that is, the sides about equal angles of par™* KB, LD aie 
recipiocally proportional, 

KB = LD vi 14 

But KB is the lect AB, GH, for AK=GH, Constr 
and LD is the rect CD, EF, for CL= EF, 
the lect AB, GH — the rect CD, EF 

Conversely, let the lect AB, GH = the rect CD, EF 
then shall AB CD EF GH 
For, "with the same construction as before, 
because the lect AB, GH =the rect Cd/ef, Him 
and the icct AB, GH = KB, for GH = AK, Constr. 
and the rect CD, EF = LD, foi EF = CL , 

KB = LD, 




BOOK VI PROP. 17. 


333 


that is, the par 2 " KB, LD, vhicli have the angle at A equal 
to the angle at C, are equal in area; 

. . the sides about the equal angles are reciprocally 
proportional: 

that is, AB : CD : CL : AK, 

AB . CD • EF : GH 


Q.E ». 


Proposition- 27. Theorem. 

Jf three straight lines are p> oporiionaZ the rectangle con- 
tained by the extremes is eqyal to the square on, the mean ■ 
Conversely, if the rectangle contained by the extremes is 
equal to the square on the mean . the tluee straight lines are 
proportional. 



Leu the three st lines A. B. C be proportional, so that 
A : B . B : C. 

Then shall the rect. A, C be equal to the sq. on B. 
Take D equal to B 

Then because A : B :* B : C, and D = B 
.’. A * B :* D • C; 

the rect. A, C = tbe rect B, D, n. 16. 
but the rect. B, D = the sq on B, for D = Bj 
.*. the rect A, C = the sq on B 
Conversely, let the rect A, C = the sq. on B. 
then shall A : B B : C. 

For, tvith the same construction as before, 

because the rect. A, C = the sq, on B, Zfyp. 

and the sq on B = the rect. B, D, for D = B; 
the rect A, C= the rect B, D, 

* A : B D C, M 16 

that is, A . B :: B ; C. 


q.E.n. 
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rvERcms 

on PnorowriONB 16 avd 17 

1 Apply Proposition 16 to proto that if two chorda of a circlo 
intersect, the rectangle contained by the segments of the ono is equal 
to the rectangle contained by the segments of the other 

2 Prove that the rectangle contained by the sides of a right- 
angled triangle is eqnal to the rectangle contained by tlio hypotenuse 
and tho perpendicular on it from the right angle 

3 On a given straight line construct a rectangle equal to a gi\cn 
rectangle 

4 ABCD is a parallelogram , from B any straight hno is drawn 
cutting the diagonal AC at F, tho side DC at G, and the side AD pro- 
duced at E shew that the rectangle EF, FG is equal to the Rquare 
on BF 

6 On a given straight line as baso describe an isosceles tnanglo 
equal to a given tnanglc 

6 AB is a diameter of a circlo, and any line ACD cuts tho circlo 
in C and tho tangent atBinD, show by Prop 17 that tho rcctanglo 
AC, AD is constant 

7 Tho exterior angle A of a tnanglo ABC is bisected by a straight 
line which meets tho base in D and tlio circnmscnbcd circle in E 
shew that the rectangle BA, AC is equal to tho rectangle EA, AD 

8 If two chords AB, AC drawn from any point A in the cir- 
cumference of tho circle ABC be produced to meet the tangent at tho 
other extremity oftho diameter through A m D and E, b1ich that tho 
tnanglo AED is similar to the tnanglo ABC 

9 At the extremities of a diameter of a oirclo tangents are drawn , 
these meet the tangent at a point P in Q and R show tlint the rect- 
angle QP, PR is constant for oil positions of P 

10 A is the vertex of an isosceles tnanglo ABC inscribed in a 
circle, and ADE is a straight line which ents the base m D and tho 
circle m E, shew that the rectangle EA, AD is eqnal to the square on 


II Two circles touoh one another externally m A , a straight line 
touches tho circles at B and C, and is produced to meet the straight 
line joining their centres at S shew that tho rectangle SB SC is 
eqnal to the square on SA b > s 

right* angteiTto onerfthe sides tW0 ^ PartS by a *» 
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Definition. Two similar rectilineal figures are said to 
be similarly situated with respect to two of their sides 
when these sides are homologous [Book vi Def 5.] 


Pboposition 18 Problem 

On a given straight line to describe a rectilineal figure 
similai and similarly situated to a given rectilineal figure 



Let AB be the given st line, and CDEF the given rectil 
figure first suppose CDEF to be a quadrilateral. 

It is required to describe on the st line AB, a rectil 
figure similar and similarly situated to CDEF. 

Join DF 

At A in BA make the z. BAG equal to the L DCF, 1. 23 
and at B in AB make the L ABG equal to the u CDF, 

the remaining L AGB = the remaining L CFD, 1 . 32 
and the A AGB is equiangular to the A CFD 

Again at B in GB make the l GBH equal to the l. FDE, 
and at G in BG make the L BGH equal to the l DFE; I. 23 
. . the remaining l BHG = the remaining L DEF , I 32. 
and the A BHG is equiangular to the A DEF 
Then shall ABHG be the required figure 

(i) To prove that the quadrilaterals are equiangular 
Because the z. AGB = the l CFD, 

and the z. BGH =the z. DFE, Constr 

.*. the whole z. AG H = the whole L CFE Ax 2. 
Similarly the L ABH = the L CDE ; 
and the angles at A and H are respectively equal to the 
angles at C and E ; Constr. 

.*. the fig ABHG is equiangular to the fig CDEF. 
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(n) To piovethat the quadnlatei als have the sides about 
then equal angles pi oportional 

Because the A 8 BAG, DOF aie oquiangulni , 

AG ■ GB • OF • FD . M 4 

And because the A 8 BGH, DFE are equiangulai , 

- BG GH DF FE, 

, ex aquah, AG GH CF FE V 14 

Similarly it may he shewn that 


AB 

BH 

CD 

DE 


Also BA 

AG 

DC 

CF, 

vi 4 

and GH 

HB 

FE 

ED, 



the figs ABHG, CDEF have their sides about the equal 
angles proportional , 

. . ABHG is similai to CDEF D<if 2 


In like manner the process of construction may be 
extended to a figure of fh e or more sides 


Q E.F 


Definition, "When three mugmtudes are pioportionals 
the first is said to have to the third the duplicate ratio of 
that vrluch it has to the second [Book v Def IS] 
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•J Proposition 19 Theorem 

Svmlm tuanghs ate to one another in the duplicate i alio 
of theii homologous sides 


Let ABC, DEF be similar triangles, having the l. ABC 
equal to the L DEF, and let BC and EF be homologous sides 
then shall the A ABC be to the A DEF m the duplicate 
latio of BC to EF. 

To BC and EF take a third proportional BG, 


so that BC • EF EF • BG VI 11 

Join AG 

Then because the A 8 ABC, DEF are similar, Ilyp 
AB BC .. DE . EF, 

, alternately , AB . DE . BC EF, V 11. 

but BC . EF EF BG, Gomtr. 

’. AB . DE . EF ' BG, V 1 

that is, the sides of the A 8 ABG, DEF about the equal 
angles at B and E are reciprocally pioportional, 

* the A ABG = the A DEF vi 15 

Again, because BC EF EF * BG, Gonstr 

* BC BG in the duplicate ratio of BC to EF. Def 
But the A ABC the A ABG . BC BG, VI 1 

the A ABC the A ABG m the duplicate ratio 
of BC to EF v 1 

and the A ABG = the A DEF, - Proved 


the A ABC the A DEF m the duplicate ratio 
of BC EF 




QED 
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Proposition 20 Thforcm 

Similar polygons may be divided into the same number 
of similar triangles , having the same i alio each to each that 
the polygons hate, and the polygons are to one another tn 
the duplicate ratio of their homologous sides 


A 



Let ABODE, FGHKL bo similar polygons, and let AB bo 
the side homologous to FG, 

then ( 1 ) the polygons may bo divided into the same number 
of similar triangles, 

(n) these triangles shall have each to each the same 
ratio that the polygons have, 

(ill) the polygon ABODE shall be to the polygon FGHKL 
in the duplicate ratio of AB to FG 
Join EB, EC, LG, LH. 

( 1 ) Then because the polygon ABODE is similni to the 
polygon FGHKL, Hyp 

the L EAB = the L. LFG, 
and EA AB LF FG , Vi Def 2 

the A EAB is Bimilar to the A LFG ,* vi 6 
. the l. ABE = the l. FGL 
But, because the polygons are similar, Hyp 
the l. ABC = the l. FGH, vl Def 2 
the remaining L EBC =the remaining l LGH 
And because the A“ ABE, FGL are similar, Proved 
EB BA LG GF, 

and because the polygons are similar, Hyp 

AB BC = FG GH, VI Def 2 

. , ex atqualif EB BC LG GH, V 14 

that is, the sides about the equal l ‘ EBC, LGH are 
proportionals, 

the A EBC is similar to the A LGH 


vi 6 
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In the same way it may be proved that the A ECD is 
similar to the ALHK, 

the polygons have been divided into the same number 
of similar triangles 

(u) Again, because the A ABE is similar to the AFGL, 
the A ABE is to the AFGL m the duplicate ratio 
ofEB.LG, VI. 19 

and, in like manner, 

the A EBC is to the A LG H m the duplicate ratio 
of EB to LG, 

the A ABE . the AFGL • the A EBC ; the A-LGH v. 1 
In like manner it can be shewn that 
the A EBC • the ALGH .’.the A EDC : the ALKH, 
the A ABE the AFGL the A EBC : the ALGH 

the A EDC . the A LKH 

But when any number of ratios are equal, as each ante- 
cedent is to its consequent so is the sum of all the ante- 
cedents to the sum of all the consequents, ' v 12 

• the A ABE • the ALFG the fig ABODE : thefig FGHKL. 

(m) How the A EAB : the A LFG m the duplicate ratio 
of AB : FG, 

and the A EAB the ALFG .thefig ABODE thefig FGHKL; 

* thefig ABODE the fig FGHKL in the duplicate ratio 

of AB : FG Q E D. 

CoeoM/AKY 1 Let a third proportional X be taken 
to AB and FG, 

then AB is to X m the duplicate ratio of AB . FG ; 
but the fig ABODE : the fig. FGHKL in the duplicate 
ratio of AB : FG. 

Hence, if three straight lines ao e proportionals , as the first 
is to the third, so is any rectilineal figuie described on the 
first to a similar and similarly described rectilineal figure 
on the second 

Coeollaby 2. It follows that similar rectilineal figures 
are to one another as the squares on thevr homologous sides, 
For squares are similar figures and therefore are to one 
another in the duplicate ratio of their sides 


H E 


23 
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Proposition 21 Theorem 

Rectilineal figures which me simitai to the same recti- 
lineal f gut e, me also svmilai to each other 


CjlS, c£\ F*\ 

Let each of the rectilineal figures A and B he similiu to C 
then, shall A he similar to B 

For because A is similar to C, Hyp 

A is equiangular to C, and the sides about their equal 
angles aie proportionals vi Ref 2 

Again, because B is similar to C, Hyp 

B is equiangular to C, and the sides about their equal 
angles are proportionals vi Ref 2 

A and B are each of them equiangular to C, and have 
the sides about the equal angles pioportional to the cor- 
responding sides of c, 

A is equiangular to B, and the sides about their equal 
angles are proportionals, i 1. 

A is similai to B 


Q 1 D 
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Proposition" 22 Theorem 

If four straight lines be 'proportional and a pair of 
simtlai 1 ectilmeal figui es be simtlai ly desci ibed on the fit st 
and second, and also a pair on the third and fourth, these 
figures shall be proportional 

Conversely, if a rectilineal figure on the first of fowr 
straight lines be to the similar and similarly described figure 
on the second as a rectilineal figure on the tint d is to the 
similar and similarly desci ibed figure on the fourth, the fowr 
straight lines shall be proportional. 



A B C D X 



Let AB, CD, EF, GH be pioportionals, 
so that AB CD EF . GH , 


and let similar figuies KAB, LCD be simijaily described on 
AB, CD, and also let similar figs MF, NH be similarly 
described on EF, GH. 
then shall 

the fig KAB the fig LCD . the fig. MF the fig NH 


To AB and CD take a third proportional X, 

-VI 11. 

and to EF and GH take a 

third proportional O. 



then AB 

CD 

CD X, 

Constr 


and EF 

GH 

GH O. 



But AB 

CD 

EF GH, 

Hyp 


CD 

• X * 

GH 0, 

v 1 

, ex 

eequalt, AB 

X 

EF • 0 

v. 14 

But AB 

X the fig 

KAB 

: the fig LCD, vi. 

20, Cor 

and EF 

O the fig 

MF 

the fig NH, 


the fig KAB 

the fig LCD 

the fig MF . the fig NH 


v 1. 


23—2 
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rCCMD'S I MOMENTS. 


Jk L 


B C 



X 



Conversely , 

let the fig KAB the fig LCD the fig MF the fig NH, 
then shall AB CD EF GH 
To AB, CD, and EF take a fourth proportional PR M 12 
and on PR describe the fig SR similar and similarly situated 
to either of the figs MF, NH Vi 18 

Then because AB CD EF PR, Constr 
, by the foimei part of the proposition, 
the fig KAB the fig LCD the fig MF tho fig SR 
But 

the fig KAB the fig LCD the fig MF the fig NH Hyp 

the fig MF the fig SR the fig MF the fig NH, V 1 

the fig SR = the fig NH 

And since the figs SR and NH aie simihu and similarly 
situated, 

PR = GH* 

Now AB CD EF PR, Constr 

AB CD EF GH 


q n d 


* Euclid here assumes that if two similar and sivnlaihj situated 
figures are equal, their homologous sides are equal Tho proof is 
easy and may be left as an exercise for the student 


Definition When there are any number of magnitudes 
of the same kind, the first is said to have to the last the 
ratio compounded of the ratios of the first to the second, of 
the second to the third, and so on up to the ratio of the 
last but one to the last magnitude [Book v Def 12 ] 
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\} Proposition 23 Theorem 

Parallelograms which aie eqmangulai to one another 
have to one another the ratio which is compounded of the 
ratios of tlrnr sides 

A 


K L M 

Let the par 1 " AC be equiangular to the par” 1 CF, having the 
L. BCD equal to the L ECG 

then shall the par” 1 AC ha\e to the par” CF the ratio com- 
pounded o£ the ratios BC CG and DC • CE. 

Let the par” 5 be placed so that BC and CG are mast line, 
then DC and CE are also in a st line I 14 

Complete the par” DG. 

Take any st line K, 

and to BC, CG, and K find a fourth proportional L, Vi. 12. 
and to DC, CE, and L take a fourth proportional M , 
then BC CG K L, 

and DC CE L M 

But K M is the xatio compounded of the ratios 

K L and L M, v Pef 12 

that is, K M is the ratio compounded of the ratios 
BC CG and DC CE 

2vo\v the par” AC the par” CH BC CG vi 1 

K L, Gonstr 

and the par” CH the par” CF :. DC CE vi 1 

L • M, Gonstr . 

' , ex (equally the par” AC the par” CF • K * M V 14 
But K Mis the ratio compounded of the latios of the sides; 
. the par” AC has to the par” CF the ratio compounded 
of the ratios of the sides qep 

EXERCISE 

The areas of two tnangles or parallelograms are to one another 
in the ratio compounded of the ratios of then bases and of then 
altitudes 
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bUCLIU’b LLEMEMb 

Proposition 24 Theorem 

Parallelograms about a diagonal of any parallelogram 
are similar to the whole parallelogram and to one another 



Let ABCD be a pai® of winch AC is a diagonal, 
and let EG, HK be par™ about AC 
then shall the par® 1 EG, HK be similar to the par” ABCD, 


and to one another 

For, because DC is pat 1 to GF, 

the L ADC = the L AGF, I 29 

and because BC is par* to EF, 

the L ABC = the ^.AEF, I 29 

and each of the BCD, EFG is equal to the opp L BAD, 
the L BCD = the L EFG, [i 34 

the par m ABCD is equiangulai to the par™ AEFG 
Again m the A * BAC, EAF, 
because the l ABC = the L AEF, i 29 

and the l. BAC is common, 

A 8 BAC, EAF are equiangular to one another, l 32 
AB BC AE EF VI 4 

But BC = AD, and EF = AG, I 34 


AB AD AE AG, 
and DC CB GF FE, 
and CD DA FG GA, 

the sides of the par"” ABCD, AEFG about tlieir equal 
angles are proportional, 

the par® ABCD is similar to the par® AEFG vi Def 2 

In the same way it may be proved that the par” ABCD 
is sumlar to the par® FHCK, 

each of the par®’ EG, HK is similar to the whole par®, 
the par® EG is similar to the par® HK vi 21< 

<5 E D 
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PnorosiTios 25. PnoBtrv, 

To describe a rectilineal Jigmc which shall he equal to 
one and similar to another i cctthncal figure 



Let E and S he two icctdincal ftguies* 
it is inquired to describe a figure equal to the fig. E and 
similar to the fig. S. 

On AB a side of the fig. S describe a par" 1 ABCD equal to S, 
and on BC desen lie a pat” CBGF equnl to the fig E, and 
having the l CBG equal to the L DAB. i. 15. 

then AB and BG aie m one st lme, and also DC and CF in 
one st line 

Between AB and BG find a mean propoitional HK, vi 13 
and on HK describe the fig P, similai and similaily situated 
to the fig S . > 118 . 

then P shall be the figure required 

Because AB HK .• HK : BG, Gonstr. 

AB • BG . the fig S the fig P vi 20, Cor 
But AB . BG .• the par™ AC the par™ BF, 

. the fig. S • the fig P •: the par*" AC the p.u ,n BF; v. I 
and the fig S = the par"' AC; Gonstr 

*. the fig P =tho pai ,m BF 

= the fig E Gonstr 

And since, by construction, the fig P is similar to the fig. S, 
. P is the lectil figure lequned 


<3 r, v. 
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Pko position' 26 Turonrsi 

If two similar parallelograms have a common angle, and 
be similaily situated , they are about the same diagonal 



B C 


Let the par 1 ” ABCD, AEFG he Binnlai and similarly situated, 
and have the common angle BAD 

then shall these par™ be about the same diagonal 

Join AC 

Then if AC does not pass through F, let it cut FG, or FG 
produced, at H 

Jom AF, 

and through H draw HK par' to AD or BC I 31 

Then the par”" BD and KG are similar, since they aie about 
the same diagonal AHC, Yi 24 

DA AB GA AK 

But because the par™ BD and EG aie similar, Hyp 
DA AB GA AE, VI Def 2 

GA • AK GA AE, 

AK = AE, which is impossible, 
AC must pass through F, 

that is, the pai™ BD, EG are about the same diagonal 

Q E D 



BOOK VI. l*KOP 30 


349 


Ob/ Propositions 27, 28, 29 being cumbrous in form and of little 
valne as geometrical results are now very generally omitted 


Definition'. A straight line is said to be divided in 
extreme and mean ratio, when the whole is to the greater 
segment as the greater segment is to the less 

[Book vi Def. 4.] 


Proposition* 30 Problem 

To divide a given straight line in extreme and mean ratio. 


A 6 B 

Let AB he the given st line: 
it is lequired to divide it in extreme and mean ratio 
Divide AB in C so that the rect. AB, BC may he equal to 
the sq. on AC n. 11 

Thenijecause the reet. AB, BC = the sq on AC, 

AB AC *• AC BC A I. 17 

Q KF. 


EXERCISES 


1 ABODE is a regular pentagon, if the lines BE and AD inter- 
sect in O, shew that each of them is divided in extreme and mean 
ratio. 

2 If the radius of a circle is cut in extreme and mean ratio, the 
greater segment is equal to the side of a regular decagon inscribed in 
the circle 
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'J Proposition 31 Theorem 

In a right-angled triangle , any ? ectilincal figure described 
on the hypotenuse is equal to the sum of the two similar and 
similarly described figures on the sides containing the right 
angle 



Let ABC be a ught-angled tnangle of winch BC is the 
hypotenuse, and let P, Q, R be similar and similaily described 
figures on BC, CA, AB respectively 

then shall the fig P be equal to the sum of the figs Q. and R 
Draw AD perp to BC 

Then the A a CBA, ABD are similar, Vi 8 
CB BA BA BD, 

CB BD the fig P the fig R,vi 20, Cm 

, inversely, BD BC the fig R the fig P v 2 

In like manner DC BC the fig Q the fig P, 

the sum of BD, DC BC the sum of figs R, Q fig p, 

V 15 

but BC = the sum of BD, DC, 
the fig P = the sum of the figs R and Q 

Q E.D 


Note This proposition is a generalization of the 47th Prop of 
Booh i It will bo a useful exercise for the student to deduce the 
general theorem from the particular case with the aid of Prop 20 
Cor 2 * * 
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EXERCISES 

1. In a right angled triangle if a perpendicular he drawn from the 
right angle to the opposite side, the segments of the hypotenuse are m 
the dnphcate ratio of the sides containing the nght angle. 

2 If, m Proposition 31, the figure on the hypotenuse is equal 
to the gnen triangle, the figures on the other two sides are each eqnal 
to one of the parts into which the triangle is divided by the perpen- 
dicular from the right angle to the hypotenuse 

3 AX and BY are medians of the triangle ABC which meet in 
G . if XY he joined, compare the areas of the triangles AGB, XGY. 

4 Shew that similar triangles are to one another tn the duplicate 
ratio of (i) corresponding medians, (n) the radii of their inscribed 
circles, (in) the radii of their circumscribed circles. 

5 DEF is the pedal triangle of the triangle ABC, prove that the 
triangle ABC is to the triangle DBF in the dnphcate ratio of AB to 
BD Hence shew that 

the fig AFDC the A BFD AD 2 . BD 2 

6 The base BC of a tnangle ABC is produced to a point D such 
that BD : DC in the dnphcate ratio of BA AC Shew that AD is a 
mean proportional between BD and DC 

7. Bisect a triangle by a line drawn parallel to one of its sides 

8 Shew how to draw a line parallel to the base of a tnangle so 
as to form with the other two sides produced a tnangle double of the 
given tnangle. 

9 If through any point withm a tnangje hues he drawn from 
the angles to cut the opposite sides, the segments of any one side will 
have to each other the ratio compounded of the ratios of the segments 
of the other sides 

10 Draw a straight line parallel to the base of an isosceles tri- 
angle so as to cut of! a tnangle which has to the whole tnangle the 
ratio of the base to a side 

11 Through a given point, between two straight lines containing 
a given angle, draw a line which shall cut off a triangle equal to a 
given rectilineal figure 

Obs The 32nd Proposition as given by Euclid is de- 
fective, and as it is never applied, we have omitted it 
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Proposition 33 Thlori \r 

In equal clicks, angles, whether at the centres or the cir - 
cuinjcreuccs, hate the savic ratio as the arcs on which they 
stand, so also have the sectors 



Let ABC and DEF be equal circles, and let BGC, EHF bo 
angles at the centres, and BAC and EDF angles at the O c ”, 
then shall 

( 1 ) the l BGC the u EHF the arc BC the arc EF, 
(n) the L BAC the L EDF the arc BC the aic EF, 
(m) the sector BGC the sector EHF the arc BC the 
arc EF 


Along the O cc of the OABC take any number of arcs 
CK, KL each equal to BC, and along the 0“ of the ODEF 
take any number of arcs FM, MN, NR each equal to EF 
Join GK, GL, HM, HN, HR 


( 1 ) Then the £.* BGC, CGK, KGL are all equal, 

for they stand on the equal arcs BC, CK, KL m 27 
the l BGL is the same multiple of the L BGC that the 
arc BL is of the arc BC 

Similarly the L EHR is the same multiple of the l EHF 
that the aic ER is of the arc EF. 

And if the aic BL = the arc ER, 

the L BGL = the l EHR, nr 27 
and if the arc BL is greater than the arc ER, 
the L BGL is gi eater than the l EHR, 
and if the arc BL is less than the arc ER, 
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jtSow since there are four magnitudes, namely the 
l * BGC, EHF and the arcs BC, EF; and of the antecedents 
any equimultiples have been taken, namely the L. BGL 
and the arc BL, and of the consequents any equimultiples 
have been taken, namely the l. EHR and the arc ER 
and it has been proved that the BGL is greater than, 
equal to, or less than the l. EHR according as BL is greater 
than, equal to, oi less than ER, 

. . the four magnitudes are pioportionals, v. Def 4. 
that is, the BGC the L. EHF the arc BC : the arc EF. 

(ii) And since the L BGC = twice the L BAC, in. 20. 

and the /.EHF = twice the l. EDF 
*. the >. BAC the l. EDF the arc BC the arc EF. v 8 



(lii) Join BC, CK, and in the arcs BC, CK take any 
points X, O. 

Join BX, XC, CO, OK. 

Then in the A® BGC, CGK, 

{ BG = CG, 

GC = GK, 

and the l BGC =the L. CGK, m 27 

.* BC = CK, I 4 

and the A BGC = the A CGK. 

And because the arc BC = the arc CK, Constr 

. the remaining arc BAC = the remaining arc OAK. 

the l. BXC=the L COK; iir 27. 

.'. the segment BXC is similar to the segment COK, m Def 
and they stand on equal chords BC, CK, 

* the segment BXC = the segment COK. nr. 24 
And the A BGC = the A CGK; 

* the sector BGC = the sector CGK. 
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Similarly it may lie shewn that the sectors BGG, CGK, 
KGL aie all equal, 

and likewise the sectors EHF, FHM, MHN, NHR are all equal 
the sector BGL is the same multiple of the sectoi BGC 
that the arc BLis of the arc BO, 
and the sector EHR is the same multiple of the sector EHF 
that' the arc ER is of the arc EF 

And if the arc BL = the aic ER, 

the sectoi BGL = the sector EHR Proved 

and if the arc BL is greater than the arc ER, 
the sectoi BGL is greater than the sector EHR 
and if the arc BL is less than the arc ER, 
the sector BGL is less than the sector EHR 
Now since there are four magnitudes, namely, the sec- 
tors BGC, EHF and the arcs BC, EF ; and of the antecedents 
any equimultiples have been taken, namely the sector BGL 
and the arc BL, and of the consequents any equimultiples 
haie been taken, namely the sector EHR and the arc ER 
and it has been shewn that the sector BGL is greater than, 
equal to, or less than the sector EHR according as the 
arc BL is greater than, equal to, or less than the arc ER, 
the four magnitudes are proportionals, v Def 4 

that is, 

the sectoi BGC the sectoi EHF the aic BC the aic EF 
> QPD 
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Proposition B. Theoeem 

If the vertical angle of a triangle he bisected by a straight 
line which cuts the base , the rectangle contained by the sides 
of the triangle shall be equal to the rectangle contained by 
the segments of the base , together with the square on the 
straight line which bisects the angle 



Lefc ABC be a triangle having the L BAC bisected by AD: 
then shall 

the rect BA, AC — the reet BD, DC, with the sq on AD 


Describe a circle about the A ABC, rv 5 

and produce AD to meet the O ce in E 
Join EC. 

Then in the A* BAD, EAC, 
because the L BAD = the l. EAC, Hyp 

and the z.ABD = the l. AECin the same segment, m 21. 
the A BAD is equiangular to the A EAC. i 32 
BA AD • EA AC; VI 4. 

the rect BA, AC = the rect EA, AD, vl 16 

= the rect ED, DA, with the sq on AD 

ii 3 

But the rect ED, DA = the rect BD, DC, m. 35 
the rect BA, AC = the rect BD, DC, with the sq on AD 

Q ED 


EXERCISE 

Ii the vertical angle BAC be external ly bisected by a straight line 
which meets the base in D, shew that the rectangle contained by BA, 
AC together with the square on AD is eqnal to the rectangle contained 
by the segments of the base 
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If from the vertical angle of a ti tangle a straight line ho 
drawn perpendicular to the hose, the i cctangle contained by 
the sides of the triangle shall be equal to the i cctangle con- 
tained by the pei pendieulai and the diameter of the circle 
desci ibed about the triangle 



Let ABC he a triangle, ‘and let AD be the perp from A 
to BC 

then the rect BA, AC shall be equal to the lect contained 
by AD and the diameter of the circle cucumscribed about 
the A ABC. 


Describe a circle about the A ABC, iv. 5. 

draw the diameter AE, and jom EC 

Then in the A* BAD, EAC, 

the rt angle BDA = the rt angle ACE, m the semicncle ACE, 
and the l abd — the l AEC, in the snme segment, hi 21 
the A BAD is equiangular to the A EAC, i 32 
BA AD EA AC, YX 4 

the rect BA, AC = the rect, EA, AD vi 16 

q e.d 


S 
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Proposition D. Theorem 

The i ectangle contained by the diagonals of a quadri- 
lateral vnscnbed in a circle %s equal to the sum of the two 
rectangles contained by its opposite sides 



Lei ABCD be a quadrilateral inscribed m a cncle, and let 
AC, BD be its diagonals 

then the rect AC, BD shall be equal to the sum of the lect- 
angles AB, CD and BC, AD 

Make the L DAE equal to the L BAC, I 23 
to each add the L EAC, 
then the L DAC = the L BAE 
Then m the A* EAB, DAC, 
the l EAB = the L. DAC, 

and the L ABE = the L ACD in the same segment, m 21 
the triangles are equiangulai to one another , I 32 


AB . BE • AC CD , VI 4 

the rect AB, CD = the rect AC, EB vi 16 
Again m the A 8 DAE, CAB, 
the L DAE = the l CAB, Const 1 ) 

and the L ADE = the L ACB, m the same segment, hi 21 
the triangles are equiangulai to one another , i 32 
AD DE AC CB, VI 4. 

the rect BC, AD = the rect AC, DE vi 16 
But the rect AB, CD = the rect AC, EB Pioved 


the sum of the rects BC, AD and AB, CD = the sum of 
the lects AC, DE and AC, EB , 
that is, the sum of the rects BC, AD and AB, CD 

= the rect AC, BD ii 1 
QED 

24 


u u 
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KoTr Propositions B, 0, nnd 1) do not occur m Undid, but were 
added by Kobort Simeon 

J Prop D is uBuallj known ns Ptoleim’s theorem, and it is Uio par- 
ticular caso of tho following more goneml theorem 

The rectangle contained hi/ the iltaaonals of a quadrilateral i* lets 
than the sum of the rcctawtlcs contained by its opposite rules, unless a 
circle ran be circumscribed about the quadrilateral, in which case it is 
equal to that sum 


1A1 JtCISI S 


1 ABC is an isosceles tnauglc, and on the base, or base pro 
duccd, anj point X is taken shew that tho circumscribed circles of 
the triangles ABX, ACX arc equal 

2 From tho extremities B, C of the base of an isosceles triangle 
ABC, straight lines nre drawn perpendicular to AB, AC rcspcctivclj , 
and intersecting at D show that tho rectangle BC, AD is double of 
tho rcctanglo AB, DB 

8 If tho diagonals of n quadrilateral inscribed in n circle nro at 
right angles, tho sum of tlia rectangles of tho opposito sides is double 
tho area of the iiguic 

4 ABCD is a quadrilateral inscribed in n circle, and tlic diagonal 
BD bisects AC shew that the xeetanglo AD, A B is equal to the rcct- 
anglo DC, CB 

6 If tho aertex A of a triangle ABC be joined to any point in 
tho base, it will divide tho triangle into two triangles such that their 
circumscribed circles ha\c radii in tho ratio of AB to AC 

6 Construct a triangle, having given tho baso, tho vertical angle, 
and tho rectangle contained hj tho sides 

7 Two triangles of equal area aro inscribed in tho same circle 
show that tho reotanglo contained by any two sides of tho one is to 
the roctangle oontaincd by any tw o sides of tho other ns tho base of 
the second is to tho baso of tho first 

8 A circle is described round an cquilatornl triangle, and fromhny 
point in the circumference straight lines arc drawn to the angular 
points of the triangle show that one of these straight linos is equal to 
the sum of tho other two 


9 ABCD is a quadrilateral inscribed m a circle, and BD bisects 
the angle ABC if the points A nnd C aro fixed on tho circumferonco 
of the circle and B is \oriablo in position, show that tho sum of AB 
and BC has a constant ratio to BD 
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I ON HARMONIC SECTION 

1 To divide a given straight line internally and externally so that 
its segments may he in a given ratio 


L M 

6 

Let AB be the given st lme, and L, M two other st linos which 
determine the given ratio it is required to divide AB internally and 
externally in the ratio L M 

Through A and B draw any two par 1 st lines AH, BK 
From AH out off Aa equal to L, 

and from BK cut off B b and B b' each equal to M, BV bemg taken in 
the same direction as A a, and B6 m the opposite direction 
Join ab, cutting AB m P; 

5om al>', and produce it to out AB externally at Q 

Then AB is divided internally at P and externally at Q, 
so that AP PB=L M, 

and AQ QB=L M 

The proof follows at once from Euchd vi 4 

Obs The solution is singular, that is, only one internal and one 
external point can be found that will divide the given straight lme 
into segments which have the given ratio 
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111 1 IMTION 

A. finite straight lino ii ht.h 1 to bo cut harmonically when it 
is diuded internally oral extern illy into i,C"imnts which Iron 
the same ratio 


A P B 0 


Thus AB >6 divided harmonically at P anil Q, ir 
AP PB = AQ QB 

P and Q nro said to ho harmonic conjugates of A end B 

If p and Cl divide AB internally and externally in the satno ratio, 
it is oaaj to ahow that A nnd B divide PQ internally and cxtcmalU 
in the same ratio lienee A and B are harmonic conjugates of P 
and Q 

Example The lane of a tnanale is rlirideif harmnnu ally by tl e 
internal anil external bisectors a/ the t ertieal nnnU 
for in each ease the segments of tlio base nro in the ratio of the other 
aides of the tnnnglc [Euclid vi 3 nnd A ] 

06* "We Bhall uso the terms A rithmclie. Geometric, and Harmonic 
Means in their ordinary Algebraical sense 

1 If AB is divided internally at P and externally at Q in the 
same ratio, then AB is the harmonic mean bcticcin AQ and AP 

For by hypothesis AQ QB=AP*PB, 

, alternately, AQ AP = QB PB, 

that is, AQ AP= AQ- AB AB-AP, 

which proics the proposition 

2 If AB is divided harmonically at P and Q, and O «* the middle 
point of AB , 

then shall OP OQ=OA- 


A O P B Q 

For since AB is divided harmonically at P and Q. 
AP PB=AQ QB, 

AP-PB AP+PB = AQ-QB AQ+QB, 
or, 20P 20A=20A 20Q, 

OP OQ=OA a 


Coniersclij, if OP OQ=OA 5 , 

it may be shewn that 

AP PB=AQ QB, 

that is, that AB is divided liamiomcally at P and Q 
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S The Arithmetic, Geometric and Harmonic means of two straight 
hues may he thus i (presented graphically 
In tlio adjoining figure, two tan- 
gents AH, AK are drawn from any 
external point A to the circle PHQK , 

HK is the chord of contact, and tho 
Ft line joining A to the centre O ents 
the O'" at P and Q 

Then (0 AO is the Arithmetic 
mean between APnnd AQ for clcarlj 
AO=4(AP-»- AQ) 

( 11 ) AH is the Geometric mean between AP and AQ 

for AH*-=AP.AQ iii 30 

(in) AB is the ITarmonic mean betweep AP and AQ 

forOA OB=OP : . Ex 1, p 233 

AB is cut harmonically at P and Q Ex l,p 300 
That is, AB is tho Harmonic menu between AP and AQ 
And from the similar triangles OAH, HAB, 

OA AHs=AH AB, 

AO AB = AH S ; ir. 17 

the Geometric mean between two straight lines is the mean propor- 
tional between their Arithmetic and Harmonic means 



4 Gncn the base of a triangle and the ratio of the other sides, to 
find the locus of the i er’tex 

Let BC he tho gnen base, and let 
BAC bo any tnanglo standing upon 
it, uuch that BA . ACs=tlie gncn 
iatio 

it is required to find the locus of A 
Bisect tho L BAC internally and 
externally by AP, AQ 

Then BC is dmded internally at P, and externally at Q, 
so that BP . PC— BQ QC=tho gtven ratio, 

P and Q are fixed points 

And since AP, AQ are the internal and external bisectors of tho 
/BAC, 

tho / PAQ is a rt angle, 

the locus of A is a circle described on PQ as diameter 



ExEncisi Given three points B, P, C in a straight line find the 
locus of points at which BP and PC subtend equal angles 
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EUCLID'S ELEMENTS 


DEFINITIONS 

1 A series of points m a straight line is called a range. 
If the range consists of four points, of "which one pair are har- 
monic conjugates with respect to the other pair, it is said to bo 
a harmonic range. 

2 A senes of straight lines drawn through a point is called a 
pencil 

The point of concurrence is called the vertex of the pencil, 
and each of the straight lines is called a ray 

A pencil of four rayB drawn from any point to a harmonic 
range is said to he a harmonic pencil. 

3 A straight line drawn to cut a system of lines is called a 
transversal 

4 A system of four straight hues, no three of which are 
concurrent, is called a complete quadrilateral 

These straight lines will intersect two and two m six points, 
called the vertices of the quadrilateial , the three straight lines 
which join opposite vertices are diagonals 


Theorems on Harmonic Section 


1 If a transversal is drawn parallel to one ray of a harmonic 
pencil, the other three rays intercept equal parts upon it ami con- 
versely 

2 Any transversal is cut harmonically by the rays of a harmonic 
pencil 


3 In a harmonic pencil, if one ray Insect the angle between the 
other pair of rays, it is perpendicular to its conjugate ray Conversely 
if one pair of rays form a i iqht angle, then they bisect internally and 
externally the angle between the other pair 

4 If A, B, C, D and a, b, c, d arc harmonic ranges, one on each 
of two given straight lines, and if Aa, Bb, Co, the straight lines which 
join three pairs of con espondmg points, meet at S, then will D4 also 
pass through S 

5 If two straight lines intersect at O, and if O, C, B, D and O, c b 
d are two harmonic ranges one on each straight line (the points corre’. 
spending as indicated by the letters), then Cc, Bb, Dd will be con- 
current also Cd, Bb, Do will lie concurrent 


. • V" Theorem 5 to prove that in a complete quadrilateral in 
which the three diagonals are drawn, the straight line mining am, pair 
of opposite tert.ee* is cut harmonically by the other two diagonals 
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II Ox CENTRES OP SIMILARITY AND SIMILITUDE. 

1 If any two unequal stmilar figures aie placed so that then 
homologous sides ate parallel, the lines joining corresponding points in 
the tico figures meet m a point , whose distances ftom any two corre- 
sponding points are m the ratio of any pair of homologous sides . 




Let ABCD, A'B'C'D' be two similar figures, and let them be placed 
so that their homologous sides are parallel, namely, AB, BC, CD, 
DA parallel to A'B', B'C', C'D', D'A' respectively* 
then shall A A', BB', CC', DD’ meet m a point, whose distances from 
any two corresponding points shall be in the ratio of any pair of 
homologous sides 

Let A A' meet BB', produced if necessary, m S 

Then because AB is par 1 to A'B', Hyp 

the a* SAB, SA'B' are equiangular, 

SA SA'=AB A'B', vr 4 

A A' divides BB', externally or internally, in the ratio of AB to A'B' 
Similarly it may be shewn that CC' divides BB' in the ratio of 
BC to B'C' 

But since the figures are similar, 

BC B'C'=AB A'B', 

A A' and CC' divide BB' in the same ratio, 
that is, A A', BB', CC' meet m the same point S 
In like manner it may be proved that DD' meets CC' m the 
point S 

AA', BB', CC', DD' are concurrent, and each of these lines is 
divided at S m the ratio of a pair of homologous sides of the two 
figures Q n. n 

Cob If any line is drawn through S meeting any pair of homolo- 
gous sides m K and K', the ratio SK SK' ts constant, and equal to the 
ratio of any pair of homologous sides 

Note It will be seen that the lines ]ommg corresponding points 
are divided externally or internally at S according as the correspond- 
ing sides are drawn in the same or m opposite directions In either 
case the point of concurrence S is called a centre of similarity oi the 
two figures 
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Euclid’s elements 


2 A common tangent STT' to two circles whose centres are C, C , 
meets the line of centres tn S If through S any straight line is 
diawn meeting these two circles tn P, Q, and P', Q , respectively^, 
then the radii CP, CQ shall he respectively parallel to CP, C « 
Also the rectangles SGI . SP', SP SGI' shall each he equal to the 
rectangle ST ST' 



the A* SCT, SC'T' are equiangular, 
SC SC'=CT C'T' 

=CP C'P', 

the A* SCP, SC'P’ are similar, 
the L SCP— the Z SC'P', 

CP is par 1 to C'P' 
Similarly CQ is pax* to C'Q' 


m 18. 


m 7 


Again, it easily follows that TP, TQ are par 1 to T'P', T'Q' 
respectively, 

the a* STP, ST'P' are similar 
Row the root SP SQ=thosq on ST, in 37 

SP ST = ST SQ, vi 16 

and SP ST=SP' ST', 

ST SQsSP' ST', 
thereot ST ST'=SQ SP' 

In the same way it may be proi ed that 

therect SP SQ'=tho reet ST ST' 


q E n 


Cob 1 It has been proved that 

SC SC'=CP C'P', 

thus the external common tangents to the two circles meet at a point 
S which divides the line of centres externally m the ratio of the rndu 
Similarly it may be shewn that the transverse common tangents 
meet at n point S' which divides the line of centres infernally m tlio 
ratio of the radii 


Con. 2 CC'is divided harmonically nt S and S' 

Deitnition The points S and S' which divide externally and 
internally the line of centres of two circles m the ratio of their radii 
nro called the external and Internal centres of similitude respective!} 
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EXAMPLES 

1 Inscribe a square m a given tnangle 

2. In a given triangle inscribe a triangle similar and similarly 
situated to a given triangle 

3 Inscribe a square m a given sector of circle, so that two 
nngnlnr points shall bo on the aro of the sector and the other two 
on the bounding radii 

4 In the figure on page 278, if Dl meets the inscribed circle m 
X, shew that A, X, Dj are collinear Also if Al x meets the base m 
Y shew that llj is divided harmonically at Y and A 

5 With the notation on page 282 shew that O and G are respec- 
tively the external and internal centres of similitude of the circum- 
scribed and nine-points circle 

6 If a variable cucle touches two fixed circles, the line joining 
their points of contact passes through a centre of similitude Distinguish 
between the different cases 

7 Describe a circle which shall touch two given circles and pass 
through a given point 

8 Describe a circle which shall touch three given circles 

9 Cj, C 2 , C 3 ate the centres of three given circles , l lf E, are the 
internal and external centres of similitude of the pair of circles whose 
centres are Co, C 3 , and l 2 , Ej, l 3 , E 3 , have similar meanings with regard 
to the other two pairs of circles shew that 

(l) IjCj, liC„, l 3 C 3 are concurrent, 

(n) the six points l lt l», ij, E lt E 2 , Ey, lie three and three on four 
straight lines 


III ON POLE AND POLAR 


DEFINITIONS 

(l) If in any straight lme drawn from the centre of a circle 
two points are taken such that the rectangle contained by their 
distances from the centre is equal to the square on the radius, 
each point is said to be the inverse of the other 

Thus m the figure given below, if O is the centre of the circle, and 
if OP OQ= (radius) 3 , then each of the points P and Q is the inverse 
of the other 

It is clear that if one of these points is within the circle the other 
must be without it 
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2 If - A and P are any two points, and if the polar of A with 
respect to any circle passes through P, then the polar of P must pass 
through A 

Let BC be the polar of the point A 
■with respect to a circle whose centre is 
O, and let BC pass through P 
then shall the polar of P pass through A 

Join OP, and from A draw AQ perp 
to OP. TVe shall shew that AQ is the 
polar of P. 

Now since BC is the polar of A, 

.. the L ABP is a rt angle, 

Def 2, page 360 
and the /AQPisart angle. Constr . 

• the four points A, B, P, Qareconcyehc, 

OQ.OP=OA.OB m. 36 

= (radius) 2 , for CB is the polar of A 
P and Q are inverse points with respect to the given circle 
And since AQ is perp to OP, 

AQ is the polar of P 
That is, the polar of P passes through A 

Q E D 

A similar proof applies to the case when the given point A is 
without the circle, and the polar BC cuts it 

3 To prove that the locus of the intersection of tangents drawn to 
a circle at the extremities of all chords which pass through a given point 
is the polar of that point. 

Let A be the given point within the 
circle, of which O is the centre 

Let H K beany chord passing through 
A; and let the tangents at H and K 
intersect at P 

it is required to prove that the locus of 
P is the polar of the point A 

L To shew that P lies on the polar 
of A. 

Join OP cutting HK in Q 
Join OA. and in OA produced talie the 
point B, 

so that OA OB = (radius) 2 , n. 14 
Then since A is fixed, B is also fixed 
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Then Bince HK is tlic chord of contact of tangents from P, 

OP OQ= (radios)- 32*. i p 283. 

But OA OB = (radius) 2 , Comtr 

OP 00=0 A OB 

the four points A, B, P, Q are conoyclio 
the Z ” at Q. and B together = too rt angles in 22 
But the i at O is art angle, Con*tr, 

the l at B is a rt angle 

And since the point B is the inverse of A, Comtr 
PB is the polar of A , 
that is, the point P lies on the polar of A 

XI To shew that any point on the polar of A satisfies the - gnen 
conditions 

Let BC he the polar of A, and let P be any point on it Draw 
tangents PH, PK, and let HK be the choid of contact 

Now from Ex 1, p 306, we know that the chord of contact HK 
is the polar of P, 

and we also know that the polar of P must pass through A, for P is 
on BC, the polar of A Ex 2, p 367 

that is, HK passes through A 

P is the point of intersection of tangents drawn at the ex- 
tremities of a chord passing through A 

From I and n wo conclude that tho required Iocub Is the polar 
of A 

Note If A is without the circle, the theorem demonstrated in 
Part I of the ahoie proof still holds good , hut the converse theorem 
m Part n is not true for all points in BC For if A is without the 
circle, the polar BC will intersect it, and no point on that part of 
the polar which is within the circle can be the point of intersection of 
tangents 


We now see that 

(i) The Polar of an external point with respect to a circle is the 
chord of contact of tangents drawn from it 

(u) The Polar of an internal point is the locus of the intersections 
of tangents drawn at the extremities of all chords winch pass through 

it - 

(m) The Polar of a point on tho circumference is the tangent at 
that point ' 
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Tlso following theorem is known ns tlio Harmonic Property of 
Polo and Polar 

1 Amt straight line drt.im through a point »« cat harmonically 
btj the point, it* polar, and the circumft rente of the circle . 

Lot AH 8 be n arele, P tho given 
point and HK it*» polar, let Paqb bo anv 
straight line drawn through P meeting 
tho polar at q and the c“ of the circle at 
a and ft* 

then shall P, a, q, b he a harmonic 
range 

In the ca c c here considered, P is an 
external point 

Join P to the centre O, nnd let PO 
cat the o'* nt A nnd B: let the polar of 
P cut tho if nt H nnd K, and PO nt GL 

Then PH is n tangent to tlio.O AHB Lx 1, p 3G(5 

From tho similar triangles OPH, HPQ, 

OP PH — PH PQ, 

PQ.PO=PH s 

-Pa Pft 

tho points O, Q, a, b nro concvclic 

tlic Z«GtA=the / ahO 

— the l O ab i b 

— the c OQft,m the same segment 
And since QH is perp to AB, 
the i. «QH=tlic iftQH 

* Q.q nnd QP are tho internal nnd external bisectors of the L aQb 
P, a, q, b is a harmonic range Ex 1 , p 3G0 

Tho student should investigate for himself tho case when P is an 
internal point. 

Com erschj, it may be shewn that t/ through a fixed point P any 
secant is drawn cutting the circumference of a gn cn circle at a and h, 
and if q w the harmonic conjugate at P irith respect to a, h , then the 
locus of q is the jiolar of P with respect to the given circle 

[For Examples on Pole and Polar, see p 870 ] 



definition 

A triangle so related to a circle that each side is tlic polar 
of the opposite vertex is said to bo self-conjugate with respect 
to the circle 
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UJCLTO’b rtLMEMS 


PVAMFLrS ON POLE AM) POLAR 


1 The straight hnc which joins any tico points is the polar with 
respect to a given circle of the point of intersection of their polars 

2 The point of intersection of any two straight lines is the pole of 
the straight hne ichicli joins tlicir poles 

3 Find the locus of the poles of all straight lines which pass 
through a given point 

4 Find the locus of the poles, with respect to a given circle, of tan- 
gents drawn to a concentric circle 

5 If two circles cut one another orthogonally anil PQ he any 
diameter of one of them, shew that the polar of P with regard to the 
other circle passes through GL 

G If two circles cut one another orthogonally, the centre of each 
circle is the pole of their common chord with respect to the other circle 

7 Any two points subtend at the centre of a circle an angle equal 
to one of the angles formed by the polars of the given points 

8 Oi> the centre of a given circle, and AB a fixed straight hnc 

P is any point in AB, find the locus of the point inverse to P with 
respect to the circle 

9 Gwen a circle, and a fixed point O on its circumference P is 
any point on the circle find the locus of the point inverse to P with 
respect to any circle whose centre is O 

10 Gwen two points A and B, and a circle whose centre is O, 
shew that the rectangle contained by OA and the perpendicular from B 
on the polar of A is equal to the rectangle contained by OB and the 
perpendicular from A on the polar of B 


11 Foui points A, B, C, D are tahen tn order on the circumference 
of a circle, DA, CB intersect at P, AC, BD at Q and BA, CD m R 
shew that the triangle PCR is self-conjugate with respect to the circle 


12 Give a linear construction for finding the polar of a given 
point with respect to a given circle Hence find a linear construction 
for drawing a tangent to a circle from an external point 


13 If a triangle is self conjugate with respect to a circle, the 
centre of the circle is at the orthocentre of the triangle 

14 The polars, with respect to a given circle, of the four points of 

a harmonic range form a harmonic pencil and conveisely * 1 
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1 Jo j'rd il f l\rt* of po jits frvn tr},tch tl <r tangcnlnlmtcn to 
tt*o o,fni ctrilrr rtv rjtuiJ 



La A find B be the centres of the pven circles, whoso radii arc « 
and l, and Jot P bo am point rucli that the tangent PQ drawn to the 
circle (A) Is cnnal to the twee nl PR drawn to the circle (B) , 

U is n paired to find the locus of P. 

Join PA, PB, AQ, BR, AB, and from P draw PS perp to AB 
Then because PQ= PR, PQ'-= PR 1 
But PQ t =PA i - AQ 5 , and PR 5 =PB ? -BR I i 17 

. PA 5 -AQ‘=PB*-BR-; 

that is, PS 2 AS 5 - a 5 s= PS 5 — SB ! — l", i 17 

or, AS 5 -« 5 = SB 5 -1A 

lb nee AB is dn idi-d nt S, so that AS 5 - SB 5 =u s -b i : 

S xs a ftxrd point. 

Xlenre all points from which equal tangents can be drawn to tlio 
two circles he on the straight line winch cuts AB at rt angles, so 
that the difference of the squares on the segments of AB is equal to the 
difference of the squares on the radix 

Again, by Dimply retracing these steps, it may he shewn that in 
Tig 1 every point in SP, and in Tig 2 citrj point in SP extenor to 
the circles, is such that tangents drawn from it to the two circles ore 
equal 

Hence we conclude that in Fig 1 the whole line SP is the required 
locus, and jn Fig 2 that part of SP which is without the circles 

In either case SP is said to lie the Radical Axle of the two circles 
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ConoLiiAHT If the circles cut one another ax in Tig 2, it is clear 
that the Radical Axis is identical with the stramht line which !»<»*« 
throuqh the points of intersection of the circles, for it follows readily 
from hi 36 that tangents drawn to two intersecting circles from any 
point in tlic common chord produced are equal 

2 The Radical Axes of three circles tal cn in pair * arc concurrent 



Let there be three circles whoso centres arc A, B, C 
Let OZ ho the radical axis of the o’ (A) and (B), 
and OY the Badical Axis of the (A) and (C), O being tlio point of 
their intersection 

then Bhall the radical axis of the O" (B) and (C) pass through O 
It will he found that the point O is cithor without or within all 
the circles 


I When O is without the circles 

From O draw OP, OQ, OR tangents to the o’ (A), (B), (C) 

Then because O is a point on the radical axis of (A) and (B) , Hyp 
OP=OQ 

And because O is a point on the radical axis of (A) and (C), Hup 
OP=OR, 

OQ=OR, 

O is a point on the radical axis of (B) and (C), 
l e the radical axis of (B) and (C) passes through O 


II If the circles intersect in such a way that O is within 
them all, 

the radical axes are then the common chords of the three circles 
taken two and two, and it is required to prove that these common 
chords are concurrent This may bo shewn indirectly by m 35 


A 

Definition- The point of intersection of the radical 
circles taken in pairs is called the radical centre 


axes of three 
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8 To draw the radical as is of t\co gti cn circles. 

P 



Let A ami B be the centres of tho gi\en circles 
it is required to draw tbeir radical axis 

If the guen circles intersect, then tlio at, hno drawn through their 
points of intersection will be tlio radtonl nxib t£v 1, Cor. p. 372 ] 
Bot it tho given circles do not intersect, 

describe any circle so as to cut them in E, F and G, H . 

Join EF and HG, and produce them to meet in P 
Join AB, and from P draw PS porp to AB. 

Then PS eludl be the radical axis of the & (A), (B) 


Dkpikitiok. If encli jwur of circles m a gnen system have 
the same radical axis, tho circles aic said to be co-axal. 


I \AMPM.S 

1. Shew that the i adteal axn t of two circles bisects any one of their 
common tangents 

2. If tangents arc drawn to two circles from any point on their 
radical axis, shew that a circle described with tins point as centre and 
any one of the tangents as radius , cuts both the given circles ortho- 
gonally 

8 O is the radical cenhe of three circles, and from O a tangent 
OT is drawn to any one of them, shew that a circle whose centre is O 
and radius OT cuts all the given circles orthogonally 

4 If three circles touch one another , taken two and two, shew that 
their common tangents at the points of contact are concurrent 

II. E 


20 
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EUCLID’S ELEMENTS 


5 If circles are described on the three sides of a triangle as 
diameter, their radical centre is the orthocentre of the triangle 

6 All circles which pass through a fixed point and cut a given 
circle orthogonally, pass through a second fixed point 

7 Find the locus of the centres of all circles which pass through a 
given point and cut a given circle orthogonally 

8 Describe a circle to pass through two given points and cut a 
given circle orthogonally 

9 Find the locus of the centres of all circles which cut two given 
circles orthogonally 

10 Describe a circle to pass through a given point and cut two 
guen circles orthogonally 

11 The difference of the squares on the tangents drawn from any 
point to two circles is equal to twice the rectangle contained by the 
straight line joining their centres and the perpendicular from the given 
point on their radical axis 

12 In a system of co axal circles which do not intersect, any point 
is tal en on the radical axis , shew that a circle described from this 
point as centre with radius equal to the tangent drawn from it to any 
one of the circles, will meet the line of centres in two fixed points 

[These fixed points are called the Limiting Points of the system ] 

13 In a system of co-axal circles the two limiting points and the 
points in which any one circle of the system cuts the line of centres 
form a harmonic range 

14 In o system of co-axal circles a limiting point has the same 
polar with regard to all the circles of the system 

15 If two circles are orthogonal any diameter of one is cut 
harmonically by the other 


Obs In the two following theorem q wo 
the segments of straight lmes are *° SU PP 0S ? thal 

terms of some common unit, and the ratio num ff lca ^y u 
to another will be denoted b the fraction Jp° n i? s “ c ^ B egtnen1 
the numerator and the second the denotiL or ** ^ 15 
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D* I'IMTIon. A straight line draws io cut n gnen Bystem of 
hues is called a transversal 

1. If three concurrent straight lines are drawn fiom the annular 
points of a triangle to meet the opposite tides, then the product of three 
alternate scaments taken in order it equal to the product of the othei 
three segments 



BO C B GO 


Let AD, BE, CF be drawn from tlsc vertices of the A ABC to 
intersect at O, and out the opposite sides at D, E, F 
then shall BD . CE . AF=DC . EA FB 

Bj similar triangles it may be shown that 

BD . DC=tho alt of aAOB • thonlt of aAOC, 



BD 

AAOB 


DC” 

aAOC’ 

similar!} , 

CE 

EA” 

A BOO 

A BOA’ 

and 

AF 
FB = 

aCOA 

A COB* 


Multiply ing these ratios, wo hn\o 
BD CE AF 
DC EA*FB = 1 ’ 

or, BD,CE.AF=sDC EA . FB q.i n 

Tlso comerso of this thcorom, which may ho proved mduootly, is 
very important, it may bo enunciated thus: 

If three straight lines diawn from the vertices of a tuangle cut the 
opposite sides so that the product of three alternate segments taken in 
oulcr is equal to the product of the other three, then the thiec straight 
lines arc concurrent 

That is, if BD . CE . AF=DC . EA . FB, 
then AD, BE, CF are concurrent 
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2 If a transversal ts drawn to cut the sides, or the sides produced , 
of a triangle, the product of three alternate segments tal.cn tn order is 
equal to the product of the other three segments 



Let ABC bo a triangle, and let a transversal meet the sides BC, 
CA, AB, or these sides produced, at D, E, F 

then shall BO CE AF=DC EA FB 

Draw AH par 1 to BC, meeting the transversal at H 
Then from the similar A* DBF, HAF, 


BD _ HA 
FB~AF 


and from the similar a* DCE, HAE, 

CE EA 
DC® HA 
BD CE_EA 
FB DC - AF ’ 


, by mnlfaphcation, 


that is, 


BD CE AF 
DC EA FB 


= 1 , 


or, 


BD CE AF=DC EA FB 


Q E.» 

Note In thiB theorem the transversal must either meet two 
sides and the third side produced, as in Fig 1, or all three sides pro- 
duced, as m Fig 2 

The converse of this Theorem may be proved indirectly • 

If three points are taken m two side* of a triangle and the third 
side produced, or tn alt three sides produced, so that the product of 
three alternate segments taken in order is equal to the product of the 
other three segments, the three points are collmear * / 


renco 


The propositions given on pages 103— 10G relating to the concur- 

5£SSSJ3Ki!aa!'l«*.»^* iff a- 
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DEFINITIONS 

fi) If two triangles are such that three straight hues joining 
corresponding vertices are concurrent, they are "aid. to he co- 
polar. 

(rij If tiro triangles are such that the points of intersection 
of corresponding sides are colhnear, they are smd to be co-axial. 


ThEOEEUS TO BE BBOYED BT TBASSVEBSILS 

1. The rtratght hues which join the vertices of a triangle to the 
joints of contact of the inscribed circle (or any of the three inscribed 
circles) are concurrent 

2 The middle points of the diagonals of a complete quadrilateral 
are colhnear. 

3 Co-polar triangles are also co-axial, and conversely co-axial 
triangles are also co-polar. 

4 The six centres of similitude of three circles he three by three 
on four straight lines 


MISCELLANEOUS EXAMPLES ON BOOK Y L 


1. Through D, any point in ibe base of a tnangle ABC, 
straight lines DE, DF are drawn parallel to the sides AB, AC, and 
meeting the sides at E, F , shew that the triangle AEF is a mean 
proportional between the triangles FBD, EDC. „ 

2, If two triangles have one angle of the one equal to one 
angle of the other, and a second angle of the one supplementary to a 
second angle of the other, then the sides about the third angles are 
proportional 

3 AE bisects the vertical angle of the tnangle ABC and meets 
the "base in E, shew that if circles are described about the triangles 
ABE, ACE, the diameters of these circles are to each other in the 
same ratio as the segments of the base. 

4. Through a fixed point O draw a straight line so that the 
parts intercepted between O and the perpendiculars drawn to the 
straight line from two other fixed points may have a given ratio. 
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5 The angle A of a triangle ABC is bisected by AD meefang 
BC in D, and AX is the median bisecting BC shew that XD has 
the same ratio to XB as the difference of the sides has to their sum 

6 AD and AE bisect the vertical angle of a triangle internally 
and externally, meeting the base in D and E, Bhew that if O is ttie 
middle point of BC, then OB is a mean proportional between OD 
and OE 

7 P and Gt are fixed points, AB and CD are fixed parallel 
straight lines; any straight line is drawn from P to meet AB at M, 
and a straight hne is drawn from Q. parallel to PM meeting CD at 
N shew that the ratio of PM to QN is constant, and thence shew 
that the straight hne throngh M and N passes through a fixed point 

8 C is the middle point of an arc of a circle whose chord is 
AB , D is any point in the conjugate are Bhew that 

AD + DB DC AB AC 


9 In the triangle ABC the side AC is double of BC If CD, 
CE bisect the angle ACB internally and externally meeting AB in D 
and E, shew that the areas of the triangles CBD, ACD, ABC, CDE 
are as 1, 2, 3, 4 


10 AB, AC are two chords of a circle, a line parallel to the 
tangent at A cuts AB, AC in D and E respectively shew that the 
rectangle AB, AD is equal to the rectangle AC, AE 


11 If from any point on the hypotenuse of a nght-angled 
triangle perpendiculars are drawn to the two sides, the rectangle 
contained by tho segments of the hypotenuse will bo equal to the 
sum of tho rectangles contained by the segments of the s»W 


12 D is a point in the side AC of the triangle ABC, and E ib a 
point in AB If BD, CE divide each other into parts m tho ratio 
1 1, then D, E dmde CA, BA in the ratio 3 1. 


13 If the perpendiculars from two fixed points on a straight 
line parsing between them be m a given ratio, the straight line must 
pass through a third fixed point 


It PA, PB are two tangents to n circle, PCD am chord throunh 
P shew that the rectangle contained by one pair of onnosito sidecar 

A0B ° “ 10 ,b ' '“•“sKKSCtte 


ramiroscnbca niom ABD, ACD arc ^s AD kmco* 01 *” ° f tho clrclcs 
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16 AB, CD are two diameters of the circle ADBC at light angles 
to each other, and EF is any chord, CE, CF are drawn meeting AB 
produced in G and H prove that the lect CE, HG= the rect EF, CH 

17 From the vertex A of any triangle ABC draw a line meeting 
BC produced m D so that AD may ho a mean proportional between 
the segments of the base 

18 Two circles touch internally at O, AB a chord of the larger 
circle tenches the smaller in C which is cut by the lmcs OA, OB m 
the points P, Gt shew that OP OQ. AC . CB 

19 AB is any chord of a circle, AC, BC are drawn to any 
point C m the circumference and meet the diameter perpendicular to 
AB at D, E if O be the centre, shew that the rect OD, OE is equal 
to the square on the radius 

20 YD is a tangent to a circle drawn from a point Y m the 
diameter AB produced, from D a perpendicular DX is drawn to the 
diameter shew that the points X, Y divide AB internally and ex- 
ternally in the same ratio 

21 Determine a point m the circumference of a circle, from 
which lines drawn to two other given points shall have a given ratio 

22 O is the centre and OA a radius of a given circle, and V 
is the middle point of OA, P and Q are two points on the circum- 
ference on opposite sides of A and equidistant from it, GtV is pro- 
duced to meet the circle m L shew that, whatever be the length of 
the are PQ, the chord LP will always meot OA produced m a fixed 
point, 

23 EA, EA' are diameters of two circles touching each other 
externally at E, a chord AB of the former circle, when produced, 
touches the latter at O', while a ohoid A'B of the lattei touches the 
former at C prove that the rectangle, contained by AB and A'B', is 
four times as great as that contained by BC' and B'C 

24 If a circle be desenbed touching externally two given circles, 
the straight line passing through the points of contact will inteisect 
the line of centres of the given circles at a fixed point. 

25 Two circles touch externally m C, if any point D be taken 
without them so that the tadu AC, BC subtend equal angles at D, 
and DE, DF be tangents to the circles, shew that DC is a mean 
proportional between DE and DF. 
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26 If through the middle point of the base of a triangle ant 
lino be drawn intersecting one sido of the triangle, tho other produced, 
and the lino drawn parallel to tho base from tho v crtc:, it tun ue 
divided harmonioally 


27 If from either base angle of a tnanglo a line bo drnwn 
intersecting the median from tho vertex, tho opposite side, and the 
line drawn parallel to the bnso from tho vertex, it will be divided 
harmonically 


28 Any straight lino drawn to cut the arms of an angle and its 
internal and external bisectors is cut harmonically 


29 P Q are harmonic conjugates of A and B, and C is an 
external point if the angle PCQ is a right angle, bIiow that CP, CQ 
axe the internal and external bisectors of the angle ACB 

30 From C, ono of tho base angles of a triangle, draw a straight 
line meeting AB in G, and a straight line through A parallel to the 
base m E, so that CE may be to EG in a given ratio 


31 P is a given point outside the angle formed by two given lines 
AB, AC shew how to draw a straight line from P such that the 
parts of it intercepted between P and the lines AB, AC may have a 
given ratio 

32 Through a given point within a given circle, draw a straight 
line such that tho parts of it intercepted between that point and the 
circumference may have a given ratio How many solutions does 
the problem admit of? 


33 If a common tangent be drawn to any number of circles 
which touch eaoh other internally, and from any point of this 
tangent ns a centre a circle be described, cutting the other circles , 
and if from this centre lines be drawn through the intersections of 
the circles, the segments of tho lines within each circle shall be equal 

34 APB is a quadrant of a circle, SPT a line touching it at P 
C is tho centre, and PM is perpendicular to CA prove that 

the a SCT the a ACB the a ACB the a CMP 


35 


show that AD =AE, and BD CE AB= AC= ’ ° res P ectlTel 3’ . 


3G AB is the diameter of a mrnlp F , . . 

•> u «“* «■ » •£> sans “r*“ 
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37. The vertical angle C of a triangle is bisected by a straight 
line 'which meets the base at D, and is produced to a point E, such 
that the rectangle contained by CD and CE is equal to the rectangle 
contained by AC and CB shew that if the base and vertical angle 
be given, the position of E is invariable 

38 ABC is an isosceles triangle having the base angles at B 
and C each double of the vertical angle if BE and CD bisect the 
base angles and meet the opposite sides m E and D, shew that DE 
divides the triangle into figuies whose ratio is equal to that of AB 
to BC 

39 If AB, the diameter of a semicircle, be bisected m C and on 
AC and CB circles be described, and m the space between the three 
circumferences a circle be inscribed, shew that its diameter will be 
to that of the equal circles m the ratio of two to three. 

40 O is the centre of a circle inscribed m a quadrilateral A BCD , 
a hue EOF is drawn and making equal angles with AD and BC, and 
meeting them m E and F respectively shew that the triangles AEO, 
BOF are similar, and that 

AE • ED=CF FB 

41 From the last exercise deduce the following The inscribed 
circle of a tnangle ABC touches AB in F, XOY is drawn through 
the centre making equal angles with AB and AC, and meeting them 
in X and Y respectively shew that BX XF=AY YC 

42 Inscribe a square in a given semicircle 

43 Inscribe a square m a given segment of a circle 

44 Describe an equilateral triangle equal to a given isosceles 
tnangle 

45 Descnbe a square having given the difference between a 
diagonal and a side 

46 Given the vertical angle, the ratio of the sides containing it, 
and the diameter of the circumscnbing circle, construct the tnangle 

47. Given the vertical angle, the line bisecting the base, and the 
angle the bisector makes with the base, construct the tnangle 

48 In a given circle msenbe a triangle so that two sides may 
pass through two given points and the jhird side be parallel to a 
given straight line 

49 In a given circle insonbe a triangle so that the sides r’ n ' tr 
pass through three given pomts 

he 26 
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50 A, B, X, Y aro four points in a straight line, and O is such 
a pomt in it tlmt the lcctaugle OA, OB ib equal to the rectangle OX, 
OY if a circlo be described with centre O and radiuB equal to « 
mean proportional between OA and OB, shew that at oiory point on 
this circle AB and XY will subtend equal angles 

51 O is a fixed point, and OP is any line drawn to moot a fixed 
straight lino in P, if on OP a point Q is taken so that OQ to OP ia 
a constant ratio, find the locus of Q 

52 O is a fixed pomt, and OP is any line drawn to meet the 
circumference of a fixed oirolo m P, if on OP a point fi is taken bo 
that OQ to OP is n constant ratio, find the loans of Q 

53 If from a given pomt two straight lines aro drawn including 
a given angle, and having a fixed ratio, find the locus of the extremity 
of one of them when the extremity of the other lies on a fixed straight 
line 

54 On a straight lino PAB, two points A and B are maikcd and 
the line PAB is made to rovoho round the fixed extremity P C is a 
fixed pomt m the piano m which PAB leiolvcs, proie that if CA 
and CB bo joined and the parallelogram CADB be completed, the 
locus of D will bo a oiralo 

65 Find the locus of a pomt whoso distances from two fixed 
points ore m a given ratio 

5C Find the locus of a pomt from which two given circles sub- 
tend tbo samo angle 

57 Find the locus of a pomt such that its distances from two 
intersecting straight lines are m a given ratio. 

68 In the figure on page 804, shew that QT, P’T' meet on the 
radical axis of the two circles 

59 Through two given points draw a oirolo catting another 
circlo so that their common chord may be equal to a givon straight 


„ is any tnanglo, and on its sides equilateral triangles 

lf , X ’ y> Z ttro tIie centies of their inscribed 
ciroles, show that tho tnanglo XYZ is equilateral 


cAiwnwQE numo arc j C i,a.t, m 
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A TEXT BOOK OF EUCLID’S ELEMENTS, 

including Alternative Proofs, together with additional Theorems 
and Exercises, classified and arranged By E S Hall, M A., 
and F H Stevens, M A., Masters of the Military and Engineering 
Side, Clifton College Globe 8vo. Book I Is Books I and 
IL Is. 6 d Books I — TV. 3s. Books III — VI 3s Books I — VL 
4s 6d 

Nature says — “We have here the completion of a work which in 
its first instalment (Books I. and IL) has already won a considerable 
amount of favourable notice from teachers The ‘end’ has ‘crowned 
the work’ m a simila r satisfactory manner, and, without entering 
into any ‘odious’ comparisons with recent like editions, we consider 
this to be abreast of the best Great attention has been paid to the 
arrangement and composition of the text, and the difficulties which 
delay beginners have been carefully smoothed and explained In 
conclusion, we need only say the work before us contains all that is 
needful to a student, who, if he has this, will require no other text- 
book to become an expert geometer — i e. in so for as outside aid can 
make one ” 

The Journal of Education says — “Most teachers are already 
familiar with the authors’ edition of the first two books of Euchd, 
which forms Part I of this volume, and it is hardly necessary to say 
more than that the same plan has been followed m the Second Part 
The additional theorems, placed at the end of each book, make the 
work the most complete introduction to Plane Geometry based on 
Euclid’s Elements that we have yet seen ” 

The Guardian says — “In this excellent text-book for schools 
Euchd’s proofs have been for the most port adhered to, and in the 
few deviations that have been made, where difficulties usually present 
themselves to the Btudent, the matter substituted is characterised by 
dearness and simplicity.” 

The Athenceum says — “The work will be recaved with favour by 
practical teachers " 

The Cambridge Review says — “ To teachers and students alike we 
can heartily recommend this little edition of Euchd’s Elements The 
proofs of Euchd are with very few exceptions retamed, but the un- 
necessarily complicated expression is avoided, and the steps of the 
proofs are so arranged as readily to catch the eye Prop 10, Book IV , 
is a good example of how a long proposition ought to be written out 
The candidate for mathematical honours will find introduced in their 
proper places short sketches of such subjeots as the Pedal Line, Maxima 
and Minima, Harmonic Division, Concurrent Lines, &o , quite enough 
of each for all ordinary requirements Useful notes and easy examples 

are scattered throughout each book, and sets of hard examples are 
given at the end The whole is so evidently the work of practical 
teachers, that we feel sure it must soon displace every other Euclid ” 
The Journal of Education says — “ The most complete introduction 
to Plane Geometry based on Euohd’s Elements that we have yet seen ” 
The Practical Teacher says —“One of the most attractive books 
on Geometry that has yet fallen into our hands ” 



Works by Messrs Mall and Stevens — continued. 

Tho Literary World sajB — “A distinct advanco on all previous 
editions " 

The Irish Teachers' Journal sayB — “It must rank as one of the 
very best editions of Euclid in tho language ” 

EUCLID BOOK XI Propositions 1—21, with Alter- 
native Proofs, Exercises, and Additional Tlieorema and Examples 
Globe Svo [Immediately 

ELEMENTARY MENSURATION, WITH EXER- 
CISES IN THE MENSURATION OP PLANE AND SOLED 
PIGU1VES Globe 8vo [la the Press 


MACMILLAN AND CO, LONDON 


iror/U by H S Hall, MA , formerly Scholar of Christ’s College, 
Cambridge, Master of tho Military and Engineering Side, 
Clifton College , and S R Knight, B A., foimerly Scholar 
of Trinity College, Cambridge, late Assistant Master at 
Marlborough College 

ELEMENTARY ALGEBRA FOR SCHOOLS. 

Fourth Edition Revised and enlarged Globe Svo (bound in 
maroon coloured oloth), 3s 6d With Answers (bound in green 
coloured cloth), 4s 6d 


PREFACE TO THE FOURTH EDITION 

In the Second Edition a chapter on the Theory of Quadratic 
Equations was introduced , tho book is now further enlarged by tho 
addition of chapters on Permutations and Combinations, the Bmo 
mial Theorem, Logarithms, and Scales of Notation These have 
been abridged from our Higher Algebra, to which readers are referred 
for a fuller and more exhaustive treatment The lery favourable 
reception accorded to the first three editions leads us to hope that 
in its present more complete form the work will be found suitable 
as a first text-book for every olass of student, and amply sufficient 
Theorem* 086 of ^Sebra does not extend beyond the Bin omial 

The Schoolmaster says “Has so many points of excellence «« 
compared with its predecessors, thatno apology is needed for its issue 
T ^ e , Mways adopted by eveiy good teacher of frequently re 
SKI 8 ’' 8 addltl0nB nt evei 7 ^capitulation, is well 

The Educational Times says — “ A lerv nnn* u„„u mu 
phvnahons are eonoise and dear, and the examniJs wu Tha ex " 
and well chosen ” w me examples both numerous 




Works by Messrs Sail and Knight — continued 

Nature says — “Hus as, in our opinion, the best Elementary 
Algebra for school use We confi dently recommend it to mathematical 
teachers, who, we feel sure, will hud. it the best hook of its kind for 
teaching purposes ” 

The Academy says* — “Buy or borrow the book for yourselves and 
judge, or write a better A higher text-book is on its way. This 
occupies sufficient ground for the generality of boys ” 

HIGHER ALGEBRA. A Sequel to “Elementary Algebra 
for Schools ” Third Edition, revised Crown 8vo Is 6 d 
Tha Athenenm says — “The Elementary Algebra by the same 
authors, which has already reached a third edition, is a work of such 
exceptional merit that those acquainted with it will form high ex- 
pectations of flie sequel to it now issued Nor will they be disappointed. 
Of the authors’ Higher Algebra, as of their Elementary Algebra, we 
unhesitatingly assert that it is by far the best work of its kind with 
which we are acquainted It supplies a want much felt by teachers ” 
The Academy sayp. — “Is as admirably adapted for College students 
as its predecessor was for schools. It is a well arranged and well- 
reasoned-out treatise, and contains much that we have not met with 
before in similar works For instance, we note as specially good the 
articles on Convergency and 'Divergency of Senes, on the treatment 
of Senes generally, and the treatment of Continued Fractions The 
hook is almost indispensable and will he found to improve upon ac- 
quaintance ” 

The Saturday Review says- — “They have presented such difficult 
parts of the subject as Convergency and Divergency of Series, Senes 
generally, and Probability with great clearness and fulness of detail 
No student preparing for the University should omit to get tins work 
m addition to any other he may have, for he need not fear to find 
here a mere repetition of the old story We have found much matter 
of interest and many valuable hints We would specially note the 
examples, of which there are enough, and more than enough, to try 
any student’s powers ” 

ALGEBRAICAL EXERCISES AND EXAMINA- 
TION PAPERS To accompany “Elementary Algebra ” Third 
Edition Globe 8vo 2s Gd 

The Schoolmaster says — "As useful a collection of examination 
papers in algebra as we ever met with Each * exercise’ is calculated 
to occupy about an hour in its solution Besides these, there are 35 
examination papers set at various competitive examinations during 
the last three years The answers are at the end of the book We 
can strongly recommend the volume to teachers seeking a well-arranged 
senes of tests in algebra ” 

The Educational Times says — “It is only a few months since we 
spoke in high praise of an Elementary Algebra by the same authors of 
the above papers. We can speak also in high praise about this little 
book It consists of over a hundred progressive miscellaneous exer- 
cises, followed by a collection of papers set at recent examinations. 


TForis by Messrs Hall and Kmght — continued 

The exercises are timed, as a rule, to toko an hour Messrs Hall and 
Knight have had plenty of experience, and hovo put that experience to 
good use” . ’ 

The Spectator says — “The papers ore arranged for about an 
hour’s work, and will bo found a useful addition to the school text- 
hook” 

The Irish Teachers' Journal Bays — “Wo know of no better work 
to place in the hands of junior teachers, monitors, and senior pupils 
Any person who workB carefully and steadily through thiB hook could 
not possibly foil in an examination of Elementary Algebra We con- 
gratulate the authors on the skill displayed m the selections of ex- 
amples ” 

ARITHMETICAL EXERCISES AND EXAMI- 
NATION PAPERS With an Appendix containing Questions 
in Logarithms and Mensuration Second Edition, revised and 
enlarged Globe fivo 2s Gd 

The Cambridge Review sayB — “All the mathematical work theso 
gentlemen have given to the public is of genmne worth, and these 
exeroises are no exception to the rale The addition of the logarithm 
and mensuration questions add greatly to thtar value ” 

Nature says — “In this hook wo have a collection of examples 
comprising about eighty progressive miscellaneous cxerciscB and a set 
of fifty papers taken from such examinations as the London University, 
Oxford and Cambridge Local, Cambridge Previous, Army Preliminary, 
eto The examples are judiciously ohoBen, and great care seems to 
have been taken to make the work as progressive as possible An 
appendix is added, consisting of two hundred graduated questions m 
logarithms and mensuration, preceded by a list of the numerical con- 
stants and formula used in the latter The answers to the examples 
are all collected together at the end ” 

The Literary World says — “In Arithmetical Exercises and Ex- 
amination Papers, Mr Hall and Mr Knight have followed the plan 
adopted in their Algebraical Exercises and Examination Papers The 
exercises, each containing eight questions, are eighty m number, and 
are divided into six groups Each group inolades examples in rules 
beyond those given in the preceding one, as well as somewhat hardj^. 
examples m the rules previously represented The examples ipe m 
well chosen, and, on the whole, carefully graduated ” f 

The Scotsman says — “ The exeroises and questions axel woii 
selected, and form an excellent hook of discipline in anthmeti/ 

value Jf X the f WOTk »° n8 “ lo G allflanB and mensuration addjTto the 
ruSiSSfi*?* EayB cannot'fcdio be of 
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